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BOOK III. 

DEFINITIONS. 

1. Equal circles are those the diameters of which are 
equal, or the radii of which are equal. 

2. ^ A straiLi^ht line is said to touch a circle which, 
niL'L'ting the circle and being produced, does not cut the 
circle. 

3. Circles are said to touch one another which, 
meeting one another, do* not cut one another. 

4. In a circle straight lines are said to be equally 
distant from the centre when the perpendiculars drawn 
to them from the centre are equal. 

5. And that straight line is said to be at a greater 
distance on which the greater perpendicular falls. 

6. A segment of a circle is the figure contained by a 
straight line and a circumference of a circle. 

7. An angle of a segment is that contained by a 
straight line and a circumference of a circle. 

8. An angle in a segment is the angle which, when 
a point is taken on the circumference of the segment and 
straight lines are joined from it to the extremities of the 
straight line which is the base of the segment, is contained 
by the straight lines so joined. 

9. And, when the straight lines containing the angle cut 
ofif a circumference, the angle is said to stand upon that 
circumference. 

H. I. n. I 
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i BOOK III [hi. DEPF. 

I o..-': A'* sector of a circle is the figure which, when an 
angle constructed at the centre of the circle, is contained by 
the sjLr^ight lines containing the angle and the circumference 
cut o^ by them. 

II. Similar segments of circles arc those which 
.^dmit equal angles, or in which the angles are equal to one 
'.another. 



Definition i. 

*I<rOi icvkXoi citrtV, olv al Sta^crpot icrai tl<Tiv^ ij Htv ax ck t^v KfVTpuiv taai tlaiy. 

Many editors have held that this should not have been included among 
definitions. Some} e.g. Taitaglia, would call it a postulate^ others, e.g. Borelli 
and Play fair, would cSl it an axiom , others again, as BilHngsley and Clavius, 
while admitting it as a defimiioit, add explanations Ixised on the mode of 
constructing a ciri Ii ; Simson and Pfleiderer hold that it is a theortm. I 
think howcvtr that i'urlid would have maintained that it is a definition in 
the proiJer sense oi the term \ and certainly it satisfies Aristotle's requirement 
that a "definitional statement" (dpurrucdf Adyos) should not only state the 
fact (to on) but should indicate the cause as well {De mima ii. 2, 413 a 
13). The e(]uality of circles with equal radii can of course be proved by 
superposition, but, as we have seen, Euclid avoided this method wherever he 
could, and there is nothing technically wrong in saying " By equal circles I 
mean circles with equal radii." No flaw is thereby introduced into the system 
of the Element!; ; for the definition could only be objected to if it could be 
proved that the etpiality predicated of the two circles in the definition was 
not the same thing as the equality predicated of other equal ligures in the 
Elements on the heaas of the Congnience-Axiom, and, needless to say, this 
cannot be proved because it is not true. The existe^ice of equal circles (in 
the sense of the definition) follows from the existence of equu straight lines 
and I. Post. 3. 

Hie Greeks had no distinct word for radius^ which is* with them, as here, 
the {straigkt Une dtawm) from the centre ij ck rov nivrpov (cv^cta); and so 
definitely was the expression appropriated to the radivis that cV rov niiTpov 
was used without the article as a predicate, just as if it were one word. Thus, 
eg., in III. I CK Ktvrpov yap means "for they are radii": cf. Archimedes, On 
the Sphere and Cylinder 11. 2, 9 BE ck rov Khftptm hrri Tov...inv«cXov, BE is a 
radius of the drele. 

Definition 2. 

Euclid's phraseology here shows the rcKalar distinction between uTrrcir^ 
and its compound ((^aTTTfaSai, the former meaning "to meet" and the latter 
"to touch." The distinction was generally observed by Greek geometers 
from Euclid onwards. There are however exceptions so for as airr«r0b» is 
concerned; thus it means "to touch'' in Eucl. iv. Def. 5 and sometimes in 
Archimedes. On the other hand, ^^arccr^at is used by Aristotle in certain 
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cases where the orthodox geometrical term would be airrcatfot. Thus in 
MetwrologiM ill. 5 (376 b 9) he says a certain circle will pass thremgh all the 
a//x'/t s {airaawy i^Kuj/*Tai TeSf ywnwr), and (376 a 6) M 7t'i// lie on a ^wen 
{ciroiior) circumfereme {hiho^kvy\% irt.^ni^i\n'ia.<i l^t[\^vraK to M). We shall find 
amttrbax used in these senses in Book iv. Dcfl*. 2, 6 and Ueff. i, 3 respectively. 
The latter of the two expressions quoted from Aristotle means that the locus 
of W is a gtven cirde, just as in Pappus a^crat to ariiitlov $t<rti ScSofUyifc 
•iBUais means that tAe hem of the point is a straight line given in position. 

Todhuntcr remarks that different opinions have been held as to what is, 
or should be, included in this definition, one opinion being that it only njeans 
that the circles do not cut in the neighbourhood of the point of contact, 
and that it must be shown that they do not cut elsewhere, while another 
opinion is that the definition means that the circles do not cut at aU. 
Todhunter thinks the latter opinion correct. I do not think this is proved ; 
and I prefer to read the definition as meaning simply that the circles meet 
at a pcnnt but do not cut at thai point. I think this inteipr^ation 
preferable for the reason that, although Euclid does practically assume in 
III. II — 13, without stating, the theorem that circles touching at one point 
do not intersect anywhere else, he has given us, before reaching that 
point in the Book, means for proving for ourselves the truth of tliat 
Statement In particular, he has given us the propositions iii. 7, 8 which, 
taken as a whole, give us more information as to the general nature of a 
circle than any other propositions that have preceded, and which can be used, 
as will be seen in the sequel, to solve any doubts arising out of Euclid's 
unproved assumptions. Now, as a matt^ of &ct, the propositions are not used 
in any of the genuine prooft of the theorems in Book iii. ; iii. 8 is required 
for the second proof of in. 9 which Simson selected in preference to the first 
proof, but the first proof only is regarded l)y Heiberg as genuine. Hence it 
would not be easy to account for the appearance of ill. 7, 8 at all unless as 
affording means of answering possible olffeethns (cf. Proclus' explanation of 
Euclid's reason for inserting the second part of i. 5). 

External and internal contact are not distinguished in Euclid until ill. 
II, 12, though the figure of iii. 6 (not the enutuiatton in the original text) 
represents the case of internal contact only. But the definition of touching 
circles here given must be taken to imply so much about internal and external 
contact respectively as tliat (.7) a ( ircle touching another internally must, 
immediately before "meeting" it, have passed through [X)ints ivifliin the 
circle that it touches, and {l>) a circle touchuig another externally must, 
immediately before meeting it, have passed through points outside the circle 
which it touches. These focts must indeed be admitted if internal and 
external are to have any meaning at all in this connexion, and they constitute 
a minimum admission necessary to the proof of 111. 6. 

Definition 4. 

*Ei' ki'kXu) 'rror an'«;^ciF aVo to? Kivrpm} cv^CMU AcyOKTai, OTOV flU aifd TOW 

1—2 
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Definition 5. 

MnCw Si avc^tiy Xcycrat, 4^* 1} /MtiCwy ko^os vnrct. 



Definition 6. 
Definition 7. 

This definition is only interesting historically. The ai^ of « stgrntni, 
being the "angle" formed by a straight lino and a "circumference," is of the 
kind described by Proclus as "mixed." A particular "angle" of this sort is 
the ''angle of a semicircU^' which we meet with again in iii. 16, along with 
the so-called *' horn-like angle {it«paro<iS>;9), the supposed **an^e" between 
a tangent to a cirde and the circle itself. The "angle of a semiarcle " occurs 
once in Pappus (vn. p. 670, 19), but it there means scarcely more than the 
corner of a semicircle regarded as a point to which a straight line is directed. 
Heron does not give the definition of the angle of a segment^ and we may 
conclude that the mention of it and of the angle of a semuirde in Euclid is a 
survival from earlier text-books rather than an indication that Euclid considered 
either to be of importance in elementary geometry (cf. the note on iii. 16 
below). 

We have however, in the note on i. 5 above (Vol. i. pp. 252- 3), seen evi- 
dence that the angle of a segment had played some part in geometrical piocrfs up 
to Euclid's time. It would appear from the passage of Aristotle there quoted 
{^Anal. prior, i. 24, 41 b 13 sqq.) that the theorem of I. 5 was, in the text-books 
immediately preceding Euclid, proved by means of the equality of the two 
" angles ^ any one segment. This latter property must therefore have been 
regarded as more elementary (for whatever reason) than the theorem of L 5 ; 
indeed the definition as given by Euclid practically implies the same thing, 
since it speaks of only one "angle of a segment," namely "///t' angle contained 
by a straight line and a circumference of a circle." Euclid atxuidoned the 
actual use of the " angle " in question, but no doubt thought it unnecessary 
to break with tradition so far as to strike the definition out also. 



Definition S. 

trqfifiov KOt a-ir avrov It\ to. irlpara rfj^ €vfl€ta<;, i/ €(tti ftaai^ tov T/AijfiaT09t 

Definition 9. 

'Oral' 8« 01 v€pi€XOV<rat rrjv yutvtav cv^ciai a7roAa/xy3u^'u>at Tua 7rtpi(^€p€iaVf 
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Definition 10. 

To/tci'V 8e kvkXov cctiV, orav vpo<; tw Kfvjpi^ tov kvkXov crvirraBrj ywi'a, 

TO Trtpi(xofji€vov a^fia viro tc toJv tt^v yutviav Trtpu)(Ownov tvOtiwv Kai nys 
tarokafi^u.yofjLtint}% vw* avrwv ircpi^cpcuiv. 

A scholiast says that it was the shoemaker's Jhtije, vKwarofiut^ roftcv^ 
which suggested the name to/icvs for a sector of a circle. The derivation of 
the name from a resemblance of shape is parallel to the use of ap^7;Xn? (also 
a shiK makers knife) to denote the well known figure of the Book of Lemmas, 
partly attributed to Archimedes. 

A wider definition of a sector than that given by Euclid is found in a 
Greek scholiast (Heiberg's Euclid, Vol. v. p. 260) and in an-Nairizi (ed. Curtze, 
p. 112), "There are two varieties of sectors ; the one kind have the angular 
vertices at the centres, the other at the circumferences. Those others which 
have their vertices neither at the circumferences nor at the centres, but at 
some other points, are for that reason not called sectors but sector-like 
figures (To/jtoct8i7 (r;^/iaTa)." The exact agreement between the scholiast and 
an-Nairizi suggests that Heron was the authority for this explanation. 

The seeior-like figure bounded by an arc of a circle and two lines drawn ' 
from its extremities to meet at any point actually appears in Euclid's book On 
divisions iyrtpX hiaipiattav) discovered in an .Arabic Ms. and edited by 
Woepcke (cf. Vol. 1. pp. 8 — 10 above). This treatise, alluded to by Proclus, 
had for its object the division of figures such as triangles, trapezia, 
quadrilaterals and circles, by means of straight lines, into parts eqiial or 
in given ratios. One proposition e.g. is, To divide a friangie into two efual 
parts by it straight line passing through a given point on one side. The 
proposition (28) in which the quasi-secior occurs is, lo divide such a figure hy a 
stra^Hineinto two equal parts. The solution in this case is given by Cantor 
(Geuh. d. Math, i,, pp. 287—8). 

If A BCD be ilie given figure, E the middle point 
of BD and EC d^i right angles to BD, 

the broken line AEC clearly divides the figure into 
two equal parts. 

Join AC^ and draw .fJ^ parallel to it meeting 
AB in F. 

Join CF, when it is seen that CF divides the c 
iigure into two equal parts. 

DtKINITION II. 

"Ofiota T/ui^fUKfa iimiKmv ivrX ra S«;(dftcva ywin Siratf ^ otc al yminai hrm. 

I)e Morgan remarks that the use of the word similar in "similar 
segments " is an anticipation, and that similarity of form is meant. He adds 
that the definition is a theorem, or would be if "similar'' had taken its final 
meaning. 
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BOOK III. PROPOSITIONS. 

Proposition i. 

To find the centre of a given circle. 

Let ABC be the given circle ; 
thus it is required to find the centre of the circle ABC, 

Let a straight line AB be drawn 
5 through it at random, and let it be bisected c 
at the point D \ 

from D let DC be drawn at right angles 
to AB and let it be drawn through to E \ 
let CE be bisected at F\ 
lo I say that F is the centre of the circle 
ABC. 

For suppose it is not, but, if possible, 
let G be the centre, 

and let GA, CD, CB be joined. 

IS Then, since AD is equal to DB^ 

and DG is common, 

the two sides AD, DG are equal to the two sides 
BD, DG respectively ; 

and the base GA is equal to the base GB, for they are 
9o radii ; 

therefore the angle ADG is equal to the angle GDB. [l 8] 

But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; [i. Def. lo] 

95 therefore the angle GDB is right. 
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But the angle FDB is also right ; 

therefore the angle FDB is equal to the angle GDB, the 
greater to the less : which is impossible. 

Therefore G is not the centre of the circle ABC. 

30 Similarly we can prove that neither is any other point 
except F. 

Therefore the point F is the centre of the circle ABC. 

PoRiSM. From this it is manifest that, if in a circle a 
straight line cut a strai<;ht line into two equal parts and at 
35 right angles, the centre of the circle is on the cutting straight 
line. 

Q. E. P. 

la. For suppose it is not. This is cxnrcsse<l in the Greek by the two words Mtj 7^^, 
Imt nch an elliptical phrase in iinpossible in knglish. 

17. the two sides AD, DO are equal to the two sides BD, DG respectively. 
As before observedt Euclid is not always oueful to put the equab in oomsponding older. 
The test here has *' GD^ DB^ 

Toflhunter obsenres that, when, in the construction, DC is said to be 
produced to E, it is assumed that D is within the circle, a fact which Euclid 
first demonstrates in 111. 2. This is no doubt true, although the word Stt^x^w, 
" let it be drawn through^'' is used instead of iK^tfiKija-du)^ *' let it be produad^ 
And, although it is not necessary to assume that D is within the circle, it is 
necessary for the success of the construction that the straight line drawn 
throu[;h D at right angles to AB shall meet the circle in two points (and no 
more;: an assumption which we arc not entitled to make on the basis of what 
has gone before only. 

Hoice there is much to be said for the alternative procedure recommended 
by De Morgan as preferable to that of Kiu !id. 1 )e Morgan would first prove 
the fundamental theorem that "the line which bisects a chord perpendicularly 
must contain the centre," and then make iii. i, iii. 25 and iv. 5 immediate 
corollaries of it. The lundamental theorem is a direct consequence of the 
theorem that, if P is any point equidistant from A 
and By then /'lies on the straight line bisecting AB 
perpendicularly. We then take any two chords AB^ 
jiC of the given circle and draw DO^ BO bisecting 
them perpendicularly. Unless BA, AC are in one 
straight line, the straight lines DO, EO must meet 
in some point O (see note on iv. 5 for possible 
methods of proving this). And, since both DO^ 
EO must contain the centre, O must be the centre. 

This method, which seems now to be generally 
preferred to Euclid's, has the advantage of showing 

that, in order to find the centre of a circle, it is sufficient to know three points 
on the drcumference. If therefore two circles have three (wints in common, 
they must have the same centre and radius, so that two circles cannot have 

three points in common without roinciding entirely. Also, as indicated by 
De Morgan, the same construction enables us (i) to draw the complete circle 
of which a segment or arc only is given (iii. 25), and (2) to circumscribe a 
circle to any triaz^le (iv. 5). 
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But, if the Greeks had used this construction for finding the centre of a 
circle, they would have considered it necessar)' to add a proof that no other 
point than that obtained by the construction can be the centre, as is clear 
both from the similar redudio ad absurdum in ill. i and also from the fact 
that Euclid thinks it necessary to prove as a separate theorem (iii. 9) that, if 
a point within a circle be such that three straight lines (at least) drawn from it 
to the circumference are equal, that point must be the centre. In fact, 
hcmever, the proof amounts to no more than the remark that the two 
perpendicular oisectors can have no mofe than one point common. 

And even in Dc Morgan's method tiiere is a yet unproved assumption. 
In order that DO, EO may meet, it is necessar)- that AB^ AC should not be 
in one straight line or, in other words, that BC should not pass through /^, 
This results from 111. 2, which thLTdore, strictly speaking, should precede. 

To return to Euclid's own proposition iii. i, it will be observed that the 
demonstration only shows that the centre of the circle cannot lie on either 
side of CD, so that it must lie on CD or CD produced. It is however taken 
for granted rather than proved that the centre must be the middle point of 
CE, The proof of this by r^mHo ad absurdum » however so obvious as to 
be scarcely worth giving. The same consideration which would prove it may 
he used to show that a circle cannot have more than one centre, a proposition 
which, if thought necessar)*. may be added to iii. i as a corollar)'. 

Simson observed that the proof of iii. 1 could not but be by redudio ad 
absurdum. At the beiginning of Book iii. we have nothing more to base the 
proof upon dian the definition of a circle, and this cannot be made use of 
unless we assume some point to be the centre. We cannot however assume 
that the point found by the construction is the centre, because that is the 
thing tu be proved. Nothing is therefore left to us but to assume that some 
other point is the centre and then to prove that, whatever other point is 
taken, an absurdity results; whence we can infer that the point found is 

the centre. 

The Porism to 111. i is inserted, as usual, parenthetically before the words 
omip 0«c woia^otu, which of course refer to the problem itself. 

Proposition 2. 

If on the circumference of a circle two points be taken at 
random, the straight line joining Uie points will fall within 
the circle. 

Let ABC be a circle, and let two points B taken 
at random on its circumference ; 

I say that the straight line joined from 
A to B will fall within the circle. 

For suppose it does not, but, if 
possible, let it fall outside, as AEB ; 

let the centre of the circle ABC be 
taken [in. il and let it be /> ; let DA, 
DB be joined, and let DFE be drawn 
through. 
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Then, since DA is equal to DB, 

the angle D. IE is also equal to the angle DBE. [i. 5J 
And, since one side AEB of the triangle DAE is produced, 
the angle DEB is greater than the angle DAE. [1. 16J 
But the angle DA E is equal to the angle DBE ; 
therefore the angle DEB is greater than the angle DBE, 
And the greater angle is subtended by the greater side ; [i. 19] 
therefore DB is greater than DE. 
But DB is equal to DE ; 
therefore DF is greater than DE, 

the less than the greater : which is impossible. 

Therefore the straight line joined from A to B will not 
fall outside the circle. 

Similarly we can prove that neither will it fall on the 
circumference itself ; 

therefore it will fall within. 

Therefore etc. 

Q. E. D. 

The rediutio ad absurdum form of proof is not really necessary in this case, 
and it has the additional disadvantage that it requires the destruction of two 

hypotheses, namely that the chord is (i) outside, (2) on 
the circle. To prore the proposition directly, we have 
only to show that, if E be any point on the straight line 
AB between A and B, DE is less than the radius of the 
drde. This may be done by the method shown above, 
under i. 24, for proving what is a'^sumed in that 
proposition, namely thai, in the figure of the proposition, 
/"falls below EG if DE is not greater than DF, The 
assumption amounts to the following proposition, which 
De Morgan would make to precede i. 24 : " Every 
straight line drawn from the vertex of a triangle to the base is less than 
the greater of the two sides, or than either if they be equal." The case 
here is that in which the two sides are equal ; and, since the angle DAB is 
equal to the angle DBA, while the exterior angle DBA is greater than the 
interior and opposite angle DBA, it follows that the angle DEA is greater 
than the angle DAE^ whence DE must be less than DA or DB. 

Camerer points out that we may add to this proposition the further 
sutement that all points on AB produced in either dnection are outside the 
circle. This follows from the proposition (also proved by means of the 
theorems that the exterior angle of a triangle is greater than cither of the 
interior and opposite angles and that the greater angle is subtended by 
the greater side) which De Morgan proposes to introduce after i. st, namely, 

"The perpendicular is the shortest straight line that can be drawn fifom a 
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given point to a given straight line, and of others that which is nearer to the 
perpendicular is less than me more remote and the converse ; also not moie 
than two equal straight lines can be drawn from the point to the line^ one on 
each side of the {X^pendicular." 

The fact that not more than two equal straight lines can be drawn from a 
given point to a given stmigbt line not passing through it is proved by Produs 
on I. 1 6 (see the note to that proposition) and can alternatively be proved by 
means of i. 7, as shown above in the note on i. 1 2. It follows that 

A straight line cannot cut a circle in more than two points : 

a proposition which De Morgan would introduce here after mi. 2. The proof 
given does not apply to a straight line passing through the centre ; but that 
such a line only cuts the circle in two points is self-evident 



PROPOiiniON J. 

If in a circle a straight line through the centre bisect a 
straight line not through the centre, it also cuts it at right 
angles ; and if it cut it ai right angles, it also bisects it. 

I.et ABC be a circle, and in it let a straight line CD 
5 through the centre bisect a straight line 
AB not through the centre at the point 

I say that it also cuts it at right angles. 
For let the centre of the circle ABC 
10 be taken, and let it be ^; let EA, EB 
be joined. 

Then, since AF is equal to FB^ 
and FE is common, 

two sides are equal to two sides ; 
IS and the base EA is equal to the base EB \ 

therefore the angle . \FE is equal to the angle BFE. [1.8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; [i. Def. 10] 

ao therefore each of the angles AFE, BFE is right. 

Therefore CD, which is through the centre, and bisects 
AB which is not through the centre, also cuts it at right 
angles. 

Again, let CD cut AB at right angles ; 
as I say that it also bisects it, that is, that AFis equal to FB. 
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For, with the same construction, 

since EA is equal to EBy 

the angle EAF is also equal to the angle EBF. [i. 5] 

But the right anq^le AFE is equal to the right angle BEE, 
30 therefore EAF, EBF are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
EE, which is common to them» and subtends one of the equal 
angles ; 

therefore they will also have the remaining sides equal to 
2s the remaining sides ; [i. 26] 

therefore AEis equal to FB, 

Therefore etc 

Q. E. D. 

s6. with the same construction, twi> airrCrv KaTavKtvaaBivruv. 

This proposition asserts the two partial converses (cf. note on I. 6) of the 
Porism to lu. i. De Morgan would place it next to in. i. 

Proposition 4. 

If in a circle two siraigki lines cut one another which are 
not through the centre^ they do not bisect one another. 

Let A BCD be a circle, and in it let the two straight lines 
AQ BDy which are not through the 
centre, cut one another at E ; 

I say that they do not bisect one 
another. 

For, if possible, let them bisect one 
another, so that AE \^ equal to EC^ 
and DE to ED ; 

let the centre of the circle ABCD be 
taken [ni. 1], and let it be let EE be 
joined. 

Then, since a straight line FE through the centre bisects 
a straight line AC not through the centre, 

it also cuts it at right angles ; [tii. 3] 

therefore the angle FEA is right 
Again, since a straight line FE bisects a straight line BD^ 
it also cuts it at right angles ; [m- 3] 

therefore the angle FEB is right. 
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But the angle FBA was also proved right ; 
therefore the angle F£A is equal to the angle FEB^ 
the less to the greater : which is impossible. 
Therefore AC^ BD do not bisect one another. 
Therefore etc. 

Q. E. D. 



Proposition 5. 

If two circles cut one another^ they will not have the same 
centre. 

For let the circles ABC^ CDG cut one another at the 
points B^ C ; 

I say that they will not have the same 
centre. 

For, if possible, let it be ^5*; let EC 
be joined, and let EFG be drawn 
through at random. 

Then, since the point E is the 
centre of the circle ABC^ 

EC is equal to EF, (i. Def. 15] 
Again, since the point E is the centre of the circle CDG^ 

EC is equal to EG. 

But EC was proved equal to EF also ; 

therefore EF is also equal to EG, the less to the 
greater : which is impossible. 

Therefore the point E is not the centre of the circles 
ABC CDG, 
Therefore etc. 

Q* £. D. 

The propositions iii. 5, 6 could be combined in one. It makes no 
difference whether the drcles cut, or meet without cutting, so long as they do 
not coincide altogether; in either case they cannot have the same centre. 
The two cases arc covered by the enunciation : If the circumfcroues of two 
circles meet at a point they cannot have the same centre. On the other hand, If 
two circles have the satm centre and one point in their circumferences common^ 
thty must mndde aU^her. 
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Proposition 6. 

If two circles touch one anotfier^ they will not have the 
same centre. 

For let the two circles ABC^ CDE touch one another 
at the point C\ 

I say that they will not have the 
same centre. 

For, if possible, let it be F\ let 
FC be joined, and let FEB be drawn 
through at random. 

Then, since the point is the 
centre of the circle ABC, 

FC is equal to FB. 

Again, since the point F is the 
centre of the circle CDE, 

FC is equal to F£^ 

But FC was proved equal to FB ; 

therefore FF is also equal to FB^ the less to the greater: 
which is impossible. 

Therefore F is not the centre of the circles ABC^ CDE, 
Therefore etc. 

Q. K. D. 

The English editions enunciate this proposition of circles touching 
fnUmaifyt but the word (ivm) is a mere inteipolation, which was no doubt 
made because Euclid's figure showed only the case of internal contact. The 
fact is that, in his usual manner, he chose for demonstration the more difficult 
case, and left the other case (that of externai contact) to the intelligence of 
the reader. It is indeed sufficiently self-evident that ciides touching externally 
cannot have the same centre ; but Euclid's proof can really be used for this 
case too. 

Camerer remarks that the proof of in. 6 seems to assume tacitly that the 
points E and B cannot coincide, or that circles which touch internally at C 
cannot meet in any other point, whereas this ftct is not proved by Euclid till 
in. 13. But no such general assumption is necessary here; it is only 
necessary that one line drawn from the assumed common centre should meet 
the circles in different points; and the very notion of internal contact requires 
that, before one drde metis the other on its inner side^ it must have passed 
through points wUhin the latter circle. 
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Proposition 7. 

If on ike diameter of a circle a point be taken which is not 
the centre of the circle^ and from the point straight lines fall 
upon the circle y that will be greatest on wh ich the centre is, the 
remainder of the same diameter will be leasts and of the rest 
5 the nearer to the straight line through the centre is always 
greater than the more remote, and only two equal straight 
lines ivill fall from the point on the circle^ one on each side 
of the least straight line. 

Let A BCD be a circle, and let be a diameter of it ; 

to on AD let a point Fhe taken which is not the centre of the 
circle, let E be the centre of the circle, 

and from let straight lines /^Z?, /^C, /'C/ fall upon the circle 
ABCD; 

I say that FA is greatest, FD is least, and of the rest FJj is 
15 greater than FC, and FC than FG. 
For let B/:, CE, GE be joined. 
Then, since in any triangle two 
sides are greater than the remaining 
one, [i- 20] 

M EB, EF are greater than BF, 

But A E is equal to BE ; 
therefore AF'is greater than BF. 
Again, since B£ is equal to C£, 
and F£ is common, 

2$ the two sides £F are equal to the two sides CE^ EF, 
But the angle BEF is also greater than the angle CEF\ 
therefore the base BF is greater than the base CF, [i. 24] 

For the same reason 

CFvSt also greater than EG. 
30 Again, since GF, EE arc greater than EG^ 
and £G is equal to ED, 

GF, F£ are greater than £D, 
Let EF be subtracted from each ; 

therefore the remainder GF is greater than the remainder 
iiFD. 

Therefore FA is greatest, FD is least, and E''B is greater 
than EC, and FC than FG. 
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1 say also that from the point F only two equal straight 
lines will fall on the circle ABCD^ one on each side of the 
40 least FD. 

For on the straight line EF, and at the point E on it, let 
the angle FEHho, constructed equal to the angle GEF [i. 23], 
and let FH be joined 

Then, since GE is equal to EH^ 

45 and EJ' is common, 

the two sides GE, EE are equal to the two sides HE, EF\ 
and the angle GEF is equal to the angle HEF\ 

therefore the base FG is equal to the base FH. [i. 4] 
I say again that another straight line equal to FG will not 
so fall on the circle from the point F, 
For, if possible, let FK so fall. 
Then, since F'K is equal to FG, and FH to FG, 

FK is also equal to FH, 
the nearer to the straight line through the centre being 
5S thus equal to the more remote : which is impossible. 

Therefore another straight line equal to GF will not fall ' 
from the point F upon the circle ; 

therefore only one straight line will so fall. 

Therefore etc. 

Q. E. D. 

4. of the same diameter. I have iiiM.-rte<l thcM: wmds for clearness' sake. The text 
has limplj AflJCimr 9i ii X««^, "and the remaining (straii^hl line) least." 

7» 39. one on each side. The word '• one ' is not in the Greek, but is necessary to 
give the fofce of i^' indrtpa iKaxtffTijt, literally " on both aide<>," or " on each of the two 
Mdcs,of thekasc." 

De Morgan points out that there is an unproved assumption in this 

demonstration. We draw straight lines from as FB, FC, such that the 
angle DFB is [greater than the .angle DFC and then assume^ with respect to 
the straight lines drawn from the antre E to By 6', that 
the angle DEB is greater than the angle DEC. This 
is most easily proved, I think, by means of the converse 
f>f part of the theorem about the lengths of difTerent 
straight lines drawn to a given straight line from an 
external point which was mentioned above in the note 
on m. 2. This converse would be to the efiect that, If 
two unequal straight lines be drawn from a point to a 
given straight line which are not perfyendirular to the 
stratg/U line^ the greater of the two is the further from the perpendicular from the 
pttuU it the given strai^t Une, This can either be proved from its converse by 
rediutio ad absurdum^ or established direcUy by means of i. 47. Thus, in the 
accompanying figure, FB must cat£C in some point M, since the angle BEE 
is less than the angle CFE. 

1 hereiore EM is less than EC, and therefore than EB. 
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Hence the point B in whicb FB meets the cirde is further from the foot 
of the perpendicular from E on FB than M\& \ 

therefore the angle BEF is greater than the angle CEF, 

Another way of enunciating the first i)art of the proposition is that of 
Mr H. M. Taylor, viz. " Of all straight lines drawn to a circle from an internal 
point not the centre, the one which passes through the centre is the greatest, 
and the one which when produced passes through the centre is the least; and 
of any two others the one which subtends f/u- i^rrater angle at the centre is the 
greater." The substitution of the angle subtended at the centre as the criterion 
no doubt has the effect of avoiding the necessity of dealing with the unproved 
assumption in Eudid's proof refenriBd to above, and the similar substitution in 
the enunciation of the liist part of III. 8 has the effect of avoiding the necessity 
for dealing with like unproved assumptions in Euclid's proof, as well as the 
complication caused by the distinction in Euclid's enunciation between lines 
falling from an external point on the convex drcum/erence and on the coHtaoe 
eirmmfarute of a circle respectively, terms which are not defined but taken as 
understood. 

Mr Nixon {Euclid Rez>ised) similarly substitutes as the criterion the angle 
subtended at the centre, but gives as his reason that the words " nearer " and 
<*more remote'* in Euclid's enunciation are scarcely dear enough without 
sonie definition of the sense in which they are used, Smith and Bryant make 
the substitution in in. 8, but follow Euclid in in. 7. 

On the whole, 1 think that Euclid's plan of taking straight lines drawn from 
the point which is not the centre direct to the circumference and making 
greater or less angles at thai point with the straight line containing it and the 
centre is the more instructive and useful of the two, since it is such lines 
drawn in any manner to the circle from the point which are immediately useful 
in the proofs of later propositions or in resolving difticulties connected with 
those proofs. 

Heron again (an-NairizT, ed. Curtze, pp. 114 — 5) has a note on this 
proposition which is curious. He first of all says that Euclid proves that lines 
nearer the centre are greater than those more remote from it. This is a 
different view of the question from that taken in Euclid's proposition as we 
have it, in which the lines are not nearer to and more remote from the centre 
but from the line through the centre. Euclid takes lines inclined to the latter 
line at a greater or less angle ; Heron introduces distance frerm the centre in 
the sense of Deff. 4, 5, i.e. in the sense of the length oj the perpendicular drawn 
to the line from the centre, which Euclid does not use till iti. 14, 15. Heron 
then observes that in Euclid's proposition the lines compared are all drawn on 
one side of the line through the centre, and sets himself to prove the same 
truth of lines on opposite sides which are more or less distant from the centre. 
The new point of view necessitates a quite different line of proof, anticipating 
the methods of later propositions. 

The first case taken by Heron is that of two straight lines such that the 
peri)endiculars from the centre on them fall on the lines themselves and not 
in either case on the line produced. 

Let A be the given point, D the centre, and let 
AE be imarer the centre than AF^ so that the 
perpendicular DG on AE is less than the perpen- 
dicular DHow AE. 

Then sqs. on DG, GE s(is. on DM, I! F, 
and sqs. on DG, GA - sqs. on DH, HA. 
But sq. on DG < sq. on DH. 
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Therefore sq. on GE > sq. on H/^, 

and sq. on GA > sq. on J/A, 

whence GE > HF, 

GA > HA. 

Therefore, by addition, AE > AF. 

Th€ other case taken by Heron is that where 

one perpendicular falls on the line produced, as in 
the annexed 6gure. In this case we prove in like 
manner that GE > HF, 

and GA> AH. 

Thus AE is greater than the sum of NF, AH^ 

whence, a fortiari, AE is greater than the difference 
of HF, AH, i.e. than AF. 

Heron does not give the third possible case, that, namely, where b(^h 
perpendiculars fall on the lines produced. The fact 

is that, in this case, the foregoing method breaks 
down. Though AE be nearer to tlie centre than 
AF in the sense that DG is less than IJ>J/, 

AE ib not greater but /ess than AF 

Moreover this cannot be proved by the same 
method as before. 

For, while we can prove that 

GE > HF, 

GA > AH, 

we cannot make any inference as to the comparative length of AE, AF. 

To judge by Heron's corresponding note to iii. 8, he would, to prove this 
case, practically prove ill. 35 first, i.e. prove that, if £A be produced to 
and FA to Z, 

rect FAt AL = rect EA^ AK^ 
from whidi he would infer that, since AK> AL by the first caaci 

AE < AF 

An excellent moral can, I think, be drawn from the note of Heron. 
Havuig the appearance of supplementing, or giving an alternative for, Euclid's 
proposition, it cannot be said to do more than confuse tiie subject. Nor was 
It necessary to find a new proof for the case where the two luies whidi are 
compared are on tffposi/e sides of the diameter, since Euclid shows that for each 
line from the point to the circumference on one side of the diameter there is 
another of the same length equally inclined to it on the other side. 



Proposition 8. 

// a point be taken outside a eirele and from the point 
straight titles be di'aivn through to the eirele, one of wliieh 
is through the centre and the others are drawn at random, 
then, of the straight lines which fall on the concave circnni- 
/erence, tfiat through the centre is grecUest^ while of tlte rest 
u. K. 11. a 
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the nearer to thai through the centre is always greater than 
the mare remote, but, of the straight lines falling on the convex 
circumference, that between the point and the diameter is least, 
while of the rest the nearer to the least is always less than t/ie 
more remote^ and only two equal straight lines will fail on the 
circle from the point, one on each side of the least. 

Let ABC be a circle, and let a point D be taken outside 
ABC', let there be drawn through 
from it straight lines DA, DE, DF, 
DC, and let DA be through the centre; 

I say that, of the straight lines falling 
on the concave circumference AEFC. 
the straight line DA through the centre 
is greatest, 

while DE is greater than DF and DF 
than DC\ 

but, of the straight lines falling on the 
convex circumference HLKG, the 
straight line DG between the point 
and the diameter AG is least; and 
the nearer to the least DG is always 
less than the more remote, namely DK 
than DL, and DL than DIf. 

For let the centre of the circle ABC be taken [in. x], and 
let It he Af; let AfE. MF, MC, MK, ML, MH be joined. 

Then, since AM is equal to EM, 

let MD be added to each ; 

therefore AD is equal to EM^ MD, 

But EM, MD are greater than ED ; [i. ao] 

therefore is also greater than ED. 

Again, since ME is equal to MF, 

and MD is common, 

therefore EM, MD are equal to FM, MD ; 

and the angle EMD is greater than the angle FMD \ 

therefore the base ED is greater than the base FD, 

[l. 84] 

Similarly we can prove that FD is greater than CD \ 
therefore DA is greatest, while DE is greater than DF, 
and DF than DC, 
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Next, since MK, KD arc greater than MD^ [i. 20] 

and MG is equal to MK, 

therefore the remainder KD is greater than the remainder 

so that GD is less than KD. 
And, since on MD, one of the sides of the triangle MLDy 
two straight lines MK^ KD were constructed meeting within 
the triangle, 

therefore MKf KD are less than ML, LD ; (i. ai] 

and MK is equal to ML ; 

therefore the remainder DK is less than the remainder 

DL. 

Similarly we can prove that DL is also less than DH \ 

therefore DO is least, while DK is less than DL, and 
DL than DH. 

I say also that only two equal straight lines will fall from 
the point D on the circle, one on each side of the least DG. 

On the straight line AID, and at the point M on it, 
let the angle DMB be constructed equal to the angle KMD, 
and let DB be joined. 

Then, since MK is equal to MB, 

and MD is common, 

the two sides KM, MD are equal to the two sides BM, 
MD respectively ; 

and the angle KMD is equal to the angle BMD ; 

therefore the base DK is equal to the base DB. [i. 4] 
I say that no other straight line equal to the straight line 
DK will fall on the circle from the point D. 

For, if possible, let a straight line so fall, and let it be DN. 
Then, since DK is equal to DN, 

while DK is equal to DB, 

DB is also equal to DN, 
that is, the nearer to the least DG equal to the more remote: 
which was proved impossible. 

Therefore no more than two equal straight lines will fall 
on the circle ABC from the point D, one on each side ot 
DG the least. 

Therefore etc. Q. e. d. 

2—2 
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As De Morgan points out, there are here two assumptions similar to 
that tacitly made in the proof of iii. 7, namely that 
A' falls within the triangle DLM" and £ outside 
the triangle DFM. These facts can be proved 
in the same way as the assumption in III. 7. Let 
DE meet EM in Y and LM in Z. Then, as 
before, MZ is less than ML and therefore than 
AfK. Therefore K lies further than Z from 
the foot of the perpendicular from M on DE. 
Similarly E lies further than Y from the foot of the 
same perpei^icular. 

Heron deals with lines on opposUe sides of the 
diameter through the external point in a manner similar to that adopted in 

his previous note. 

For the case where E^ F are the second points in 
which AE^ AF meet the circle the method answers 
well enough. 

If AE is nearer the centre D than . //• is, 

sqs. on DG^ GE-w^ on DH, HF 
and sqs. on DG^ OA = sqs. on DH^ HA^ 
whence, since DO < D//, 

it follows that GE > //F, 

and AG > AH, 

so that, by addition, AE > AF. 

But, if iST, L be the points in which AE^ AF first 
meet the circle, the method fails, and Heron is reduced to proving, in the first 
instance^ the proper^ usually deduced from ill. 36. He a^es thus : 

AKD being an obtuse angle, 
sq. on <^Z) = sum of sqs. on AKy KD and twice rect AK^ KG* [il. 12] 
ALD is also an obtuse angle, and it follows that 

sum of sqs. on AK^ KD and twice rect. AK^ KG is c(]ual to 
sum of sqs. on AL, LD and twice rect. AL^ LJJ, 
Therefore, the squares on KD, LD being equal, 
sq. on ^A'and twice rect. AK, KG = sq. on AL and twice rect. AL, LH^ 
or sq. on AK dsv^ rect. AK, KE - sq, on AL and rect. AL^ LF, 
i.e. rect. AK, AE - rect. AL^ AF. 

But, by the first part, AE > AF. 

Therefore AK < AL. 

in. 7, 8 deal with the lengths of the several lines drawn to the circum- 
ference of a circle (i) from a point within it, (2) horn a jKjint outside it; but a 
similar proposition is true of straight lines drawn from a point on the 
circumference itself : // t^ny point he taken on the circumference of a circle, 
then, of all the sfrai-^iit /i/i<\\ witiLh can be drawn from it to the circumference, the 
greatest is that in which the centre is ; of any others tluU which is nearer to the 
Strait Urn which passes through the eetUre is greater than one more remote; 
and from the same point theft mn he drawn to the cirenmference two straight 
lines, and only two^ which are equal to one another^ one on each side of the 
greatest litu. 
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The converses of 111. j, 8 and of the proposition just given are also true 
and can easily be proved by reAteiio ad ahsurdum. They could be employed 
to throw light on such questions as that of internal contact, and the relative 
position of the centres of circles so touching. This is clear when part of the 
converses is stated: thus (i) if from any point in the plane of a circle a 
number of straight lines be drawn to the circumference of the circle, and one 
of thesi is t^reater than any other, the centre of the circle must lie on that one, 
(2) if one of them is less than any other, then, {a) if the point is within the 
circle, the centre is on the minimum straight line produced beyond the pointy 
(J/) if the point is outside the cirdei the centre is on the minimum straight line 
produced b^nd the poini m which U muls the drde. 



Proposition 9. 

If a point be taken within a circle, and more than two 
equal straight lines fall from the point on the circle, the point 
taken is the centre of the circle. 

Let ABC be a circle and D a point within it, and from 
D let more than two equal straight 
lines, namely DA, DB, DC, fall on 
the circle ABC ; 

I say that the point D is the centre 
of the circle ABC. 

For let AB, BC be joined and 
bisected at the points E, F, and let 
^A^/^ be joined and drawn through 
to the points G, K, H, Z. 

Then, since AE is equal to EB^ 
and ED is common, 

the two sides A E, ED are equal to the two sides BE, ED \ 

and the base DA is equal to the base DB ; 

therefore the angle A ED is equal to the angle BED. 

Therefore each ol the angles AED^ BED is right ; 

[i. Dcf. 10] 

therefore GK cuts AB into two equal parts and at right 
angles. 

And since, if in a drcle a straight line cut a straight line 
into two equal parts and at right angles, the centre of the 
circle is on the cutting straight line, [tii. i, For.] 

the centre of the circle is on GK, 
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For the same reason 

the centre of the circle ABC is also on HL. 

And the straight lines GK^ HL have no other point 
common but the point D ; 

therefore the point D is the centre of the circle ABC, 

Therefore etc Q. e. d. 

The result of this proposition is quoted by Aristotle, AUUorologica ill. 3, 
373 2. 13 — 16 (cf. note on i. 8). 

III. 9 is, as De Morgan remarks, a logkai equivalent of part of iii. 7, 
where it is proved that every w^w-central point is not a point from which three 
equal straight lines can be drawn to the circle. Thus iii. 7 says that every 
not- A is not-B^ and 111. 9 states the equivalent fact that every B '\s A, 
Mr H. M. Taylor does in eCTect make a logical inference of the theorem that, 
If firom a point three eqmi straight Una eait be drawn to a circle, that point is 
the centre, by making it a corollary to his proposition which includes the part of 
in. 7 referred to. Euclid does not allow himself these logical inferences, as we 
shall have occasion to observe elsewhere also. 

Of the two proofs of this proposition given in earlier texts of Euclid, 
August and Heiberg regard that translated above as genuine, relegating the 
other, which Simson gave alone, to a place in an Appendix. Camerer remarks 
that the genuine proof should also have contemplated the case in which one 
or other of the straight lines AB,BC passes through J?. This would however 
have been a departure from Euclid's manner of taUng the most obscure case 
for proof and leaving others to the reader. 

The other proof, that selected by Simson, is as follows : 

" For let a point Z> be taken within the circle ABQ and from /> let more 
than two equal straight lines, luunely AD^ DB, DC^ 
fidi on the circle ABC \ 

I say that the point J} so taken 19 the centre of the 

circle ABC. 

For suppose it is not; but, if possible, let it be 

and let DE be joined and carried through to the 
points F, G. 

Therefore FG is a diameter of the circle ABC. 

Since, then, on the diameter FG of the circle 
ABC a point has been taken which is not the centre 
of the circle^ namely 

DG is greatest^ and DC is greater than DB, and DB than DA, 

But the latter are also equal : which is impossible. 

Therefore M is not the centre of the circle 

Similarly we can prove that neither is any other point except D\ 
therefore the point D is the centre of the circle ABC. 

Q. E. D." 

On this Todhunter correctly points out that the point E might be 
supposed to fall wiiliin the angle ADC. It cannot then be shown that DC 
is greater than DB and DB than DA, but only that either DC or DA is less 
than DB', this however is sufficient for establishing the proposition. 
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Proposition 10. 

A circle does not ctU a circle at more points than two. 

For, if possible, let the circle ABC cut the circle DEF 
at more points than two, namely 

let BH, EG be joined and 
bisected at the points K, L, 

and from K, L let KC, LM be 
drawn at ricrht angles to BH, 
BG and carried through to the 
points A, E. 

Then, since in the circle 
ABC a straight line AC cuts a 
straight line BH into two equal 
parts and at right angles, 

the centre of the circle ABC is on AC. [in. i, Por.] 

Again, since in the same circle ABC a straight line NO 
cuts a straight line BG into two equal parts and at right 
angles, 

the centre of the circle ABC is on NO. 

But it was also proved to be on AC and the straight 
lines AC, NO meet at no point except at P ; 

therefore the point P is the centre of the circle ABC. 

Similarly we can prove that P is also the centre of the 
circle DEF ; 

therefore the two circles ABC, DEF which cut one 
another have the same centre P : which is impossible, [ui. s] 
Therefore etc. q. e. d. 

I. The word cfrde (cAAw) is here employed in the unusual sense of the (ircum/ertnct 
(y y i^^ l pw) of m dide. Cf. note on 1. Del. 15. 

There is nodiing in the demonstration of this proposition which assumes 

that the circles cut one another; it proves that two circles cannot mtet at more 
than two points, whether th^ cut or meet without cutting i.e. Unuh one 
another. 

Here again, of two demonstrations given in the earlier texts, Simson diose 
the second, which August and Heibeig relegate to an Appendix, and whidi is 

as follows : 

•'For again let the circle ABC cut the circle DEF 9X more points than 
tw^o, namely B, F; 

let the centre K of the circle ABC be taken, and let KB, KG, KF be 
joined. 
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Since then a poiiit JThas been taken nithin the dicle DEF^ 

and from K more than two straight lines, namely 

KB^ KF, KGy have fallen on the circle DEF, a 

the point K is the centre of the circle DEF. [iii. 9] /^^^ 

But K is also the centre of the circle ABC. wj"^ 

Therefore two circles cutting one another have /[ ' 

the same centre K\ which is impossible, [iii. 5] \\ / 

^ Therefore a ctrde does not cut a dide at more ^ ^/^ 
points than two. 

Q. B. D." 

This demonstration is claimed by Heron (see an-NairizI, ed. Curtze, 
pp. 120 — 1). It is incomplete because it assumes that the point K which is 
taken as the centre of the circle ABC is within the circle DEF. It can 
however be completed by means of iil 8 and the corresponding proposition 
with refeien^ to a point on the circumference of a circle which was enunciated 
in the note on iii. 8. For (i) if the point K is on the circTimference of the 
circle DEF, \vc obtain a contradiction of the latter proposition which asserts 
that only two equal straight lines can be drawn from K to the circumference 
of the circle DEF-, (s) if the point K is the circle DEF^ we obtain a 
contradiction of the oorrespcmding part of iii. 8. 

Euclid's proof contains an unproved assumption, namely that the lines 
bisecting HQ, BH at right angles iviU meet in a point F* For a discussicm 
of this assumption see note on iv. 5. 




Proposition ii. 

If two circles touch one another internally ^ and their centres 
be tahen, the straight line joining their centres, if it be also 
produced, will fall on the point of contact of the circles. 

For let the two circles ABC, ADE touch one another 
internally at the point A, and let 
the centre F o{ the circle ABC, and H 
the centre G of ADR, be taken ; 

I say that the straight line joined 
from G to F and produced will fall 
on A. 

For suppose it does not, but, 
if possible, let it fall as FGH, and 
let AF, AG ho. joined. 

Then, since AG, 6^/^ are greater 
than FA, that is, than FH, 

let FG be subtracted from each; 

therefore the remainder AG h greater than the remainder 
GH. 
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But AG IS equal to GD ; 

therefore GD is also greater than C//, 

the less than the greater : which is impossible. 

Therefore the straight line joined from to G will not 
fall outside ; 

therefore it will fall at A on the point of contact. 
Therefore etc. 

Q. E. D. 

3. the straight line joining their centres, literally "the straight line joined to their 
centres" (ij iwl r& ximpa oArCiv iwi^euyirvfiini fvfffia). 

3. point of contact is here 9wm^ and in the enunctfttkm of the next proposition 

Again August and Heihcrg <j;ive in an Appendix the additional or 
alternative proof, which however shows little or no variation from the genuine 
proof and can therefore well be dispensed with. 

The genuine proof is beset with difficulties in consequence of what it 
tacitly assumes in the figure, on the ground, probably, of its being obvious to 
the eye. ( amerer has set out these difficulties in a most careful note, the 
heads of which may be given as follows : 

He observes, first, that the straight line joining the centres, when produced, 
mtist necessarily (though this is not stated Euclid) be produced in tke 
direction of ihe centre of the circle which touches the other internally. (For 
brevity, I shall call this circle the "inner circle," though I shall imply nothing 
by that term except that it is the circle which touches the other on the inner 
side of the latter, and therefore that, in accordance with the definition of 
AMwAfVi^, points on it in the immediate neighbourhood of the point of contact 
are necessanl>- within the circle which it touches*) Camerer then proceeds by 
the following steps. 

1. The two circles, touching at the given point, cannot intersect at any 
point. For, since points on the "inner" in the immediate neighbourhood of 
the point of contact are within the "outer" circle, the inner circle, if it 
intersects the other anywhere, must pass outside it and then return. This is 
only possible {(j) if it passes out at f)nc point and returns at another point, or 
(/^) if it passes out and returns through one and the same point, {a) is impossible 
because it would require two circles to have three common points ; {b) would 
require that the inner circle should have a node at the point where it passes 
outside the other, and this is proved to be impossible by drawing any radius 
cnttii^ both loops. 

2. Since the circles cannot intersect, one must be entirely within the 
other. 

3. Therefore the outer circle must be greater than the inner, and the 
radius of the outer greater than that of the inner. 

4. Now, if be the centre of the greater and G of the inner circle, and 
if FG produced beyond G does not pass through the given point of 
contact, then there are three possible hypotheses. 

(a) A may lie on produced b^nd F. 
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(6) A may He outside the line FG altogether, in which case FG pcodttoed 
beyond G must, in consequence of result a above, either 

(i) meet the circles in a point common to both, or 

(ii) meet the circles in two pointSi of which that which is on the inner 

circle is nearer to G than the other is. 

(a) is then proved to be impossible by means of the fact that the radius of the 
inner circle is less than the radius of the outer. 

{p) (ii) is Euclid's case; and his pfoof holds equally of {b) (i), the hypothesis, 
namely, that D and ^in the figure coincide. 

Thus all alternative hypotheses are successively shown to be impossible^ 
and the proposition is completely established, 

I think, however, that this procedure may be somewhat shortened in the 
following manner. 

In order to make Euclid's proof absolutely conclusive we have only ( i ) to 
take care to produce FG beyond G^ the centre of the " inner " circle, and then 
(2) to prove that the point in which FG so produced meets the "inner" circle 
is not furtfur from G than is the point in which it meets the other circle. 
Euclid's proof is equally valid whether the first point is nearer to G than the 
second or the first point and the second coincide. 

If FG produced beyond G does not pass through there are two 




conceivable hypotheses: {a) A may lie on G^/* produced beyond F, or [b) A 
may be outside FG produced either way. In either case, if F(? produced 
meets the "inner" circle in D and the other in //, and if GD is greater than 
GH^ thai the "imier" circle must cut the outer cirde at some point 
between A and Dy say X, 

But, if two circles have a common point X lying on one side of the line of 
centres, they must have another corresponding point on the other side of the 
line of centres. This is clear from iii. 7, 8; for the point is determined by 
drawing from F and G^ on the opposite side to that where A' is, straight 
lines FY, G Y making with FD angles equal to the angles DFX^ DGX 
respectively. 

Hence the two circles will have at least three points common : which is 
impossible. 

Theiefaie GD cannot be greater than GH\ accordingly GD must be 
either equal to, or less than, GH^ and Euclid's proof is valid. 

The particular hypothesis in which FG is supposed to be in the same 
straight line with A but G is on the side of F away from A is easily disposed 
of, and would in any case have been left to the reader by Eudid. 

For GD is either equal to or It^ss than GIT. 

Therefore GD is less than FH^ and therefore less than FA. 

But GD is equal to GA, and therefore greater than FA : which is 
impossible. 
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Subject to the same preliminary investigation as that required by Euclid's 
proof, the proposition can also be proved directly from iii. 7. 

For, by III 7, C// is the shortest Straight line that can be drawn from G 

to the circle with centre J^; 

therefore G// is less than GA, 

and therefore less than Glf : which is absurd. 

This proposition is the rnicial one as regards circles which touch internally; 
and, when it is once esiabhshed, the relative position of the circles can be 
completely eliKtdated by means of it and the propositions which have preceded 
it Thus, in the annexed figure, if F be the centre 
of the outer circle and G the centre of the inner, ■— 
and if any radius FQ of the outer circle meet the ^^N, 
two circles in Q, P respectively, it follows, from / 
III. 7, III. %j or the corresponding theorem with / / f n ) 

reference to a point on the circumference, that FA CF gl — V ■ ■ l A 

is the maximum straight line from /"to the circum- \ V ^""^W 

ference of the inner circle, FP is less than FA^ \ x. ^^ ^ 
and /IP diminishes in length as FQ moves round >w ^/ 
from FA until FP reaches its minimum length 
FB. Hence the circles do not meet at any other 

point than A^ and the distance PQ cut off l)etween them on any radius FQ 
of the outer circle becomes greater and greater as FQ moves round from FA 
to FC and is a maximum when FQ coincides with FC^ after which it 
diminishes again on the other side of FC. 

The same consideration gives the partial converse of iii. 11 which forms 
the 6th lemma of Pappus to the first book of the Taciioms of ApoUonms 
(Pappus, VII. p. 826). This is to the fSSisct that, i/ AB^ AC are in one straight 
liney and on one side of A, the cirdes described on AB, AC as diatneters touch 
{internally at the point A). Pappus concludes this from the fact that the 
circles have a common tangent at A ; but the truth of it is clear from the fact 
that FP diminishes as FQ moves away from FA on either side ; whence the 
circles meet at A but do not cut one another. 

Pappus' 5th lemma (vii. p. 824) is another partial converse, namely that, 
given two circles touchin^^ tntcrnaily at A, and a line ABC draivn from A cutting 
doth, then, ij the centre 0/ the outer circle lies on ABC, so docs tlie centre of the 
inner. Fappus himself proves this, by means of the common tangent to the 
circles at //, in two ways, (i) The tangent is at r^ht angles to and 
therefore to AB : therefore the centre of the inner circle lies on AB. (2) By 
lit. 32, the angles in the alternate segments of both circles are right angles, so 
that ABCU a diameter of both. 



[Proposition 12. 

1/ two circles touch one another externally, the straight 
line joining their centres wiU pass through the point of 
contact. 

For let the two circles ABC^ ADE touch one another 
5 externally at the point and let the centre F of ABC^ and 
the centre G of ADE, be taken ; 
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I say that the straight line joined from F to G will pass 
through the point of contact at A» 

For suppose it docs not, B 
»o but, if possible, let it pass as 
FCDG, and let AF, AG be 
joined. 

Then, since the point F is 
the centre of the circle ABC, 

IS F^l is equal to FC. 

Again, since the point G is 
the centre of the circle ADE, 

GA is equal to (tD. 

But FA was also proved equal to FC ; 

« therefore FA, AG are equal to FC, GD, 

so that the whole FG is greater than FA, A G ; 

but it is also less [i. 30] : which is impossible. 

Therefore the straight line joined from F to G will not 
fail to pass through the point of contact at A ; 

H therefore it will pass through it. 

Therefore etc. Q. E. D.] 

«*. wiU not fail to fNUt. The Greek has the double negative, d/m ^...tMtia... 
vdK AeArmu, literally **the straight line... win not not-pass.. 

Heron says on ui. 1 1 : " Euclid in proposition 1 1 has supposed the two 
circles to touch internally, made his proposition deal with this case and proved 
what was sought in it Sti/ 1 wUt shew how it is be proiftd if the contact is 
extemal.^^ He then gives substantially the proof and figure of in. 12. It 
seems clear that neither Heron nor an-Nairizi had ni. 12 in this place. 

Campanus and the Arabic edition of Na^iraddin a(-'rusi have nothing more 
of III. 12 than the following addition to in. 11. *'In the case of external 
contact the two lines ac and cb will Ih greater than tf^ whence ad and cb will 
be greater than the whole a^, which is false." (The points a, </, e cor- 
respond respectively to G, F., C, A in the above figure.) It is most 
probable that Theon or some other editor added Heron's proof in his edition 
and made Prop. la out of it (an-NairTzl, ed. Curtze, pp. 121 — 2). An-NairizI 
and Campanus, conformably with what has been said, number Prop. \% of 
Heiberg's text Prop. 1 2, and so on through the Book. 

What was said in the note on the last proposition applies, mutatis mutandis, 
to this. Camerer proceeds in the same manner as before ; and we may use 
the same alternative argument in this case also. 

Eudid's proof is valid provided only that, if FG, joining the assumed 
centres, meets the circle with < entre F in C and the other circle in />, C is 
not within the circle ADF and /) is not within the circle AFC. (The proof 
is equally valid whether C, D coincide or the successive points are, as cirawn 
in the figure, in the order C, D, G.) Now, if C is wiuiin the drde ADE 
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and D within the circle ABC^ the circles must have cut between A and C 
and between A and />. Hence, as before, th^ must also have another 
corresponding point common on the other side of CD. That is, the cirdes 
must have three common points : which is impossible. 

Hence £ucUd's proof is valid if G form a triangle, and the only 

hypothesis which has still to be disproved is the 
hsrpothests which he would in any case have left to 
the reader, namely that A does not lie on FG but 
on FG produced in either direction. In this case, as 
before, either C, D must coincide or C is nearer 
^than D is» Then the radius FC must be equal 
to FA : which is impossible, since FC cannot be 
greater than FD^ and must therefore be Uis than 
FA, 

Given the same preliminaries, iii. 13 can be (nroved by means of ill. 8. 
Again, when the proposition iii. 12 is once proved, 111. 8 helps us to prove 
at once that the circles lie entirely outside each other and have no Other 

common point than the point of contact. 

Among Pappus' lemmas to ApoUonius' Tactiones are the two partial 
converses of this proposition corresponding to those given in the last note. 
Lemma 4 (vii. p. 824) is to the effect that, (f AB, AC be in one straight iinel h 
and C being on opposite sides of A. the circles drawn on AB, AC diameters 
touih externally at A. Lemma 3 (vii. p. 822) states that, if two <7/fvVf touch 
txtemaiiy at i\ and BAG is drawn through A cutting both circles and cuniaining 
ikt tenire of one, BAG wiU also ioniam the eentre of the other. The pioo^ as 
before, use the common tangent at A. 

Mr H. M. Taylor gets over the difficulties involved by in. 11, 12 in a 
manner which is most ingenious hut not Euclidean. He first proves that, if two 
circles meet at a point not in the same straight line with their caitres^ the circles 
intersect at that point ; this is very easily established 1^ means of ill. 7, 8 and 
the third similar theorem. Then he gives as a corollary the statement that, if 
two circles touch, the point of contact is in the same straight line with their 
centres. It is not explained how this is inferred from the substantive 
proposition; it seems, however, to be a logical inference simply. By the 
proposition, every A (circles meeting at a point not in the same straight line 
with the centre) is B (circles which intersect); therefore every no\-B is not y^, 
i.e. circles which do not intersect do not meet at a point not in the same 
straight line with the centres. Now non-intersecting circles may either meet 
(i.e. touch) or not meet In the former case they must meet on the line of 
centres: for, if they met at a point not in that line, they would intersect. But 
such a purely logical inference is foreign to Euclid's manner. As He Morgan 
says, " £uclid may have been ignorant of the identity of * Every X is K' and 
' Every not- Y is not- A',' for anything that appears in his writings ; he makes 
the one follow from the other by a new proof each time" (quoted in Keynes' 
Fitrmal Logic, p. 81). 

There is no difficulty in i)roving, by means of 1. 20, Mr Taylor's next 
proposition that, if two circles meet at a point ivhich lies in the same straight 
iuu as their emtres and is between the eentres, the Hreles touch at that point, and 
each circle lies without the other. But the similar proof, by means of i. 30^ of 
the corresponding theorem for internal contact seems xo be open to the same 
objection as Euclid's proof of iii. 11 in that it assumes without proof that the 
circle which has its centre nearest to the point of meetiiig is the "inner" 
circle. Lastly, in order to prove that, if two circles have a pomt of contact, they 
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do not mat at amy other pomtt Mr Taylor uses the questionable ooroUaiy. 
Therefore in any case his alternative prooeduie does not seem pcefeiable to 

Euclid's. 

The alternative to Eucl. in. ii — 13 which finds most favour in modem 
continental text-books (e.g. Legendre, Baltzer, Henrici and Treutlein, 
Veronese, Ingrami, Enriques and Amaldi) connects the number, position and 

nature of the coincidences between points on two circles with the relation in 
which the distance between their centres stands to the length of their radii. 
Enriques and Amaldi, whose treatment of the different cases is typical, give 
the following propositions (\'eroncse gives them in the converse form). 

1. If the distance between the centres oj tufo circles is ^eaier tlian the sum 
0/ the radii, the two drdes hone no point eonmon and are external to one 
another. 

Let O, <y be the centres of the circles (which we will call " the circles 

C?, O' '■), r, r their radii respectively. 

Since then OO >r-^ r\a fortiori 00 > r, and O is therefore exterior to 
the circle O. 

Next, the circumference of the circle O intersects OCf in a point A, and 

since GO > r r\ A(y>?, and A is 
external to the circle O' . 

But OA IS less than any straight 
line, as OB^ drawn to the circum- 
ference of the circle O [in. 8] ; hence 
all points, as on the circumference 
of the circle O are external to the circle 
O, 

Lastly, if C be any point internal 

to the circle C?, the sum of OC^ (7C is 

greater than (7(7, and a fortiori greater than r + r. 

But OC is less than r : therefore OC is greater than r\ or C is external 

to a 

Similarly we prove that any point on or within the drcumfoence of the 
cirde O is external to the circle 

2. If the distance between the centres of tivo unequal circh-s is less than the 
ihference of the radii, the t7vo circumferences have no common point and the lesser 

circle is entirely within the greater. 

Let (7 be the centres of the two cirdes» r, r' their radii respectively 
(r<fO. 

Since 00 <r' ~ r, a forHori OO Kt'^wti^ 0\& 
internal to the circle O'. 

If A, A' be the points in which the straight line 
O O intersects respectively the circumferences of the 
drdes O, (/, 

{TC? is less than OA' -OA, 

so that 00+ OA, or O'A, is less than OA', 

and therefore A is internal to the circle O'. 

But, of all the straight lines from O' to the circumference of the circle O, 
OA passing through the centre O is the greatest [iii. 7] ; 

whence all the points of the circumference of O are internal to the circle O. 

A similar argument to the preceding will show that ail points within the 
drde O are intenud to the drde 
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3. 1/ tks dtstama ieiween ihi itnim ^ iwo eireks is ifmU to ihe nm of the 
radiif the two circumferences have one point common and one onfyt and that pdnt 

is 0n the line of centres. Each i-irclc is externa! to the other. 

Let C?, (7 be the centres, r, r the radii of the circles, so that OO is equal 
to r + r. 

Thus OCt is greater than r, so that O 
is external to die circle and the circum- 
ference of the drcle O cuts OO in a 
point A. 

And, since OO is equal to r + r', and 
OA to it follows that OA is equal to 
so that A belongs also to the dicumfieience 
of the circle O'. 

The proof that all other points on, and 
all points within, the drcumferenoe of the circle O are external to the aide O 
follows the simikr proof of prop, i above. And similarly all points (except i^) 
on, and all points within, the drcumference of the circle 0 are external to the 
circle O. 

The two circles, having one common point only, touch at that point, which 
lies, as shown, on the line of centres. And, since the circles are external to 
one anotfier, they touch txtenuUfy, 

4. If the distance between the centres of two unequal circles is equal to the 
difference between the radii, the tivo circumferences hcn^e one point and one only in 
common f and thai point lies on the line of centres. The lesser circle is within tlit 
other. 

The proof is that of prop. 2 above^ mutatis nwUmdis* 

The dides here touch inioimalfy at the point on the line of centres. 

5. If Ike distance between the centres of hvo circles is less than the sum, and 

greater than the difference, of the radii, the tiro circumferences haTc two common 
points symmetrically situated with respect to the line of centres but not lying on 
that line. 

Let 0^ be the centres of the two circles, r, r their radii, being the 
greater, so that 

f' - r < 00 Kr + r*. 
It follows that in any case OO ^ r > r\ so that, if OM be taken on O O 

produced equal to r (so that M is on the circumference of the circle 0)t M is 

external to the drcle O. 

We have to use the same Postulate as in Eucl. i. i that 

An arc of a circle which has one extremity within and the other without a 

given circle has one point common with the 

latter and only one ; from which it tolluws, 

if we consider two such arcs making a 

complete drcumference, that, if a cirmm- 

ference of a circle passes through one point 

internal to^ and one point external to a 

given circlet it cuts the latter circle in two 

pmmts. 

We have then to prove that the circle <?, 
besides having one point Af of its circum- 
ference external to the circle 0\ has one other point of its circumference {L) 
internal to the latter drde. 
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Tbiee cases have to be distinguished aocoiding as OO is greater than, equal 

to, or less than, the radius r of the lesser circle. 

(1) 00 > r. (See the preceding figure.) 
Measure OL along Oiy equal to r, so that 

Z lies on the circumference of the circle O, 

Then, since OCX <r+ r\ OL will be less 
than r\ so that L is within the cirde (7* M 

(2) (9(7 - r. 

In this case the circumference of the circle 
O passes through O^tx L coincides with O. 

(3) 00 <r. 

If we measure OL along OO equal to r, the point L will lie on the 

circumference of the circle O* 
Then OL^r- OO, 

so that O'L < r, and a fortiori OL < r, so that L 
lies within the circle 0. 

Thus, in all three cases, since the circumference 
of O passe<; through one point (M) external to, and 
one point (/) internal to, the circle O', the two 
circumferences intersect in two points A, B [Post.] 

And B cannot Iw on the line of centres OU^ 
since this straight line intersects the circle O in 
Z, M onVj, and of these j>oints one is inside, the other outside, the circle O. 

Since is a common chord ot both circles, the straight line bisecting it 
at right angles passes through both centres, i.e. is identical with OO. 

And again by means of in. 7, 8 we prove that all points except A, B on 
the arc AAB lie within the circle O', and all points except A^ B on the arc 
AAfB outittde that circle ; and so on. 





Proposition 13. 

// circ/c (iocs not touch a circ/e at more points Uum one, 
whetiicj' U touch it internally or externally. 

For, if possible, let the circle ABDC touch the circle 
EBFDt first internally, at more 
5 points than one, namely Z>, B, 
Let the centre G of the circle 
ABDC, and the centre H of 
EBFD, be taken. 

Therefore the straight line 
10 joined from G \.o H will fall on 
B, D. [ill. 11] 

Let it so fall, as BGHD. 
Then, since the point G is 
the centre of the circle ABCD, 
IS BG is equal to GD ; 
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therefore BG is greater than HD ; 
therefore BH is much greater than HD, 

Again, since the point H is the centre of the circle 



Therefore a circle does not touch a circle internally at 
more points than one. 

as I say further that neither does it so touch it externally. 

For, if possible, let the circle ACK touch the circle 
ABDC at more points than one, namely C, 
and let AC be joined. 

Then, since on the circumference of eacli of the circles 
y> ABDC, ACK two points A, C have been taken at random, 
the straight line joining the points will fall within each 



but it fell within the circle ABCD and outside ACK 
[lu. Def. 3] : which is absurd. 

35 Therefore a circle does not touch a circle externally at 
more points than one. 

And it was proved that neither does it so touch it 
internally. 

Therefore etc. Q. e, d. 

3, 7, 14. 17, 30. 3j. ABDC. Euclid writes ABCI^ (fuiL :inJ 111 the next proposition)* 
notwithstanding the oider in which the points are placed in the figuie. 

95f 11' it ^ touch it. It u neoeanrj to snppty thoe words whidt the Greek 

(In «MI <crte and 9m «<M <rrA») leaves to lie imdenlood. 

The difficulties which have been felt in r^ard to the proofs of this 
proposition need not trouble us now, because they have already been disposed 
of in the discussion of the more crucial propositions iii. 11, 12. 

Euclid's proof of the first part of llie proposition differs from Simson's ; 
and we will deal with Euclid's first On this Camerer remarks that it is 
assumed that the supposed second point of contact lies on the line of centres 
produced btyond the centre of the outer" circle, whereas all that is proved in 
HI. II is that the line of centres produced beyond the centre oftfu ''^ inner circle 
passes through a point of contact. But, by the same argument as that given 
on ill. II, we show that the circles cannot have a point of contact, or even 
any common point, outside the line of centres, because, if there were such a 
pK)int, there would be a corresponding common point on the other side of the 
line, and the circles would have three common points. Hence the only 
hypothesis left is that the second point of contact may be on the line of 
centres but in the direction of the centre of the **Mi€r" circle; and Eudid's 
proof disposes of this hypothesis. 

a. B. It. - $ 




circle ; 



[ill. 2] 
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Heron (in an-Nairlzi, ed. Curtze, pp. 122-^4), curiously enough, does not 
question Euclid's assumption that the line of centres passes through both 
points of contact (if double contact is ^ssible) ; but he devotes some space to 
proving that the centre of the "outer" arcle must lie within the "inner** circle, a 
fact which he represents Euclid as asserting ('' sicut dixit Euclides**)^ though 
there is no such assertion in our text. The proof of the fact is of course easy. 
If the line of centres passes through both points of contact, and the centre of 
the "outer" circle lies either on or outside the "inner" circle, the line of 
centres must cut the "inner" circle in three points in all: which is impossible, 
as Heron shows by the lemma, which he places here (and proves by 1. 16), 
that a straighi line cannot ad the circumference oj a circU in more points 
than two. 

Simson'8 proof is as follows (there is no real need for giving two figures as 
he does). 

" If it be possible, let the circle EBF touch the circle ABC in more 
points than one, and first on the inside, in the 
points By D \ join BD^ and draw GH bisecting — ^ 
BD at right angles. "\^\^ 

Therefore, because the points B, D are in the jT \E \ 

circumference of each of the circles, the straight / \ \ 

line BD falls within each of them: And their — • 1 — |H 

centres are in the straight line GH whidi bisects il j j 

BD at right angles : A J 

Therefore GH passes through the jxiint of ^^^^^""''^^ ^^^^ 
contact [ill. 11]; but it does not pass through it, 

because the points By D vat without the straight line Gff : which is absurd. 

Therefore one circle cannot touch another on the inside in more points 
than one." 

On this (!amerer remarks that, unless iii. 11 be more completely elucidated 
than it is by Euclid's demonstration, which Simson has, it is not sufficiently 
clear that, besides the point of contact in which GH meets the circles^ they 
cannot have another point of contact either (i) on GH or (1) outside it. 
Here again the latter supposition (2) is rendered impossible because in that 
case there would be a third common point on the opposite side of GH ; and 
the former supposition (i) is that which Euclid's proof destnqrs. 

Simson retains Euclid's proof of the second part of the proposition, though 
his own proof of the first part would apply to the second part also if a 
reference to in. 12 were substituted for the reference to in. 1 1. Euclid might 
also have proved the second part by the same metliod as that which he 
employs for the first part. 

Proposition 14. 

In a circle equal straighi lines are equally cUsiani from 
ike centre, and those which are equally distant from the centre 
are ecpial to one another. 

Let ABDC be a circle, and let AB, CD be equal straight 
lines in it ; 

I say that AB, CD are equally distant from the centre. 

For let the centre of the circle ABDC be taken [in. 1], 
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and let it be jS* ; from £ let EF, EG be drawn perpendicular 
to AB, CD, and let AE, EC be joined. 

Then, since a straight line EF through 
the centfe cuts a straight line AB not through 
the centre at right angles, it also bisects it 

[in. 3] 

Therefore AFis equal to FB ; 
therefore AB is double of AF, 
For the same reason 

CD is also double of CG ; 

and AB IS equal to CD ; 

therefore AF is also equal to CG, 

And, since is equal to £C^ 

the square on AE is also equal to the square on EC. 

But the squares on AF, EFzxe. equal to the square on AE, 
for the angle at F is right ; 

and the squares on EG, GC are equal to the square on EC, 
for the angle at G is right ; [i. 47] 

therefore the squares on AF^ FE are equal to the 
squares on CG, GE, 

of which the square on AF is equal to the square on CG, 

for AF \s equal to CG ; 

there for(' the square on F£ which remains is equal to 

the scjuare on EG, 

therefore £F is equal to £G, 

But in a circle straight lines are said to be equally distant 
from the centre when the perpendiculars drawn to them from 
the centre are equal ; [111. Def. 4] 

therefore AB, CD are equally distant from the centre. 

Next, let the straight lines AB, CD be equally distant 
from the centre ; that is, let EF be equal to EG, 

I say that is also equal to CD. 

For, with the same construction, we can prove, similarly, 
that AB \^ double of AF, and CD of CG 

And, since AE \s equal to CE, 

the square on AE \s equal to the square on CE, 
But the squares on EF, FA are equal to the square on AE, 
and the squares on EG, GC equal to the square on C£, [i. 47] 

3— a 
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Therefore the squares on EFt FA are equal to the 
squares on EG^ GC, 

of which the square on EF is equal to the square on EG^ 
for EF is equal to EG \ 

therefore the square on AF which remains is equal to the 
square on CG ; 

therefore AFxs equal to CG, 

And AB is double of AF, and CD double of CG \ 

therefore AB is equal to CD, 

Therefore etc. 

Q. E. D. 

Heron (an-Nairizi, pp. 125 — 7) has an elaborate addition to this proposition 
in which he proves, first by reductio aJ ahsurdum^ and then directly, that the 
centre of the circle fails between the two chords. 



Proposition 15. 

Of straight lines in a circle the diameter is greatest^ 
and of the rest the nearer to the centre is always greater than 
ike more remote. 

Let A BCD be a circle, let AD be its diameter and £ 

the centre ; and let BC be nearer to the 
diameter AD, and EG more remote ; 

I say that AD is greatest and BC 
greater than EG, 

For from the centre E let EH, EK 
be drawn perpendicular to BCt EG, 

Then, since BC is nearer to the 
centre and / G more remote, EK is 
greater than EH. [m. Def. 5] 

Let EI. be made equal to EH, 
tlirough L let LM be drawn at right 
angles to EK and carried through to N, and let ME^ EN^ 
EE, EG be joined. 

Then, since EH is equal to EL^ 

BC is also equal to MN, [111. 14] 

Again, since AE is equal to EM^ and ED to EN^ 
AD is equal to ME, EN. 




Digitized by Google 



iiu 15, 16] 



PROPOSITIONS 14— i6 



37 



But MEf EN are greater than MN^ \u ao] 

and MN is equal to BC ; 

therefore ADv& greater than BC. 

And, since the two sides ME^ EN are equal to the two 
sides FE^ EG, 

and the angle MEN greater than the an^le FEG, 

therefore the base MN is greater than the base FG, [i. 24] 

But MN was proved equal to BC, 
Therefore the diameter AD is greatest and BC greater 
than FG 

Therefore etc. 

Q. £. D. 

I. Of straight lines. Tlw Greeic leaves these wovds to be ttndeisiood. 

It will be observed that Euclid's proof differs from that given in our text- 
books (which is Simson's) in that Euclid introduces another line HfNt which 
is drawn so as to be equal to BC but at right angles to i^ATand therefore 

parallel to fC, Simson dispenses with J/^Vand bases his proof on a similar 
proof by Theodosius {Sphaerica i. 6). He proves that the sum of the scjuares 
on EHf HB is equal to the sum of the squares on EK^ KF\ whence he 
infeis tiiat, since the square on EH is less than the square on EK^ the square 
on BH'xs greater than the square on FK. It may be that Euclid would have 
regarded this as too complicated an inference to make without explanation or 
without an increase in the number of his axioms. But, on the other band, 
Euclid himself assumes that the angle subtended at the centre by MN is 
greater than the angle subtended by FG, or, in other words, that N both 
fall outside the trian^'le FEG. This is a similar assumption to that made in 
in. 7, 8, as already noticed; and its truth is obvious because F.M, EN, being 
radii of the circle, are greater than the distances from £ to the points in which 
MN cuts EFt EG, and therefore the latter points are nearer than Mf Nut to 
Z, the foot of the perpendicular from E to MJV. 

Simson adds the converse of the proposition, proving it in the same way 
as he proves the proposition itself. 

Proposition i6. 

TAe straight line drawn at right angles to the diameter 
of a circle from its extremity will fall outside the circle, and 
into the space befzceen the straigJit line and the ciratmference 
another straight line cannot be interposed ; further the angle 
of the semicircle is greater, and the remaining angle less, than 
any cuute rectilineal angle. 

Let ABC be a circle about D as centre and AB as 
diameter ; 
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I say that the straight line drawn from A at right angles 
to AB from its extremity will fall 
outside the circle. B 

For suppose it does not, but, 
if possible, let it fall within as CA, 
and let DC be joined. 

Since DA is equal to DCt 

the angle DA C is also equal to 
the angle [1.5] _ 

But the angle DAC is right ; 
therefore the angle ACD is also right: 
thus, in the triangle ACD, the two angles DAC^ ACD are 
equal to two right angles : which is impossible. [i 17] 

Therefore the straight line drawn from the point A at 
right angles to BA will not fall within the circle. 

Similarly we can prove that neither will it fall on the 
circumference ; 

therefore it will fall outside. 

Let it fall as AE \ 
I say next that into the space between the straight line AE 
and the circumference CHA another straight line cannot be 
interposed. 

For, if possible, let another straight line be so interposed, 
as FA, and let DG be drawn from the point D perpendicular 
toi^^. 

Then, since the angle AGD is right, 

and the angle DAG is less than a right angle, 

AD \s greater than DG, [i. 19] 

But DA is equal to DH ; 
therefore DH is greater than DG, the less than the 
greater : which is impossible. 

Therefore another straight line cannot be inteiposed into 
the s])ace between the straight line and the circumference. 

I say further that the angle of the semicircle contained by 
the straight line BA and the circumference CHA is greater 
than any acute rectilineal angle, 

and the remaining angle contained by the circumference CHA 
and the straight line AE is less than any acute rectilineal angle. 

For, if there is any rectilineal angle greater than the 
angle contained by the straight line BA and the cu cumference 
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CHA, and ;iny rectilineal angle less than the angle contained 
by the circumference CHA and the straight line then 
into the space between the circumference and the straight line 
AE a straight line will be interposed such as will make an 
angle contained by straight lines which is greater than the 
angle contained by the straight line BA and the circumference 
CHA, and another angle contained by straight lines which 
is less than the angle contained by the circumference CHA 
and the straight line AE. 

But such a straight line cannot be interposed ; 

therefore there will not be any acute angle contained by 
straight lines which is greater than the angle -contained by 
the straight line BA and the circumference CHA, nor yet 
any acute angle contained by straight lines which is less than 
the angle contained by the circumference CHA and the 
straight line AE. — 

PoRisM. From this it is manifest that the straight line 
drawn at right angrles to the diameter of a circle from its 
extremity touches wie circle. ^ „ ^ 

' Q. E. D. 

4. cannot be interposed, UtenUly " will not fiUl in between '* {vb ruptttwwiSni}, 

This proposition is historically interesting because of the controversies to 

which the last part of it gave rise from the 13th to the 17th centuries. 
History was here repeating itself, for it is certain that, in ancient (Jreece, both 
before and after Euclid's time, there had been a great deal of the same sort 
of contention about the nature of ^ the " angle of a semicircle " and the 
"remaining angle" between the drcumference of the semicircle and the 
tangent at its extremity. As we have seen (note on i. Def. 8), the latter angle 
had a recognised name, KipaTUddrj^i ym la, horn-like or cornicular angle ; 
though this term does not appear in Euclid, it is often used by Proclus, 
evidently as a tenn well understood. While it is from Proclus that we get the 
best idea of the ancient controversies on this subject, we may, I think, infer 
their prevalence in Euclid's time from this solitary appearance of the two 
"angles'' in the EUnuttis. Along with the definition of the angle 0/ a 
segment, it seems to show that, although these angles are only mentioned to 
be drained again immediately, and are of no use m elementary geometry, ur 
even at all, Euclid thought that an allusion to them would be expected of 
him : it is as if he njerely meant to guard himself against ap|)earing to ignore 
a subject which the geometers of his time regarded with interest. If this 
conjecture is rig|ht, the mention of these angles would correspond to the 
insertion of definitions of which he makes no use* e.g. those of a rhombus and 
a rhomboid. 

Proclus has no hesitation in speaking of the "angle of a semicircle" and 
the **hom-ltke angle" as true angles. Thus he says tluit **angles are contained 
by a straight line and a circumference in two ways; for they are either 
contained by a straight line and a convex circumference, like that of the semi- 
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circle, or by a straight line and a concave circumference, like the KcparottSi/s " 
(p. 197, II — 14). ** There are mum/ lines, as spirals, and angles, as the angle 
of a semicircle and the k^wi^jJ? " (p. 104, i6~i8). The difficulty which 
the ancients felt arose from the very fact which Euclid embodies in this 
proposition. Since an angle can be divided by a line, it wouki seem to be a 
magnitude; "but tfit is a magnitude, and all homogeneous ms^nitudes which 
are finite have a ratio to one another, then all homogeneous angles, or rather 
all those on surfaces, will have a ratio to one another, so that the cornicular 
will also have a ratio to the rectilineal. Rut thinp which have a ratio to one 
another can, if multiplied, exceed one another. Therefore the cormcular 
angle will also sometime exceed the rectilineal ; which is impossible^ for it is 
proved that the former is less than any rectilineal angle" (Proclus, p. 121, 
24 — 122, 6). The nature of contact between straight lines and circles was 
also involved in the question, and that this was the subject of controversy 
before Euclid's time is clear from the title of a woHc attributed to Democritus 

(fl. 420 — 400 B.C.) wpt &a^op^ yyw^tovo; ^ ircpt i/'uvtrios kvkKov koI (t^ift^ 
On a difference in a piomon or on contact of a circle and a sphere. There is, 
however, another reading of the first words of this title as given by Diogenes 
I^ertius (ix. 47), namely w«/jt Sia^p^s yvoi/A^/?, On a difference of opinion^ etc. 
May it not be that neither reading IS correct, but that the words should be 
ircpt hioi^ief^ ywvii^f ^ vcpt ^ainrioc m/icXov koX <T<ftaCpr}<:, Oh 0 difference tM Mi 
angle or on contact with a circle and a sphere} There would, of course, 
hardly be any "angle" in connexion with the sphere ; but I do not think that 
this constitutes any difficulty, because the sphere might easily be tacked on as 
a kindred subject to the circle. A curiously similar collocation of words 
appears in a passage of Proclus, though this may be an accident. He says 

(p. 5O1 4) ''^^'i ^< yoli'tuJi' S(a<^opa9 Xtynfitr Koi a{f^rjcr€t<: avTuiv ... and then, in 

the next line but one, irm 8i ras d^us rtltv kvk\u}v ^ Tiav cv^cuHi', " In what 
sense do we speak of dijirmas of an^s and of inerwues them ... and in 
what sense of the tm^aets (or meetings) of circles or of straight lines?" 
I cannot help thinking that this subject of cornicular angles would have had 
a fascination for Democritus as being akin to the question of infinitesimals, 
and very much of the same character as the other question which Plutarch 
{On Common Notions, xxxix. 3) says that he raised, namely that of the 
relation between the base of a rone and a .section of it by a plane parallel to 
the base and apparently, to judge by the context, infinitely near to it: "if 
a cone were cut by a plane parallel to its base, what must we think of the 
surfaces of the sections, that they are equal or unequal? For, if they are 
unequal, they will make the cone irr^uhur, as having many indentations like 
steps, and unevennesses ; but, if they are equal, the sections will be etjual, 
and the cone will appear to have the property of the cylinder, as being made 
up of equal and not unequal circles, which is the height of absurdity." 

The contributicms by Democritus to such invest^tions are fiirther attested 
by a passage in a new fragment of Archimedes (see Heiberg, Eine neue 
Archimedes-Handschrift in Hermes xlii. 1907, pp. 235 — 303), which says 
{foe. cit., pp. 245, 246) that, though Eudoxus was the first to discover the 
scientific proof of the propositions (attributed to him) that the cone and the 
pyramid are oro-third of the cylinder and prism respectively which have . 
the same base and height, they were first stated, without proof, by Democritus. 

A full history of the later controversies about the cornicular "angle" 
cannot be given here ; more on the subject will be found in Camerer's 
Euclid (Excursus iv. on 01. t6) or in Dintor's Gtuhiekie der Mathematik, 
Vol IL (see ContingenMwinkei in the index). But the following short note 
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about the attitude of certain well-known mathematicians to the question will 
perhaps not be out of place. Johannes Campanus, who edited Euclid in 
the 13th century, inferred from 111. 16 that there was a flaw in the i)rinciple 
that fhc transition from the less to the Renter, or vice vers&^ takes place through 
ail intermediate quantities and therefore through the equal. If a diameter of a 
circle, he says, be moved about its extremity until it takes the position of the 
tangent to that circle, then, as lon^ as it cuts the circle, it makes an acute 
angle less than the "angle of a semicircle"; but the moment it ceases to cut, 
it makes a right angle greater than the same "angle of a semicircle." The 
rectilineal angle is never, during the transition, equal to the "angle of a semi- 
dicle." There is therefore an apparent inconsistency with x. i, and Oimpanus 
could only observe (as he does on that proposition), in explanation of the 
paradox, that " these are not angles in the same sense (univoce), for the 
curved and the straight are not things of the same kind without qualification 
(simpliciter)." The argument assumes, of course, that the right angle is 
greater than the "angfe of a semicircle." 

Ver>' similar is the statement of the paradox by Cardano (1501 — 1576) 
who observed that a quantity may continually increase ivithout limits and 
another diminish without limit ; ami yet the first, however increased^ may be less 
than the setondt hewevar dimmisked. The first quantity is of course the tMgk 
of contact^ as he calls it, which may be ** increased" indefinitely by drawing 
smaller and smaller circles touching the same straight line at the same point, 
but will always be less than any acute rectilineal angle however small. 

We next come to the Fiend) geometer, P^tier (Peletarius), who edited the 
Elements in 1 5 5 7, and whose views on this subject seem to mark a great advance. 
Peletier's ojiinions and arguments are most easily accessible in the account of 
them given by Clavius (Christoph Schliissel, 1537 — 161 2) in the 1607 edition 
of his Euclid. The violence of the controversy between the two will be 
understood from the fact that the arguments and counter-arguments (which 
sometimes run into other matters than the [)articular question at issue) cover, 
in that hook, 26 pages of small print. Peletier held that the "angle of 
contact" was not an an^le at all, that the "contact of two circles," i.e. the 
*< angle" between the arcumferences of two drcles touching one another 
internally or ettemally, is not a quantity, and that the " contact of a straight 
line with a circle " is not a quantity either ; that angles contained by a 
diameter and a circumference whether inside or outside the circle are right 
angles and equal to rectilineal right angles, and that angles contained by a 
diameter and the drcumference in aU circles are equal. The proof which 
Peletier gave of the latter proposition in a letter to Cardano is sufTiciently 
ingenious. If a greater and a less semicircle be placed with their diameters 
terminating at a common point and lying in a straight line, then (i) the angle 
of the larger obviously cannot be less than the angle of the smaller. Neither 
(a) can the former be greater than the latter ; for, if it were, we could obtain 
another angle of a semicircle greater still by drawing a still larger semicircle, 
and so on, until we should ultimately have an angle of di semicircle greater than 
a right angle : which is impossible. Hence the angles of semicircles must all 
be equal, and tiie differences between them n^dag. Having satisfied himself 
that all an^.r of contact are m^AangleSi «0#quantities, and thercforr nothings, 
Peletier holds the difficulty about x. i to be at an end. He adds the 
interesting remark that the essence of an angle is in cutting, not contact, and 
that a tangent is not inclined to the circle at the point of contact but is, us it 
were^ mmtrsid in it at that point, just as mudi as if the drde did not diverge 
from it on either side. 
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The reply of Clavius need not detain us. He argues, evidently appealing 
to the eye, that the an^^e of contact can be imded by the arc of a circle 
greater than the given one, that the angles of two semicircles of diflSnent sIks 
cannot be equal, since they do not coincide if they are applied to one another, 
that there is nothing to prevent attgi^s of contact from being quantities^ it being 
only necessary, in view of x. t, to admit diat they are not of the same kind as 
fLctilineal angles ; lastly that, if the angle of contact had been a nothings 
Euclid would not have given himself so mucli trouble to prove that it is less 
than any acute angle. ( The word is desudaasef, which is certainly an 
exaggeration as applied to what is little more than an oi^iUr dictum in iii. i6.) 

Vieta (1540— 1603) ranged himself on the side of Pdetier, maintaining 
Uwt the angle of contact is no angle ; only he uses a new method of proof. 
The circle, he says, may be regarded as a plane figure ^ith an infinite number 
of sides and angles ; but a straight litu touching a straight iine^ however short 
it may be, mUl trimHi wUk iwi shmgki line wd tnU Mi make an angie* 
Never before, says Cantor (11, , p. 540X had it been so plainly dedared n^t 
exactly was to be understood by contact. 

dalileo Galilei (1564—1642) seems to have held the same view as Vieta 
and to have supported it by a very similar argument derived from the com- 
parison of the circle and an inscribed polygon with an infinite number of 
«des. 

The last writer on the (jiiestion who must be mentioned is John VVallis 
(1616 — 1703). He published in 1656 a paper entitled De angulo contactus et 
ttmidrcuH tradaius in which he also maintained that the soK^alled angle was 
not a true angle, and was not a quantity. Vincent Leotaud (1595 — 1672) 
took up the cudgels for (Mavius in his Cyclotuathia which appeared in 1663. 
This brought a re[)ly from VVallis in a letter to I/eotaud dated 17 Februarj', 
1667, but not apparently published till it appeared in A defense of the treatise 
of the angle of contact which, with a separate title-page, and date 1684, was 
included in the English edition of his Algebra dated 1685. The essence of 
Wallis' i>osition may be put as follows. According to Euclid's definition, a 
plane angle is an inclination of two lines; therefore two lines forming an angle 
must incline to one another, and, if two lines meet without being inclined to 
one another at the point of meeting (which is the case when a circumference 
is touched by a straight line), the lines do not form an arv^le. The "angle of 
contact " is therefore no angle, because at the point 0/ contact the straight line 
is not inclined to the circle but lies on it aKXtvais, or is coincident with it. 
Again, as a point is not a line but a ^ginning of a line, and a line is not a 
surface but a beginning of a surface, so an angle is not the distance between 
two lines, but their initial tendency towards separation : Ansiilus {seu gradus 
divaricationis) Distantia non est sed Jnceptivus distantiae. How far lines, which 
at their point of meeting do not form an angle, separate from one another as 
they pass on depends on the degree of curvature (gradus curvitatis), and it is 
the latter which has to be compared in the case of two lines so meeting. The 
arc of a smaller circle is more curs'ed as having as much curvature in a lesser 
length, and is therefore curved in a greater degree. Thus what Clavius called 
angulus amtachu becomes with Widlis gradus eurvUatiSj the use of which 
expression shows that curvature and curvature can be compared according to 
one and the same standard. A straight line has the least possible curvature ; 
but of the "angle" made by it with a curve which it touches we cannot say that 
it is greater or less than the " angle " which a second curve touching the same 
straight line at the same point makes with the first curve ; for in both cases 
there is no true angle at all (cf. Cantor tiiu ^ 24). 
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The words usually given as a part of the corollary "and that a straight line 
touches a cirde at one point only, since in fact the straight line meeting it in 
two points was proved to fall within it " are omitted by Heiberg as being an 

undoubted addition of Thcon's. It was Simson who added the further remark 
that "it is c\i(Iitn that there can be but one straight line which touches the 
circle at the same point/' 

Proposition 17. 

Frotti a given point lo draw a straight line touching a 
given circle. 

Let be the given point, and BCD the given circle ; 
thus it is required to draw from the point A a straight line 
touching the circle BCD. 

For let the centre E of the circle 
be taken ; (nr. i] 

let AE be joined, and with centre /: 
and distance EA let the circle AEG 

be described ; 

from D let DF be drawn at right 
angles to EA, 

and let EF, AB be joined ; 
I say that AB has been drawn from 
the point A touching the circle BCD, 

For, since E is the centre of the circles BCDt AFG^ 
EA IS equal to EF, waAMD to EB ; 

therefore the two sides AE^ EB are equal to the two sides * 

FE, ED \ ' . 

and they contain a common angle, the angle at /: ; 

therefore the base DE is equal to the base ^IB, 
and the triangle DEFis equal to the triangle BE A, 
and the remaining angles to the remaining angles ; [i. 4] 
therefore the angle EDF is equal to the angle EBA. 
But the angle EDF is right ; 

therefore the angle EBA is also right. 
Now EB is a radius ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle ; [m. 16, Por.] 
therefore AB touches the circle BCD. 
Therefore from the given point A the straight line AB 
has been drawn touching the circle BCD. q. £. f. 
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The construction shows, of course, that two straight lines can be drawn 
from a given external point to touch a given circle ; and it is equally obvious 
that these two straight lines are equal in length and equally inclined to the 
straight line joining the external ]X)int to the centre of the given circle. 
These facts are given by Heron (an-Nairizi, p. 1 30). 

It is true that Euclid leaves out the case wbem the given point lies m the 
circumference of the circle, doubtless because the construction is so directly 
indicated by 111. 16, Per. as to be scarcely worth a separate statement. 

An easier solution is of course possible as soon as we know (iii. 31) that 
the angle in a semicircle is a right angle ; for we have only to describe a 
circle on A£ as diameter, and this circle cuts the given circle in the two points 
of contact 



Proposition 18. 

// a straight line touch a circle, and a straight line be 
Joined from the centre to the point of contact, the straight line 
so joined wHl be perpendicular to the tangent. 

For let a straight line DE touch the circle ABC at the 
point C let the centre F of the 
circle ABC be taken, and let FC 
be joined from F\oC\ 

I say that FC is perpendicular to 
DE. 

For, if not, let FG be drawn 
from |)cr|jcndicul.ir to Dli. 

Then, since the angle FGC is 
right, 

the angle FCG is acute ; [i. 17] 

and the ii^reater angle is subtended 

by the greater side ; [1. 19] 

therefore FC is greater than FG, 

But FC is equal to FB ; 

therefore FB is also greater than FG^ 

the less than the greater : which is impossible. 

Therefore FG is not perpendicular to DE, 

Similarly we can prove that neither is any other straight 
line except FC ; 

therefore FC is perpendicular to DE, 

Therefore etc 

Q. E. D. 




Digitized by Google 



III. i8, 19] 



PROPOSITIONS 17—19 



45 



3. the ttngCBt, 4 I#««rra#i4^. 

Just as 111. 3 contains two partial converses of the Porism to in. i, so 
the present proposition and the next give two piartial converses of the 

corollary to IlI. 16. We may show their relation thus: suppose three things, 
(i) a tangent at a point of a circle, (2) a straight line drawn from the < cntre to 
the point of contact, (3) right aneles made at the point of contact [with (i) or 
(3) as the case may bej. Then the corollary to tii. x6 asserts that (2) and (3) 
t<^ether give (i), iii. 18 that (i) and (2) give (3), and in. (9 that (i) and (3) 
give (2), i.e. that the straight line drawn from the point of contact at right 
angles to the tangent passes through the centre. 

Proposition 19. 

If a siraiglU line touch a circU^ and from the point of 
contact a straight line ^ drawn at right angles to the tangent, 
the centre of the circle will be on the straight line so drawn. 

Vor let a straight line DE touch the circle ABC at the 
point C, and from C let CA be 
drawn at right angles to DE ; 

I say that the centre of the circle 
is on AC. 

For suppose it is not, but, if 
possible, let E be the centre, 
and let CF be joined. 

Since a straight line DE touches 

the circle ABC, 

and EC has been joined from the o c e 

centre to the point of contact, 

EC is perpendicular to DE ; [iii. 18] 

therefore the angle FC£ is right 
But the angle ACE is also right ; 
therefore the angle FCE is equal to the angle ACE, 

the less to the greater : which is impossible. 
Therefore F is not the centre of the circle ABC. 
Similarly we can prove that neither is any other point 
except a point on AC. 
Therefore etc. 

Q. E. D. 

We may also regard m. 19 as a partial converse of iii. 18. Thus suppose 
(i) a straight hne through the centre, (2) a straight line through the jx)int of 
contact, and suppose (3) to mean perpendicular to the tangent; then 111. 18 
asserts that (i) and (a) combined produce (3), and iii. 19 that (a) and (3) 
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ptodtice(i); while agldn we may enunciate a second partial converse of iii. 18, 
corn spending to the statement that (i) and (3) produce (3), to the effect that 
a straight Unc drawn through the centre perpendicular to the tangent passes 
through the point of contact 

We may add at this point, or even after the Porism to in. t6, the theorem 
that /it'o (ir,-/(-\- 7. '/;/, // touch one another internally or externally have a common 
tanf;ent at their point of contact. For the line joining their centres, produced 
if necessary, passes through their point of contact, and a straight line drawn 
through that point at right angles to the line of centres is a tangent to both 
circles. 



Proposition 2a 




/;/ a circle (he angle at the centre is double of the angle 
at the cu'cinujerence^ when the angles liave the sanie circum- 
Jerence as base. 

Let ABC be a circle, let the angle BEC be an angle 
-sat its centre, and the angle BAC an 
angle at the circumference, and let 
them have the same circumference BC 
as base; 

I say that the angle BEC is double of 
to the angle BAC, 

For let AE be joined and drawn 
through to F. 

Then, since EA is equal to EB^ 

the angle EAB is also equal to the 
1$ angle EBA ; 

therefore the angles EAB^ EBA are double of the angle 
EAB, 

But the angle BEF is equal to the angles EAB, EBA ; 

[i. 32] 

therefore the angle BEF is also double of the angle 
^EAB. 

For the same reason 

the angle FEC is also double of the angle EAC. 

Therefore the whole angle BEC is double of the whole 
angle BA C. 

H Again let another straight line be inflected, and let there 
be another angle BDC\ let DE be joined and produced 
to G. 
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Similarly then we can prove that the angle GEC is 
double of the angle EDQ 

y> of which the angle GJEB is double of the angle BDB ; 

therefore the angle BBC which remains is double of the 
angle BDC. 

Therefore etc. Q. e. d. 

15. let another straight line be inflected, KtK\i.aOw Sf} irdXiv (witlior.t ft'<?f?a). The 
verb K\dw (to brtak off) was the regular technical term for ilrawing from a point a (broken) 
ttnight line which nrst meets another straight line or curve ami is then h^t hack from it 
to another point, or (in other words) for drawing straight lines from two points meeting at a 

ffiint on a curve or another straight line. MtiKArBoA is one of the geometrical terms the 
Snition of which imiit accoiding to Aiiitotle be aasiuned {Anal, /Vi/. 1* 10^ 76 b 9). 

The early editors, Tartaglia, Commandinus, Peletarius, Clavius and others, 
gave the extension of this proposition to the case where the segment is less 
than a semicircle, and where accordingly the "angle" corresponding to 
Euclid's "angle at the centre" is greater than two right angles. The 
convenience of the extension is obvious, and the proof of it is the same as the 
first part of Euclid's proof. By means of the extension 111. ai is demonstrated 
without making two cases ; iii. 22 will follow immediately from the fact that 
the sum of the "angles at the centre" for two segments making up a whole 
circle is equal to four right angles ; also ill. 31 follows immediately from the 
extended proposition. 

But all the editors referred to were forestalled in this matter fay Heron, as 
we now learn from the commentary of an-Nairizi (ed. Curtze, p. 131 sqq.). 
Heron gives the extension of Euclid's proposition which, he says, it had been 
left for him to make, but which is necessary in order that the caviller may not 
be able to say that the next proposition (about the equality of the angles 
in any segment) is not established generally, ie. in the case of a segment less 
than a semicircle as well as in the case of a segment greater than a semicircle, 
inasmuch as iii. 20, as given by Euclid, only enables us to prove it in the 
latter case. Heron's enunciation is important as showing how he describes 
what we should now call an "angle" greater than two ri|;ht angles. (The 
language of (Iherard's translation is, in other respects^ a little obscure; but 
the meaning is made clear by what follows.) 

"The angle," Heron says, "which is at the centre of any circle is double 
of the angle which is at the circumferrace of it when cm are is the hase efboih 
an^es'y and tht remaining angies which are at the unirt^ and fill up the four 
right angles, are double of the angle at the circumference of the arc which is 
subtended by the [original] angle which is at the centre." 

Thus the "angle greater than two right angles" is for Heron the sum of ' 
certain "angles'* in the Euclidean sense of angles less than two ri^t angles. 
The particular method of splitting u]) which Heron adopts will be seen from 
his proof, which is in substance as follows. 

Let CDB be an angle at the centre, CAB that at the circumference. 

Produce BD, CD\aF,G \ 

take any point E on and join BE^ EC^ ED, 

Then any angle in the segment BAC is half of the angle BDC; and 
the sum cf tht angjles BDG, GDF, FDC is dmthle of any angU in the 
sigment BEC. 
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Since CD is equal to ED^ 

the angles DCE^ DMCut equaL 

Therefore the exterior angle GDE is equal to 
twice the angle DEC, 

Similarly the exterior angle ED£ is equal to 

twice the angle DEB. 

By addition, the angles GDE^ FDE are double 
of the angle EEC, 
But 

the angle BDC is equal to the angle FDGy 

therefore the sum of the angles BDG, GDF, FDC 
is double of the angle liEC. 

And Euclid has proved the first part of the 
proposition, namely that the angle BDC is double 
of the angle BA C. 

Now, says Heron, BAC is any angle in the segment BAC, and therefore 
any angle in the segment BAC is half of the angle BDC. 
Therefore all the angles in the segment ^-i4Care equal. 
Again, BEC is any angle in the segment BEC and is equal to ka^ ike 

sum ^ the angles Bl)(}, C;i)F, FDC. 

Therefore all the angles in the segment BECdse. equaL 
Hence in. 21 is ^xosa.^ generally. 
Lastly, says Heron, 

since the sumo/ ike angles BDG, GDF, FDC is double of the angle BEC, 

and the angle BDC is double of the aiigle BAC^ 

therefore, 1^ addition, the sum offmr rigki at^gies is double of ^e sum of 
the angles BAC, BEC. 

Hence the angles BAC, BEC are together equal to two right angles, and 
III. 22 is proved. 

The above notes of Heron show conclusively, if proof were wanted, that 
Euclid had no idea of iii. 20 applying tn terms (either as a matter of 
enunciation or proof) to the case where the angle at the drcumference^ or the 
angle in the segment is obtuse. He would not have recognised the " ai^^** 
greater than two right angles or the so-called " straight angle " as being an 
angle at all. This is indeed clear from his definition of an angle as the 
inclination k.t.c., and from the language used by other later Greek mathe- 
maticians where there would be an opportunity for introducing the extension. 
Thus Proclus' notion of a '* four-sided triangle " (cf. the note above on the 
definition of a triangle) shows that he did not count a re-entrant angle as an 
^ angle, and Zenodorus' application to the same figure of the word *' hollow- 
angled " shows that in that case it was the exterior angle only which he would 
have called an angle. Further it would have been inconvenient to have 
introduced at the beginning of the Elements an '* angle" equal to or greater 
than two right angles, because other definitions, e.g. that of a right angle^ 
would have needed a qualification. If an ** angle " might be equal to two 
right an^es, one straight line in a straight line with another would have 
satisfied Euclid's definition of a right angle. This is noticed by Dodgson 
(p. 160), but it is practically brought out by F^rockis on i. 13. "For he did 
not merely .say that 'any straight line standing on a straight line either makes 
two right angles or angles equal to two right angles' but ^if U make augles* 
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If it stand on the straight line at its extremity and make one angle, is it 
possible for this to be equal to two right angles ? It is of course impossible; 
yftr «vr>' rectilineal angjk is los tMan two right angles^ as every solid angle is 
less than four right angles (p. 292, 13 20)." [It is true that it has been 
generally held that the meaning of "angle" is tacitly extended in vi. 33, but 
there is no real ground for this view. See the note on the proposition.^ 

It will be observed that, following bis usual habi^ Euclid omits tbe 
demoitttratioa of the case which some editors, e.g. Qavius, have thought it 
necessary to give separately, the case namely where one of the lines forming 
the angle in the segment passes through the centre. Euclid's proof gives so 
obviously the means of proving this that it is properly left out. 

Todhunter observe, what Claviua had also remarked, that there are two 
assumptions in the proof of in. 20, namely that, if A is double of B and C 
double of Z>, then the sum, or difTerence, of A and C is e(]ual to doulile the 
sum, or difference, of B and D respectively, the assumptions being particular 
cases of V. I and v. 5. But of course it is easy to satisfy ourselves of the 
correctness of the assumption without any recourse to Book v. 

Proposition 21. 

In a circle Uie angles in the same segment are equal to one 
another. 

Let A BCD be a circle, and let the angles BAD^ BED 
be angles in the same segment BAED\ 

I say that the angles BAD, BED are 
equ^ to one another. 

For let the centre of the circle 
A BCD be taken, and let it be let 
BF^ FD be joined. 

Now, since the angle BFD is at 
the centre, 

and the angle BAD at the circum- 
ference» 

and they have the same circumference BCD as base, 
therefore the angle BFD is double of the angle BAD, [lu. ao] 
For the same reason 

the angle BFD is also double of the angle BED \ 

therefore the angle BAD is equal to the angle BED, 
1 herefore etc. 

Q. E. i>. 

Under the restriction that the "angle at the centre" used in lii. 20 must 
be less than two right angles, Euclid's proof of this proposition only applies 
to the case of a segment greater than a semicircle, and the case of a segment 
equal to or less than a semicircle has to be considered separately. The 
' simplest proofj of many, seems to be that of Simson. 

H. 1. II. 4 




Digitized by Google 



so 



BOOK III 



[ui. 



21 




" lUit, if the segment BAED be not greater than a semiciicle, let BAD, 
BED be angles in it: these also are equal to one 

another. 

Draw AF to the centre, and produce it to C, and 
join C£. 

Therefore the segment BADC is greater than a 
semicircle, and the ai^es in it BAC^ BBC toe eqvadt 
by the first case. 

For the same reason, because CBED is greater 
than a semicircle, 

the angles CAD, CED are ccjual. 

Therefore the whole angle BAD is equal to the whole angle BED.^ 

We can provi', by means of reduclio ad absurdum, the important converse 
of this proposition, namely that, if there be any two triang/es on the same base 
and on Mr same side of it^ and with equal verHeal angles^ the drele passing 
through the extremities of the base and the vertex of one triangie wilt pass 
throui^/i the vertex of the other triangle also. That a circle can be thus 
described about a triangle is clear from Euclid's construction in in. 9, which 
shows how to draw a circle passing through any three points, thoi^h it is 
in IV. 5 only that we have the problem stated Now, 
suppose a circle BAC drawn through the angular 
points of a triangle BAC, and let Bi)C be another 
triangle with the same base BC and on the same side 
of it, and having its vertical angle D equal to the 
angle A. Then shall the circle pass through 

For, if it does not, it must pass through some point 
E on BD or on BD produced. If then EC be 
joined, the angle BEG is equal to the angle BAC^ 
by III. 21, and therefore equal to the angle BDC* 
Therefore an exterior angle of a triangle is equal to 
the interior and opposite angle : wliich is impossibly by I. 1 6. 

Therefore D lies on the circle BAC. 

Similarly for any other triangle on the base BC and with vertical ai^le 
equal to A, Thus, if any number of triangles be constructed on the same base 
and on (he same side of it, with e(ptal vertieal angles^ the vertices will all He on 

the circmnjt ! t nce of a segment of_a circle. 

A usl IuI theorem derivable from III. 21 is given by Serenus {J}e sectiane 
coni^ i^rops. 52, 53). 

If ADB be any segment of a circle, and C be such a point on the 

circumference that AC \^ ecjual to CB, and if 
there be described with C as centre and radius 
CA or CB the circle AHB^ then, ADB being 
any other angle in the segment ACB.^ and BD 
being produced to meet the outer segment in 
E^ the sum of AD, DB is cquvil to BE. 

If BC be i)roduced to meet the outer 
segment in J'\ and FA be joined, 

CA, CB., CFart: by hypothesis equal. 

Therefore the angle FAC is equal to the 
an|^ ABC. 

Also, by III. 31, the angles ACB, ADB are equal ; 
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therefore their supptemeiits, the angles ACF, ADE% are equal 
Further, by iii. ai, the angles AEB, AFB ^fJiaaSu 
Hence in the triangles ACF, ADE two angles are respectively equal; 
therefore the third angles EAD^ FAC 2iXt equal. 

But the angle FACis equal to the angle AFC^ and therefore equal to the 

angle A ED, 

Therefore the angles AED, EAD are equal, or the triangle DEA is 
isosceles, 

and AD is equal to DE* 
Adding BD to both, we see that 

BE is equal to the sum oi AD and DB. 

Now, BF being a diameter of the circle of which the outer s^oient is 
a part, 

BF is greater than BE\ 
therefore AC^ CB are togeth^ greater than ADy DB. 

And, generally, cf aU triangles an the same bau and on the same side ef U 

which haw equal vertical angles, the isosceles triangle is that which has the 
greatest perimeter, and of the others that has the lesser perimeter which is 
further from being isosceles. 

The theorem of Serenas gives us the means of solving the following 

problem given in Todhunter*s Euclid, p. 324. 

To find a point in the circumference of a given segment of a circle such thai 
the straight lines which Join the point to the extremities of the straight line on 
which the segment stands may i>e together equal to a given straight line (the 
length of which is of course subject to limits). 

Let ACB in the above figure be the given segment Find, by bisecting 
AB at right angles, a point C on it such that AC is equal to CB. 

Then with centre C and radius CA or CB describe the segment of a 
circle AffB on the same side of AB. 

Lastly, with A or B SiS centre and radius equal to the given straight line 
describe a circle. This circle will, if the given straight line be greater than 
AB and less ihan twice AC, meet the outer segment in two points, and if we 
join those points to the centre of the circle last drawn (whether or B), the 
joining straight lines will cut the inner segment in points satisfying the given 
condition. If the given straight line be equal to twice AC^ C is of course 
the required point. If the given straight line be greater than twice ^C, there 
is no possible solution. 

PROPOfilTION 22. 

The opposite angles of quadriiaterah in circles are equal 
to Iwo right angles. 

Let ABCD be a circle, and let ABCD be a quadrilateral 
in it; 

I say that the opposite angles are equal to two right angles. 
Let AC, BD be joined. 

Then, since in any triangle the three angles are equal to 
two right angles, [1. 32] 

4— a 
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the three angles CAB, ABC, BCA of the triangle ABC 
are equal to two right angles. 

But the angle CAB is equal to the 
angle BDC, for they are in the same 
segment BADC\ [in. ai] 

and the angle ACB is equal to the angle 
ADB, for they are in the same segment 
ADCB; 

therefore the whole angle ADC is equal 
to the angles BAC, ACB, 

Let the angle ABC be added to each ; 

therefore the angles ABC, BAC, ACB are equal to the 
angles ABC, ADC 

But the angles ABC, BAC, ACB are equal to two right 

angles ; 

therefore the angles ABC, ADC nr^ also equal to two right 
angles. 

Similarly we can prove that the angles BAD, DCB are 
also equal to two right angles. 
Therefore etc. 

Q. E. D. 

As Todhunter remarks, the converse of this proposition is true and very 
important : if iivo opposite angles of a quadriiaUral be together equal to two 
right angles, a circle may be circumscribed about the quadrilateral. We can, by 
the method of ni. 9^ or by iv. 5, circumscribe a circle about the triangle 
ABC; and wc can then prove, by rcductity ad absurdum, that the Circle 
passes through the fourth angular point D. 




Proposition 23. 

On the same straight line there cannot he constructed two 
similar and unequal segments of circles on the same side. 

For, if possible, on the same straight line AB let two 
similar and unequal segments of circles 
ACB, ADB be constructed on the same 
side; 

let ACD be drawn through, and let CB, 
DB be joined. 

Then, since the segment ACB is 
similar to the segment ADB, 
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and similar segments of circles are those which admit equal 
angles, [m. Def. 11] 

the angle ACS is equal lo the angle ADB^ the exterior 
to the interior : which is impossible. \u 16] 

Therefore etc. 

Q. £. D. 

I. cannot be constructed, vb ^ruvmftfMrot, the aeme phiese in 1. 7. 

Clavius and llic other early editors point out that, while the words "on 
the same side" in the enunciation are necessary for Euclid's proof, it is 
equally true that neither can there be two similar and unequal segments on 
opposite sides of the same straight line ; this is at once made clear by causing 
one of the s^ments to revolve round the base till it is on the same side with 
the other. 

Simson observes with reason that, while Euclid in the following proposition, 
III. 24t thinks it necessary to dispose of the hypothesis that, if two similar 

segments on e(]ual bases are applied to one another with the bases coincident, 
the segments cannot cut in any other point than the extremities of the base 
(since otherwise two circles would cut one another in more points than two), 
this remark is an equally necessary preliminary to itt. 33, in order that we 
may be justified in drawing the segments as being <Mie inside the Other. 
Simson accordingly begins his proof of iii. 23 thus: 

" Then, because the circle A CB cuts the circle ADB in the two points 
A., B, they cannot cut one another in any other point : 

One of the segments must therefore fall within the other. 

Let i^C^ fall within ADB and draw the straight line ACD^ etc." 

Simson has also substituted "not coinciding with one another** for 

** unequal" in Eudid's enunciation. 

Then in ni. 24 Simson leaves out the words referring' to the hypothesis 
that the sef^ment AEfi vihcu applied to the other CFD may be "otherwise 
placed ai CGD ; in fact, after stating that AB must coincide with CZ?, he 
merely adds words quoting the result of lu. 2% : "Therefore^ the straight line 
AB coinciding with CZ>, the segment AEB must coincide with the segment 
CFD^ and is therefore equal to it" 



Proposition 24. 

Similar segmenis of circles on equal straight lines are equal 
to one another. 

For let AEB, CFD be similar segments of circles on 
equal straight lines AB, CD ; 

5 I say that the segment AEB is equal to the segment CFD. 
For, if the segment AEB be appHed to CFD, and if the 
point A be placed on C and the straight line A£ on CD, 
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the point B will also coincide with the point because 
AB is equal to CD ; 

10 and, AB coinciding with CD^ 

the s^ment AEB will also coincide with CFD. 



E F O 




For, if the straight line AB coincide with CD but the 
segment AEB do not coincide with CFD^ 

it will either fall within it, or outside it ; 

■S or it will fall awry, as CCD, and a circle cuts a circle at more 
points than two : which is impossible. [ni. 10] 

Therefore, if the straight line AB be applied to CD, the 
segment AEB will not fan to coincide with CFD also ; 

therefore it will coincide with it and will be equal to it. 

ao Therefore etc 

Q. £. D. 

15. HXl awry, wt^wXXd^i, the wne tnud w vied in the fike ceie in i. 8. The weed 
implies that the applied figwe will parity &1I short of, and partly overiap, the figure to 

which it is applied. 

Compare the note on the last proposition. I have put a semicolon instead 
of the comma which the (Ireck text has after "outside it," in order the better 
to indicate that the inference *'and a circle cuts a circle in more points than 
two " only refers to the third hypothesis that the applied segment is "otherwise 
placed (va^MAXo^a) as CGD,** Tb6 first two hypotheses are disposed of by 
a taeU reference to the preceding proposition in. 23. 



Proposition 25. 

Given a segment of a circle^ to describe the con^lete circle 
of which it is a segment. 

Let ABC be the given s^ment of a circle ; 

thus it is required to describe the complete circle belonging 
to the segment ABC, that is, of which it is a segment. 

For let AC bisected at D, let DB be drawn from the 
point D at right angles to AC, and let AB be joined ; 
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the angle ABD is then greater than, equal to, or less 
than the angle BAD, 

First let it be greater ; 

and on the sir.iight lint! BA, and ai the point A on it, let 
the angle BAE be constructed equal to 
the angle ABD\ let DB be drawn through a 
to E, and let EC be joined. 

Then, since the angle ABE is equal to 
the angle BA E, 

the straight line EB is also equal to 
EA, [1. 6] 

And, since AD\^ equal to DC^ 
and DE is common, 

the two sides ^Z?, DE are equal to the two sides CZ?, DE 
respectively ; 

and the angle ADE is equal to the angle CDE, for each Is 
right; 

therefore the base A£ 'is equal to the base CE, 

But AB was proved equal to /yJi ; 

therefore BE is also equal to CE ; 

therefore the three straight lines A£, EB, EC are equal to 
one another. 

Therefore the circle drawn with centre £ and distance 
one of the straight lines A£, EB, EC will also pass through 
the remaining points and will have been completed. [ut. 9] 

Therefore, jriven a segment of a circle, the complete circle 
has been described. 

And it is manifest that the segment ABC is less than a 
semicircle, because the centre £ happens to be outside it. 

Similarly, even if the angle ABD be equal to the angle 
BAD, 

AD being equal to each of the two BD, DC, 

the three straight lines DA, DB, DC will 
be equal to one another, b 

D will be the centre of the completed circle, 

and ABC will clearly be a semicircle. 
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But, if the angle ABD be less than the angle BAD, 

and if we construct, on the straight line BA 
and at the point A on it, an angle equal to 
the angle ABD, the centre will fall on DB 
within the segment ABC, and the segment 
ABC will clearly be greater than a semi- 
circle. 

Therefore, given a segment of a circle, 
the complete circle has been described. 

Q. E. F. 

I. to describe the complete circle, wftgwfvfft^ cAcX«r, litenUy **to docribe 
the circle onto it.* 

It will be remembered that Simson takes first the case in which the angles 
ABD, BAD are equal to one another, and then takes the other two cases 
together, telling us to "produce BD, if necessary." This is a little shorter 
than Eudid's procedure, though Euclid does not repeat the proof of the first 
case in giving the third, but only refers to it as e({ually applicable. 

Campanus, Peletarius and others give the solution of this problem in 
which we take two chords not parallel and bisect each at right angles by 
straight lines, which must meet in the centre, since each contains the centre 
and they only intersect in one point Clavius, BiUtngsley, Barrow and othexs 
give the rather simpler solution in which the two chords have one extremity 
common (of Euclid's proofs of in. 9, lo). This method De Morgan favours, 
and (as noted on iii. i above) would make iii. i, this proposition, and 
IV. 5 all corollaries of the theorem that "the line which bisects a chord 
perpendicularly must contain the centre." Mr H. M. Taylor practically 
adopts this order and method, though he finds the centre of a circle by 
means of any two non-parallel chords ; but he finds f/if centre of the circle of 
which a given arc is a part (his proposition corresponding to iii. 25) by 
bisecting at right angles first the base and then the chord joining one extremity 
of the base to the point in which the line bisecting the base at right angles 
meets the circumference of the segment. Under Dc Morgan's alternative the 
relation between Euclid iii. i and the Porism to it would be reversed, and 
Eudid*^ notion of a Porism or eoroffary would have to be considerably 
extended. 

If the problem is solved after the manner of iv. 5, it is still desirable to 
state, as Euclid does, after proving AE, EB, EC to be all e(|ua], that "the 
circle drawn with centre E and distance one of the straight lines AE^ EB, 
EC wUl oho pass thrmtgk the remmmng points ef the stgmemt'* [iii. 9], in 
order to show that part of the circle described actually coincides with the 
given segment. This is not so clear if the centre is determined as the 
intersection of the straight lines bisecting at right angles chords which join 
pairs of fmr different points. 

Proposition 26. 

In equal cu'cles equal angles stand on equal circumferences, 
wkeUier they stand cU tlie centres or at tli^ circumferences* 
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Let ABC, DEF be equal circles, and in them let there 
be equal angles, namely at the centres the angles BGC^ 
EHF, and at the circumferences the angles BAC, EDF\ 

I say that the circumference BKC is equal to the circum- 
ference ELF, 




For let BCy EF be joined. 
Now» since the circles ABC^ DEFsse, equal, 

the radii are equal. 

Thus the two straight lines BG^ GC are equal to the 
two straight lines EHt HF\ 

and the angle at G is equal to the angle at H\ 

therefore the base BC is equal to the base EF. [i. 4] 

And, since the angle at A is ecjual to the angle at 
the segment BAC is similar to the segment EDF\ 

[ill. Def. xi] 

and they are upon equal straight lines. 

But similar segments of circles on equal straight lines are 
equal to one another ; [ui. 34] 

therefore the segment BA C is equal to EDF, 

But the whole circle ABC is also equal to the whole circle 
DEF\ 

therefore the circumference BKC which remains is equal to 
the circumference ELF. 

Therefore etc. Q. e. d. 

As in in. 21, if Euclid's proof is to cover all cases, it requires us to take 
cognisance <^ angles at the eentre" which are equal to or greater tiian two 

lijg^t angles. Otherwise we must deal separately with the cases where the 
angle at the circumference is equal to or greater than a right angle. The 
case of an obtuse angle at the circumference can of course be reduced by 
means of iii. sa to case of an acute angle at the circumference ; and, in 
case the angle at the circumference is right, it is readily proved, by drawii^ 
the radii to the vertex of the angle and to the other extremities of the lines 
containing it, that the latter two radii are in a straight line, whence they make 
equal bases in the two circles as in Euclid's proof. 
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Lardner has another way of dealing with the right angle or obtuse angle 
at the circumferenoe. In other case, he says, ** buect them, and the halves 
of them are equal, and it can be proved, as above, that the arcs upon which 
these halves stand are equal, whence it follows that the arcs on which the 
given angles stand are equal." 



Proposition 27. 

In equal circles angles standing on equal circumferences 
are equal to one another, whether they stand at the centres or 
at the circumferences. 

For in equal circles ABC, DliF, on equal circumferences 
BC, EF, let the anp^les BGC, EHF stand at the centres 
//, and the angles BA C, EOF at the circumferences ; 

I say that the angle BGC is equal to the angle EHF, 

and the angle BAC is equal to the angle EDF, 




For, if the angle BGC is unequal to the angle EHF^ 

one of them is greater. 

Let the angle BGC be greater ; and on the straight line BG, 
and at the point Cj on it, let the angle BGK be constructed 
equal to the angle F.IfF, [i. 23] 

Now equal angles stand on equal circumferences, when 
they are at the centres ; [m. 26] 

therefore the circumference BK is equal to the circum- 
ference EF. 

But EF is equal to BC ; 

therefore BK is also equal to BCt the less to the 
greater : which is impossible. 

Therefore the angle BGC is not unequal to the angle 
EHF\ 

therefore it is equal to it 
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And the angle at A is half of the angle BGC, 
and the angle at D half of the angle EHF ; [iii. 30] 

therefore the angle at A is also equal to the angle at D, 

Therefore etc. 

Q. E. D. 

This proposition is the converse of the preceding one, and the remarks 
about the method of treating the different cases af^ly here also. 



Proposition 28. 

In equal circles equal straight lines cut off equal c ire urn- 
ferences^ the greater equal to the greater and the less to the 
less. 

Let ABC, DEF be equal circles, and in the circles let 
AB, DE be equal straight lines cutting off ACB, DEE as 
greater circumferences and AGB^ DHE as lesser; 

I say that the greater circumference ACB is equal to the 
greater circumference DEE^ and the less circumference AGB 
to DHE. 




For let the centres K, L of the circles be taken, and let 
AK KB, DL, LEh^ joined. 
Now» since the circles are equal, 

the radii are also equal ; 

therefore the two sides AK, KB are equal to the two 
sides DL, LE ; 

and the base AB is equal to the base DE ; 

therefore the angle A KB is equal to the angle DLE. 

[.. sj 

But equal angles stand on equal circumferences, when 
• they are at the centres ; [ni. 26] 

therefore the circumference AGB is equal to DHE* 
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And the whole circle ABC is also equal to the whole 
circle DEF \ 

therefore the circumference A CB which remains is also equal 
to the circumference DFE which remains. 

Therefore etc. 

Q. E. D. 

Euclid's proof does not in terms cover the particular case in whidi the 
chord in one circle passes through its centre ; but indeed this was scarcely 
worth giving, as the proof can easily be supuUed. Since the chord in one 
circle passes through its centre^ the chord in the second drcle mu^ also be a 

diameter of that circle, for equal circle are those which have equal diameters, 

and all other chords in any circle are less than its diameter [iii. 15] ; hence 
the segments cut off in each circle are semicircles, and these must be equal 
because the circles are equal. 

Proposition 29. 

In equal circles equal circumferences are sublended by equal 
straigkt lines. 

Le( ABCt DEF be equal circles, and in them let equal 
circumferences BGC, EHF be cut off; and let the straight 
lines BC^ EF be joined ; 

I say that BC is equal to EF, 




For let the centres of the circles be taken, and let them 
be yr. A ; let BK. KC. EL, Z/- be joined. 

Now, since the circumference BGC is equal to the 
circumference EHF, 

the angle BKC is also equal to the angle ELF, [m. a;] 

And, since the circles ABd DEF are equal, 

the radii are also equal ; 

therefore the two sides .^AT, KC are equal to the two sides 
EL, LF\ and they contain equal angles ; 

therefore the base BC is equal to the base LF. [1. 4] 

Therefore etc. 

Q. £. D. 
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The patdoilar case of this converse of iii. aS in which the given ares are 
arcs of semicirdes is even easier than the corresponding case of 111. 38 itself. 

The propositions iii 26—29 are of course equally true if the same circle 
is taken instead of two equal circles. 



Proposition 30. 

To bisect a given circumference. 

Let ADB be the given circumference ; 
thus it is required to bisect the circumference ADB. 

Let AB joined and bisected at 

C\ from the point C let CD be drawn o 

at right angles to the straight line AB^ y^^y^ 
and let AD, DB be joined. 

Then, since AC is equal to CB, C b 

and CD is common, 

the two sides A C, CD are equal to the two sides BC, CD ; 

and the angle A CD is equal to the angle BCD, for each is 
right ; 

tlierefore the base AD\s equal to the base DB. [i. 4] 

But equal straight lines cut equal circumferences» the 
greater equal to the greater, and the less to the less ; [111. 38] 

and each of the circumferences AD^ DB is less than a 
semicircle ; 

therefore the circumference AD is equal to the circum- 
ference DB. 

Therefore the given circumference has been bisected at 
the point D. 

Q. E. F. 



Proposition 31. 

In a ci7cU i/ic anisic in the sonicircle is ?'i<^/i/, that in a 
greater segment less than a right angle, and that in a less 
segment greater tfian a right angle ; and further the angle of 
the greater segment is greater than, a right angle, and the angle 
of the iess segment less than a right angle. 
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Let A BCD be a circle, let BC be its diameter, and E its 
centre, and let BA, AC, AD, DC 
be joined ; 

I say that the angle BAG in the 
semicircle BAC is right, 

the angle ABC in the segment ABC 
greater than the semicircle is less 
than a right angle, 

and the angle ADC in the segment 
ADC less than the semicircle is 
greater than a right angle. 

Let AR be joined, and let BA 
be carried through to F, 

Then, since BE is equal to EA, 

the angle A BE is also equal to the angle BAE, [i. 5] 

Again, since CE is equal to EA, 

the angle ACE is also equal to the angle CAE, [i. 5] 

Therefore the whole angle BAC Is equal to the two angles 
ABC ACB. 

But the angle FAC exterior to the triangle ABC is also 
equal to the two angles ABC* ACB ; [i. 33] 

therefore the angle BAC is also equal to the angle FAC\ 
therefore each is right ; [i. Def. 10] 

therefore the angle BAC in the semicircle BAC is right. 

Next, since in the triangle ABC the two angles ABC, 
BAC are less than two right angles, [i. 17] 

and the angle BAC is a right angle, 

the angle ABC is less than a right angle ; 

and it is the angle in the segment ABC greater than the 
semicircle. 

Next, since ABCD is a quadrilateral in a circle, 
and the opposite angles of quadrilaterals in circles are equal 
to two right angles, [m. aaj 

while the angle ABC is less than a right angle, 

therefore the angle ADC which remains is greater than a 

right angle ; 

and it is the angle in the segment ADC less than the semi- 
circle. 
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I say further that the angle of the greater segment, namely 
that contained by the circumference ABC and the straight 
line AC, is greater than a right angle ; 
and the angk of the less segment, namely that contained by 
the circumference ADC and the straight line AC^ is less than 
a right angle. 

This is at once manifest. 

For, since the angle contained by the straight lines BA^ AC 
is ritJ^ht, 

the angle contained by tht- circumference ABC and the 
straight line AC is greater than a right angle. 

Again, since the angle contained by the straight lines 

AC AF '\s right, 

the antj^le contained by the straight line CA and the 
circumlt rence ADC is less than a right angle. 

Therefore etc. 0, E. D. 

As already stated, this proposition is immediately deduciblc from III. 20 if 
that theorem is extended su as to include the case where the segment is equal 
to or leas than a 8eniiciicle» and where consequently the " angle at the centie** 
is equal to two right angles or greater than two right angles respectively. 

1'here are indications in Aristotle that the proof of the first part of the 
theorem in use before Euclid's time proceeded on different lines. Two 
passages of Aristotle refer to the proposition that the angle in a semidrde 
IS a right angle. The first passage is Anal. Post. 11. 11, 94 a 28: "Why is 
the angle in a semicircle a right angle? Or what makes it a right angle? 
(rtVos ovTWi ofSt) ;) .Suppose ^ to be a right angle, B half of two right 
angles, C the angle in a semicircle. Then B is the cause of A, the right 
angle, being an attribute of C, the angle in the semicircle. For B is equal to 
A^ and C to B ; for C is half of two right angles. Therefore it is in virtue of 
B being half of two right angles that . / is an attribute of C ; and the latter 
means the fact that the angle in a semicircle is right." Now this passage 
by itself would be consistent with a proof like Euclid's or the alternative 
interpolated proof next to be mentioned. But the second passage throws a 
different light on the subject. This is .Weta/iA. 105 r a 36 : "Why is the angle 
in a semicircle a right angle invariably (Ka&6\ov) ? Because, t/ there be three 
straight lines^ two forming the ba$e^ and the third set up at right atigtes at its 
middie pcmt^ the fact is obvious by simple inspection to any one who knows 
the property referred to" {IkCivo is the proi)erty that the angles of a triangle 
are together e(]ual to two right angles, mentioned two 
lines before). That is to say, the an^le at the middle 
point of the circumference of the semicircle was taken 
and proved, by means of the two isosceles right-angled 
triangles, to be the sum of two angles each equal to 
one-fourth of the sum of the angles of the large triangle 
in the figure, or of two right angles; and the proof 
must have been completed by means of the theorem of ui. 21 (that angles 
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in the same segment are equalX which Eudid's more general proof does 

not need. 

In the Greek texts before that of August there is an alternative proof 
that the angle £AC (in a semicircle) is right August and Heiberg relegate 
it to an Appendix. 

" Since the angle AEC is double of the angle BAE (for it is equal to the 
two interior and opposite angles), while the angle A£B is also double <^ the 

angle EAC, 

the angles AEB^ AEC are double of the angle BAC. 
But the angles AEB^ AECvtt equal to two right angles ; 

therefore the angle BACh right." 

Lardner gives a slightly different proof of the second part of the theorem. 

If ABC be a s^ment greater than a semicircle^ 
draw the diameter AD, and join CD, CA. 

Then, in the triangle ACD, the angle ACD is right 
(being the angle in a semicircle) ; 

therefore the angle ADC is acute. 

But the angle ADC is equal to the anigle ABC in 
the same segment; 

therefore the angle ABC is acute 

Euclid's references in this proposition to the angle of a segment greater 
or less than a semicircle respectively seem, like the part of iii. 16 relating to 
tiie angle of a semidrcle, to be a survival of ancient controversies and not to 
be put in deliberately as being an essential part of elementary geometry. Cf. 
the notes on iii. Def. 7 and iii. 16. 

The corollary ordinarily attached to this proposition is omitted by Heiberg 
as an interpolation of date later than Theon. It is to this effect : * From 
this it is manifest that, if one angle of a triangle be e(|ual to the other two, 
the first angle is right because the exterior angle to it is also equal to the 
same angles, and if the adjacent angles be equal, they are right." No doubt 
the corollary is rightly suspected, because there is no necessity for it here, and 
the words ovtp llci Sct^ come before it, not after it, as is usual with Euclid. 
But, on the other hand, as the fact stated does appear in the proof of nr. 31, 
the Porism would be a Porism after the usual type, and I do not quite follow 
Heiber^'s argument that, "if Euclid had wished to add it, he ought to have 
placed It after i. 3s." 

It has already been mentioned above (p. 44) that this propositioi^ supplies 
us with an alternative constnirtion for the problem in III. 1 7 of drawing the 
two tangents to a circle from an external point. 

Two theorems of some historical interest which follow directly from iii. 31 
may be mentioned. 

The first is a lemma of Pappus on " the 
24th problem " of the second Hook of Apol- 
lonius' lost treatise on vcuacic (i'appus vii. 
p. 81 a) and is to this effect If a circle^ as 
DEF, pass through D, the centre of a cirde 
ABC, and if through /% the other point in 
which the line of centres meets the circle 
DEF^ any straight line be drawn (and produced 

if necessary) meeting the circle DBF in E and the drcle ABC in B^ G, 
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then E is the middle point of BG. For, if DE be joined, the angle DEF 
(in a semicircle) is a right angle [in, 31] ; and DB, being at right angles to 
the chord BG of the dicle ABC, also bisects it [iii. 3]. 

The second is a proposition in the Liber Assumptorum, attributed (no 
doubt erroneously as regards much of it) to Archimedes, which has reached 
us through the Arabic (Archimedes, ed. Heiberg, 11. pp. 439—440), 

If iwo chords AB, CD in a circle intersect at fi^ angies in a O, 
then the sum of the squares AO, BO, CO, DO is equal to the square on the 
diameter. 

For draw the diameter C£, and join ACt CB^ AD^ BE. 




Then the angle CAO is equal to the angle CEB, (This follows, in the 
first figure, from iii. 21 and, in the second, from i. 13 and iii. 22.) Also the 
angle CO A, being right, is equal to the angle CBE which, being the angle in a 
semicircle, is also right [ill. 31]. 

Therefore the triangles AOC, EBC have two angles equal respectively; 
whence the third angles ACQ, ECB are equal (In the second figure the 
angle A CO is, by i. 13 and iii. 32, equal to the angle ABD^ and therefore 
the angles ABD, ECB are equal.) 

Therefore, in both figures, the arcs AD^ BE^ and consequently the chords 
AD^ BE subtended by them, are equal [lit. 26, 29] 

Now the squares on A O, DO are equal to the square on AD\\* 47], that 
is, to the square on BE. 

And the squares on CO, BO are equal to the square on ^C. 

Therefore, by addition, the .squares onAO, BO^ CO^ DO are equal to the 
squares on EB, BQ Le to the square on CE, [i. 47] 



Proposition 32. 

If a siraigkf line touch a circle^ ami from the foint of 
contact thero be dtrawn across, in the circle, a straight line 
cutting the circle, the angles which it mahes with the tangent 
will oe equal to the angles in the altemate segments of the 
circle. 

For let a straight line EF touch the circle A BCD at 
the point H, and from the point B let there be drawn across, 
in the circle A BCD, a straight line BD cutting it; 
I say that the angles which BD makes with the tangent EF 
will be equal to the angles in the alternate segments of the 

B. B. 11. 5 
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circle, that is, that the angle FBD is equal to the angle 
constructed in the segment BAD, and the angle EBD is 
equal to the angle constructed in the 
segment DCB. 

For let BA be drawn Irom B at 
right angles to EF, 

let a point C be taken at random on 
the circumference BD, 

and let AD^ DC, CB be joined. 

Then, since a straight line EF 
touches the circle ABCD at 

and BA has been drawn from the point 
of contact at right angles to the tangent, 

the centre of the ctrde ABCD is on BA, [m. 19] 

Therefore BA is a diameter of the circle ABCD ; 

therefore the angle ADB^ being an angle in a semicircle, 
is right. [ill. 31] 

Therefore the remaining angles BAD, ABD are equal to 
one right angle. [i. 32] 

But the angle ABF h also right ; 

therefore the angle A BF is equal to the angles BAD, ABD, 

Let the angle ABD be subtracted from each ; 
therefore the angle DBF which remains is equal to the angle 
BAD in the alternate segment of the circle. 

Next, since ABCD is a quadrilateral in a circle, 

its opposite angles are equal to two right angles. [iii. 22] 

But the angles DBF, DBE are also equal to two right 

angles ; 

therefore the angles DBF, DBE are equal to the angles 
BAD, BCD, 

of which the angle BAD was proved equal to the angle 
DBF', 

therefore the angle DBE which remains is equal to the 
angle DCB in the alternate segment DCB of the circle. 
Therefore etc. q. e. d. 

The convefse of this theorem is true, nainely that, If a straight lim 

•drawn through one extremity of a chord of a circle make with that chord 
angles equal respectively to the angles in the alternate segments ef tke,drde, 
the straight line so drawn touehes tlu circle* 
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This can, as Camerer and Todhuntcr remark, he proved indirectly ; or we 
may prove it, with Clavius, directly. Let BD be the given chord, and let EF 
be drawn through B so that it makes with BD angles equal to the angles in 
the alternate segments of the circle respectively. 

Let BA be the diameter through B, and let C be any point on the 
circumference of the segment DCB which does not contain A, Join AD^ 
DC, CB, 

Then, since, by hypothesis, the angle FBD b equal to the an^e BAD, 
let the angle ABD be added to both; 

therefore the angle ABF'is equal to the angles ABD^ BAD. 

Rat the angle BDA, l:)eing the angle in a semicircle, is a right angle; 

therefore the remaining angles ABD, BAD in the triangle ABD are 

equal to a right angle. 

Therefore the angle ABF \s right ; 
hence, since BA is the diameter through B^ 

EFtaachBA the circle at B, [tii. 16, Por.] 

Pappus assumes in one place (rv. p. 196) the consequence of this 
proposition that, If two circles touch, any straight tine drawn through the point 
of contact and terminated by both circles cuts off segments in each which are 
rispeefhify' siimUir, Pappus also shows how to prove this (vii. p. 826) by 
drawing the common tangent at the pmnt of contact and using this prqx)sitioii^ 
III. 32. 



r 

Proposition 33. 

On a given straight tine to describe a segment of a circle 
admitting an angle equal to a given rectilineal angle, 

L^tAB be the given straight line, and the angle at C the 
given rectilineal angle ; 
thus it is required to describe 
on the given straight line 
AB a segment of a circle ad- 
mitting an angle equal to the 
angle at C. 

The angle at C is then 
acute, or right, or obtuse. 

First let it be acute, 
and, as in the first figure, on 
the straight line AB, and at the point A, let the angle BAD 
be constructed equal to the angle at C ; 
" therefore the angle ^^Z7 is also acute. 

Let AE be drawn at right angles to DA, let AB be 

5—2 
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bisected at F, let FG be drawn from the point F at right 
angles to AB, and let GB be joined. 

Then, since AF is equal to F£, 

and FG is common* 

the two sides AF, FG are equal to the two sides BF, FG ; 
and the angle AFG is equal to the angle BFG ; 

therefore the base AG is equal to the base 7^G. [i. 4] 

Therefore the circle described with centre G and distance 
GA will pass throLiorh // also. 

Let it be drawn, and let it be ABE ; 
let EB be joined. 

Now, since AD \s drawn from A^ the extremity of the 
diameter AE, at right angles to AE^ 

therefore AD touches the circle ABE. [m. 16, por.] 

Since then a straight line AD touches the circle ABE, 

and from the point of contact at ^ a straight line AB is 
drawn across in the circle ABE, 

the angle DAB is equal to the angle AEB in the alternate 
segment of the circle. [ni. 33} 

But the angle DAB is equal to the angle at C ; 

therefore the angle at Cis also equal to the angle AEB. 

Therefore on the given straight line AJi the segment 
AEB of a circle has been described admitting the angle AEB 
equal to the given angle, the angle at C. 

Next let the angle at C be right ; 



o A 




and let it be again required to describe on AB a segment 
of a circle admitting an angle equal to the right angle at C. 

Let the angle BAD be constructed equal to the right 
angle at C, as is the case in the second figure ; 
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let AB be bisected at and with centre F and distance 
either FA or FB let the circle ABB be described. 

Therefore the straight line AD touches the circle ABE^ 
because the angle at A is right. [ni. 16, Por.] 

And the angle JL4D is equal to the angle in the segment 
AEB, i'or the latter too is itself a right angle, being an 
angle in a semicircle. [iil 31] 

But the angle BAD is also equal to the angle at C. 

Tberefore the angle AEB is also equal to the angle at C. 

Therefore a^n we segment AEB of a circle has been 
described on Ao admitting- an angle equal to the angle at C. 

Next, let the angle at C be obtuse ; 



A 0 




E 



and on the straiq^ht line AB, and at the point A, let the 
angle BAD be constructed equal to it, as is the case in the 
third figure ; 

let AE be drawn at right angles to AD, let AB he again 
bisected at F, let EG be drawn at right angles to AB, and 
let GB be joined. 

Then, since AF is again equal to EB, 
and EG is common, 

the two sides AF, FG are equal to the two sides BE, EG ; 
and the angle AEG is equal to the angle BEG ; 

therefore the base AG is equal to the base BG. [i. 4] 
Therefore the circle described with centre G and distance 
GA will pass through B also ; let it so pass» as ABB. 

Now, since AD is drawn at right angles to the diameter 
A£ from its extremity, 

AD touches the circle AEB, [nt. t6, For.] 
And AB has been drawn across from the point of contact 
at ^: 

therefore the angle BAD is equal to the angle constructed 
in the alternate segment AHB of the circle, [m- 32] 
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But the angle BAD is equal to the angle at C ' * ' 
Therefore the angle in the segment AHB is also equal to 

the angle at C* 

Therefore on the given straight line AB the segment 

AHB of a circle has been described admitting an angle equal 

to the angle at C 

Q. B. F. 

Simson remarks truly that the first and third cases, those namely in which 
the given angle is acute and obtuse respectively, have exactly the same 
construction and demonstraticm, so tfmt there is no advantage m rq>eating 
them. Accordingly he deals with the cases as one, merely drawing two. 
difTercnt fij^iires. It is also true, as Simson says, that the demonstration of 
the second case in which the given angle is a right angle " is done in a round- 
about way*" whereas, as Clavius showed, the problem can be more easily 
solved by merefy bisecting AB and describing a semicircle on it A glance 
at Euclid's figure and proof will however show a more curious fact, namely 
that he does not, in the proof of the second case, use the angle in the 
alternate segment^ as he does in the other two cases. He might have done so 
after proving that AD touches the circle ; this would only have required his 
point E to he jjlaccd on the side of AB opposite to D. Instead of this, he 
uses III. 31, ;ind j)roves that the angle AEB is equal to the angle C, because 
the former is an angle in a semicircU^ and is therefore a right angle as C is. 

The difference of procedure is no doubt owing to the fact that he has not, 
in III. 32, distinguished the case in which the cutting and touching straight 
lines are at right angles, i.e. in which the two alternate segments are semicircles. 
To prove this case would also have required ni. 31, so that nothing would 
have been gained by stating it sep«irately in iii. 32 and then quoting the 
result as part of iii. ^2, instead of referring directly to in. 31. 

It is assumed in Euclid's proof of the first and third cases that AE and 
FG will meet; but of course there is no difficulty in satisfying ourselves 
of this. 



Proposition 34. 

From a given circle to cut off a segment admitting an angle 
equal to a given rectilineal angle. 

Let ABC be the given circle, and the angle at D the 
given rectilineal angle ; 

thus it is required to cut off from the circle ABC a s^rment 
admitting an angle equal to the given rectilineal angle, the 

angle at D. 

Let EF be drawn touching ABC at the point B^ and on 
the straight line FB, and at the point B on it, let the angle 
FBC be constructed equal to the angle at D. [1. 23] 

Then, since a straight line EF touches the circle ABC, 
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and BC has been drawn across from the point of contact 
ati?. 

the angle FBC is equal to the angle constructed in the alternate 
segment BAC. [iii. 32] 




But the angle FBC is equal to the angle at D ; 

therefore the angle in the segment BAC is equal to the 
angle at D» 

Therefore from the given circle ABC the segment BAC 
has been cut off admitting an angle equal to the given recti- 
lineal angle, the angle at D, 

Q. E. F. 

An alternative construction here would be to make an "angle at the 
centre " (in the extended sense, if necessaiy) double of the given angle ; and, 
. if the given angle is right, it is only necessary to draw a diameter of the cirde. 

« 

Proposition 35. 

If in a circle (wo siraigki lines cut one anaiker, ike 
nctangk contained by the segments of the one is eqwU to the 
rutangle contained iy the segments of the other. 

For in the circle A BCD let the two straight lines AC^ 
BD cut one another cll the point ; 

I say that the rectangle contained AE, 
, EC is equal to the rectangle contained by 
DE, EB. 

If now A C, BD are through the centre, 
so that E is the centre of the circle ABCD, 

it is manifest that, AE, EC, DE, EE 
being equal, 

the rectangle contained by AE, EC is also equal to the 
rectangle contained by DE^ EE. 
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Next let AC, DB not be through the centre ; 
let the centre of ABCD be taken, and 

let it be F\ 

from F let FG, FN be drawn perpen- 

dicular to the straight lines AQ DB, Y \° 

and let FB, FC, FE be joined. [ \ f / ] 

Then, since a straight line GF I x" / 

through the centre cuts a straight line \ \m J 
AC not through the centre at right ^-^.^^1^^ 
angles, • c 

it also bisects it ; [iii. 5] 
therefore AG is equal to GC. 

Since, then, the straight line .10 has been cut into equal 
jjtii Ls at C and into unequal parts at 

the rectangle contained by A£, EC together with the square 
on EG is equal to the square on GC\ [11. 5] 

Let the square on GF be added ; 
therefore the rectangle AE, EC together with the squares 
on GE, GF is equal to the squares on C6', GF. 

But the square on FE is equal to the squares on EG, GF, 
and the square on FC is equal to the squares on CG, GF ; 

47l 

therefore the rectangle AE, together with the square 
on FE is equal to the square on FC, 

And FC is equal to FB ; 
therefore the rectangle A E, EC together with the square on 
EE is equal to the square on FB, 

For the same reason, also, 

the rectangle DE, EB together with the square on FE is 
equal to the square on FB. 

But the rectangle AE, EC together with the square on 
FE was also proved equal to the square on FB ; 
therefore the rectangle AE, EC together with the square on 
FE is equal to the rectangle DE, EB together with the 
square on FE. 

Let the square on FE be subtracted from each ; 
therefore the rectangle contained by AE, EC which remains 
is equal to the rectangle contained by DE, EB, 

Therefore etc. 

Q. E. D. 
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In addition to the two cases in Euclid's text, Simson (following Campanus) 
gives two intermediate cases, namely ( i ) that in which one chord passes through 
the centre and bisects the other which does not pass through the centre at right 
angles, and (2) that in which one passes through the centre and cuts the other 
which does not pass through the centre but not at right angles. Simson then 
reduces Euclid's second case, the most general one, to the second of the two 
intermediate cases by drawing the diameter through E. His note is as 
follows: "As the 25th and syd y)ropositions are divided into more cases, 
so this 35th is divided into fewer cases than are necessary. Nor can it be 
supposed that Eudid omitted them because they are easy ; as he has given 
the case w hich for is the easiest of them all, viz. that in which both the 
straight lines pass through the centre : And in the following proposition he 
separately demonstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the centre: So that it 
seems Theon, or some other, has thought them too long to insert : But cases 
that rc(|uire different demonstrations should not be left out in the Elements, 
as was before taken notice of : These cases are in the translation from the 
Arabic and are now put into the text" Notwithstanding the in^^enuity of the 
argument based on the separate mention by Euclid of the simplest case of 
all, I think the conclusion that Euclid himself gave /mr cases is unsafe ; in 
fact, in giving the simplest and most difficult cases only, he seems to be 
following quite consistently his habit of avoiding too ff^at multiplicity uf cases, 
while not ignoring their existence. 

The deduction from the next proposition (in. 36) which Simson, following 
Clavius and others, gives as a corollary to it, namely that, Jf from any point 
ivithout a circle there be drawn two straight lines cutting it, the rectangles 
contained by the whole lines and the ^arts o^ them without the circle are equal to 
mt tfiwMer, can of coufse be oombmed with iii. 35 in one enunciation. 

As remarked by Todhunter, a large portion of the proofs of iii. 35, 36 
amounts to proving the proposition, If any point be taken on the base, or the 
base produced, of an isosceles triangle, the rcrtan^^/e contained by the se^nwnts of 
the base {i.e. tlu respective distances oj the ends of the base from the point) is 
equal io the i^^ereme Mween the spout on the Uraight line finning the point to 
the vertex and the squeare on one of the OfUtU sida of the triangle. This is of 
course an immediate consequence of i. 47 combined with if. 5 or 11. 6. 

The converse of iii. 35 and Simson's corollary to iii. 36 may be stated 
thus. If two straight Maes AB, CD, produeei if nemsary^ intersect a/ O, emd 
the rectani^le AO, OB ie equal to the rectangle CO, OD, the drcumference of a 
circle will pass through the four points A, R, C, D. The proof is indirect. 
We describe a circle through three of the points, as Ay B, C (by the method 
used in Luchd s proofs of iii. 9, 10), and then we prove, by the aid of ill. 35 
and the corollary to iii. 36, that the circle cannot but pass through D also. 



Proposition 36. 

1/ a paint he taken outside a circle and from it there fall 
on the circle two straight lines^ and if one of them cut the 
circle and the other touch it, the rectangle contained by the 
whole of the straight line which cuts the circle and the straight 
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line intercepted on it outside between the point and the convex 
circumference wOi 6e equal to the square on the tangent. 

For let a point D be taken outside the circle ABQ 

and from D let the two straight lines DCA, 
DB fall on the circle ABC \ let DC A cut 
the circle ABC and let BD touch it ; 

I say that the rectangle contained by AD^ 
DC is equal to the square on DB. 

Then DC A is either through the centre 
or not through the centre. 

First let it be through the centre, and 
let F be the centre of the circle ABC \ 
let FB be joined ; 

therefore the angle FBD is right. [m 18] 

And» since A C has been bisected at F, and CD is added 
to it, 

the rectangle A/^, DC together with the square on FC is 
equal to the square on FD. [il 6] 

But FC is equal to FB ; 
therefore the rectangle AD, DC together with the square on 
FB is equal to the scjuare on FP. 

And the squares on FB, BD are equal to the square on 
FD ; [I. 47] 

therefore the rectangle AD, DC together with the square on 
FB is equal to the squares on FB, BD. 

Let the square on FB be subtracted from each ; 
therefore the rectangle AD, DC which remains is equal to 
the square on the tangent DB. 

Again, let DC A not be through the centre of the circle 
ABC\ 

let the centre E be taken, and from £ 

let £F be drawn perpendicular to AC\ 

let EB^ EC, ED be joined. 

Then the angle EBD is right. 

[in. 18] 

And, since a straight line EF 
through the centre cuts a straight line 
AC not through the centre at right angles, 

it also bisects it ; [in. 3] 

therefore AF\s equal to FC. 
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Now, since the straight line ^Chas been bisected at the 
point and CD is added to it, v • \ 

the rectangle contained by AD, DC together with the square 
on /^C is equal to the square on /'D. . ■ * • ,[u. 6] 

Let the square on be added to each ; 

therefore the rectangle AD, DC together with the squares 

on C/T, FB is equal to the squares on DD, FE. • • ■ 

But the square on EC is equal to the squares on CF, FE, 
for the angle EFC is right ; \ ' [»• 4t1 

and the square on ED is equal to the squares on DF^ FE\ ' 

therefore the rectangle ADy DC together -with the squ^ pn 
EC is equal to the square on ED, 

And i| equal to ; * • ^\ ' . 

therefore the ifectangle ADy DC together with the scjuare on 
EB is equal to the square on ED, . 

, But the squares on EB, BD are equal to the square on 
^/), for the angle* ^^/? is right ; ['-47] 

therefore the rectangle AD, together with the square on 

EB is equal to the squares on EB, BD. ''' ■ ■ ^ 

Let the square on EB be subtracted from each ; 

therefore the rectangle AD, DC which remains is equal to 
the square on DB. . • . ; . 

^ Therefore etc.: , ;. ' . q. e.,d, 

Cf. note on the preceding proposition. Observe that, whereas it would 
be natural with us to prove first that, if ^ is an eKtemai point, ^and two 
straight lines AJtB, AFC cut the cirde in £, B and F, C respectively, the 
rectangle BA, AE is equal to the rectangle CA, AF, and thence that, the 
tangent from A being a straight tine like AEB in its lijiiitit!'^ position ivhen 
E and B coincide^ either rectangle is equal to the square on the tangent 
(cf. Mr H. M. Taylor„ p; 353X Euclid' and the Greek gcxmieters generally did 
not allow themselves to infer the truth of a proposition in a limiting case 
directly from the general case including it, but preferred a separate proof of 
the limiting case (cf. Apollonius of Ferga, p. 40, 139 — 140). This accounts for 
the form of iii. 36. ; 

Proposition 37, 

■ 

If a point b$ iaken outside a circle and from the. point 
there fall on the circle two straight lines, if'cfne of them cut 
the circle^ and the other fall on it, and if further the, rect- 
angle coniai$Ud by the whole of the straight line iff hid. cuts 
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ike circle and the straighi line intercepted on it <mtside 
&dween the paint and the convex circumference be equal to 
the square on the stra^kt line which falls on the circle^ the 
straight line which falls on it will touch the circle. 

For let a point D be taken outside the circle ABC\ 
from D let the two straight lines 
DC A, DB fall on the circle ACB\ • 
let DC.4 cut the circle and DB 
fall on it ; and let the rectangle AD^ 
DC he equal to the square on DB. 

I say that DB touches the circle 

ABC 

For let D/i be drawn touching 
ABC ; let the centre of the circle ABC be taken, and let it 
be F ] let FB, FB, FD be joined. 

Thus the angle FED is right. [m. i8] 

Now, since DF touches the circle ABC, and DC A cuts it, 
the rectangle AD, DC is equal to the square on D£. [in. 36] 

But the rectangle AD, DC was also equal to the square 
on DB ; 

therefore the square on DF is equal to the square on DB ; 

therefore DB is equal to DB. 
And FF is equal to FB ; 

therefore the two sides D£t EF are equal to the two sides 

DB, BF \ 

and FD is the common base of the triangles; 

therefore the angle DBF is equal to the angle DBF. 

[1.8] 

But the angle DBF is right ; 

therefore the angle DBF is also right. 

And FB produced is a diameter ; 

and the straight line drawn at rie^ht angles to the diameter 
of a circle, from its extremity, touches the circle ; [m. i6» Por.] 

therefore DB touches the circle. 

Similarly this can be proved to be the case even if the 
centre be on ^C. 

Therefore etc. q. e. d. 

De Morgan observes that there is here the same defect as in i. 48, i.e. an 
apparent avoidance of indirect demonstration by drawing the tan^t DE on 
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the opposite side of DF ffom DB, The case is similar to the apparently 
direct proof which Campaniis gave. He drew the straight line from D 
passing through the centre, and then (without drawing a second tangont) 
proved by the aid of 11. 6 that the square on DF is equal to the sum of the 
squares on DB^ BF\ whence (by i. 48) the angle DBF is a ridit ai^le. 
Bot this proof uses t. 48^ the very proposition to which De Moigairs original 
remark relates. 

The undisguised indirect proof is easy. If DB d(x*s not touch the circle, 
it must cut it if produced, and it follows that the square on DB must be 
equal to the rectangle contained by DB and a longer line : which is absurd. 
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DEFINITIONS. 

1. A rectilineal figure is said to be inscribed in a 
rectilineal figure vrnen the respective angles of the 
inscribed 6gure lie on the respective sides of that in which 
it is inscribed. 

2. Similarly a figure is said to be circumscribed about 
a figure when the respective sides of the circumscribed 
figure pass tlirough the respective angles of that about which 
it is circumscribed. 

3. A rectilineal figure is said to be inscribed in a 
circle when each angle of the inscribed figure lies on the 
circumference of the circle. 

4. A rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed figure 
touches the circumference of the circle. 

5. Similarly a circle is said to be inscribed in a figure 
when the circumference of the circle touches each side of the 
figure in which it is inscribed. 

6. A circle is said to be circumscribed about a figure 

when the circumference of the circle passes through each 
angle of the figure about which it is circumscribed. ' 

7. A straight line is said to be fitted into a circle when 
its extremities are on the circumference of the circle. 

D£FIMIT10NS I — 7. 
I append, as usual, the Gredc text of the definitions. 

I. ^XVI"^ t6$tSypafifia¥ cit trx'ffta. fvBvypanfiov iyypaijttvBai Acycrat, Sn¥ 
iKoumi riSv rov 4yyjpo^«|fUrov oxvfumic ytmmv lMurn|« vXtvpfit nm, ds S 
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KvicXot «rcpi <TX^iJM, ir<ptypa^<(r^at Xcycreu, oraK 17 tov kvnXov wtpi^ipttn 

7. EMm fir kwrXop liwip/Ao^co-dai Xcycrat, orvK W ir^p«t« avr^ iti tft 
wtpt^tptmt § TOV iwkXov. 

. In the first two definitions an English translation, if il is to be clt^r, must 
dq)art slightly from the exact words used in the Greek, where "each side " of 
one 6gure is said to pass through "each angle " of another, or "each angle" 
(i.e. angular point) of one lies on Vaach side" of another (Iravr^ wktmpd, 

imanj ytavla). 

It is also necessary, in the five definitions i, 2, 3, 5 and 6, to translate 
the same Greek word SMnint. in three different ways. It was observed on 
III. Def. 2 that the usual meaning of avT«T$at in Euclid is to mcft, in contra- 
distinction to i^taimaSai, which means to touch. Exceptionally, as \x\ Def. 5, 
oMTurBoi has the meaning of touch. But two new meanings of the word appear, 
the first being to /«f ^ as in DefC i and 3, the second to pass through, as in 
Deff. 2 and 6 ; " each angle ** lies on (airrcTat) a side or on a circle, and 
"each side," or a circle, passes through (aurerat) an angle or "each angle." 
The first meaning of tying on is exemplified in the phrase of Pappus a^crut to 
vqymtuv ^co-ci Sc^ficn^ tv$ua.%, "will lie on a straight line given in position"; 
the meaning of fwssing through seems to be much rarer (I have not seen it in 
Archimedes or Pappus), but, as pointed out on ill. Def. 8, Aristotle uses the' 
compound f*f>drrr€(T6ai in this sense. 

Simson proposed to read <^im;Ta( in the case (Def. 5) where dm^To^ 
means touches. He made the like si^estion as r^ards the Gredc text of 111. 
II, 12, 13, 18, 19; in the first four of these cases there seems to be MS. 
authority for the compound Verb, and. in the fifth Heibeig adopts SimsoqtV 
correction. 



BOOK IV. PROPOSITIONS 

Proposition i. 

Into a given circle to fit a straight line equal to a given 
straight line which is not greater than the diameter ^ the 
circle. 

Let ABC be the given circle, and D the given straight 
line not greater than the diameter 

of the circle ; p 

thus it is required to fit into the x^v"~"^^\ 
circle ABC a straight line equal / / . \\ \ 

to the straight line b( gf- — J 

Let a diameter £C of the V V / J 

circle ABC be drawn. 

Then, if BC is equal to 
that which was enjoined will have 

been done ; for BC has been fitted into the circle ABC equal 

to the straight line Z^. 

But, if BC is greater than A 

let CE be made equal to and with centre C and distance 
CE let the circle EAF be described ; 

let CA be joined. 

Then, since the point C is the centre of the circle EAF^ 

CA is equal to CE, 

But CE is equal to D ; 

therefore D is also equal to CA. 

Therefore into the given circle ABC there has been fitted 
CA equal to the given straight line D, 

Q. B. F. 
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Of this problem as it stands there are of course an infinite number of 
solutions ; and, if a particular point be chosen as one extremity of the chord 

to be "fitted in," there arc two solutions. More difficult cases of "fitting 
into" a circle a chord of given length are arrived at by adding some further 
condition, e.g. (i) tiiat the chord is to be parallel to a given straight line, or 
(3) that the chord, produced if necessary, shall pass through a given point 
The former problem is solved by Pappus (iii. p. 13a); instead of drawing the 
chord as a tangent to a circle concentric with the given circle and having as 
radius a straight line the square on which is equal to the difference between 
the squares on the radius of the given circle and on half the given length, he 
merely draws the diameter of the circle which is parallel to the given direction, 
measures from the centre along it in each direction a length equal to half the 
given length, and then draws, on one side of the diameter, perpendiculars to it 
through the two points so determined. 

The second problem of dmwing a chord of given length, being less than 
the diameter of the circle, and passing through a given point, is more 
important as having been one of the problems discussed by Apollonius in his 
work entitled v(v<t€i% now lost. Pappus states the problem thus (vii. p. 670): 
*'A circle being given in position, to fit into it a straight line given in 
magnitude and vetging (ycvov<rav) towards a given (point)." To do this we 
have only to ])1ace any chord I/JC in the given 
ciccle (with centre O) equal to the given length, 
take Z the middle point of it, with O as centre and 
OL as radius describe a drde^ and lastly through 
the given point C draw a tangent to this circle 
meeting the given circle in .4, B. AH is then one 
of two chords which can be drawn satisfying the 
given conditions, if C is outside the inner drcte ; if 
C ism the inner circle, there is one solution only ; 
and, if C is within the inner circle, there is no 
solution. Thus, if C is within the outer (given) 

circle, besides the condition that the given length must not be greater than the 

diameter of the circle, there is another necessary condition of the possibility. 

of a solution, viz. that the given length must not be /ess than double of the 
straight line the square on which is etjual to the difference between the squares 
(i) on the radius of the given circle and (2) on the distance between its 
centre and the given point 




Pkoi»osition 2. 

In a given circle to inscribe a triangle equiangular with a 
given triangle. 

Let ABC be the given circle, and DBF the given 
triangle ; 

thus it is required to inscribe in the circle ABC a triangle 
equiangular with the triangle DEF. 

Let GHhe, drawn touching the circle ABC^i A [m. i6^Por.]; 

H. B. II. 6 
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on the straight line AH, and at the point A on it, let the 
angle HAC be constructed equal to the angle DEFy 

and on the straight line AG, and at the point A on it, let 
the angle GAB be constructed equal to the angle DFE ; 

let BC be joined. 




Then, since a straight line AH touches the circle ABC, 

and from the point of contact at A the straight line is 
drawn across in the circle, 

therefore the angle HAC is equal to the angle ABC in the 
alternate segment of the circle, [iii. 32] 

But the angle HAC is equal to the angle DEF \ 
therefore the angle ABC is also equal to the angle DBF, 

For the same reason 

the angle ACE is also equal to the angle DFE ; 
therefore the remaining angle BAG is also equal to the 
remaining angle EDF, (i. 3«] 

Therefore in the given circle there has been inscribed a 
triangle equiangular with the given triangle. q. b. f. 

Here again, since any point on the circle may bo taken as an angular 
point of the triangle, there are an infinite number of solutions. Even when a 
particular point has been chosen to form one angular point, the required 
triangle may be constructed in six ways. For any one of the three angles 
may be placed at the point ; and, whichever is placed there, the positions of 
the two others relatively to it may be interchanged. The sides of the triangle 
will, in all the different bolulions, be of the same length respectively; only 
their relative positions will be different 

This problem can of course be reduced (as it was by Borelli) to IIL 34, 
namely the problem of cutting off from a given circle a segment containing an 
angle equal to a given angle. It can also be solved by the alternative method 
applicaUe to tii. 34 of £awing " angles at the centre " equal to double the 
angles of the given triangle respectively ; and this method we can easily 
solve this proUem, or lu. 34, with the further condition that one side of the 
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required triangle, or the base of the required s^metit, respectivdy, shall be 

parallel to a given straight line. 

As a particular case, we can, by the method of this proposition, describe 
an equilattral triangle in any circle after we have first constructed any 
equilateral triangle bjr the aid of i. i. The possitnlity of this is assumed in 
IV. 16. It is of course equivalent to dividing the circumference of a circle 
into three ajual parts. As Ue Morgan says, the idea of dividing a revolution 
into equal parts should be kept prominent in considering Book iv. ; this 
aspect of the construction of re^i^r polygons is obvious enough, and the 
reason why the division of the circle into three equal parts is not given by 
Euclid is that it happens to be as easy to divide the circle into three parts 
which are in the ratio of the angles of any triangle as to divide it into three 
equal parts. 

Proposition 3. 

About a given circle to circumscribe a triangU equiangular 
witk a given triangle. 

Let ABC be the given circle, and DEF the given 
triangle ; 

5 thus it is required to circumscribe about the circle ABC a 
triangle equiangular with the triangle DEF. 




Let EF be produced in both directions to the points 

let the centre K of the circle ABC be taken [m. i], and let 
10 the straight line KB be drawn across at random ; 

on the straight line KB^ and at the point K on it, let the 
angle BKA be constructed equal to the angle DEG, 

and the angle BKC equal to the angle DFH\ [i. 23] 

and through the points A, B, C let LAM, MBN, NCL be 
15 drawn touching the circle ARC. [ni. 16, For.] 

Now, since LMy MN, NL touch the circle ABC at the 
points A, B, C, 

and KA, KJ^, KC have been joined from the centre K to 
the points A, B, C, 

6 — 2 
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ao therefore the angles at the points Ay B, Care right, [m. i8] 

And, since the four angles of the quadrilateral AMBK 
are equal to four right angles, inasmuch as AMBK is in fact 
divisible into two triangles, 

and the angles KAM, KBM are right, 

25 therefore the remaining angles AKB, AMB are equal to two 
right angles. 

But the angles DEG^ DBF are also equal to two right 
angles ; [i. 13] 

therefore the angles AKB, AMB are equal to the angles 
30 D£G, DBF, 

of which the angle A KB is equal to the zxi^<&.DEG ; 

therefore the angle AMB which remains is equal to the 
angle Z?^^ which remains. 

Similarly it can be proved that the angle LNB is also 
35 equal to the angle DFE ; 

therefore the remaining angle MLN is equal to the 
angle EOF. [1-32] 
Therefore the triangle LMN is equiangular with the 
triangle DEF\ and it has been circumscribed about the 
40 circle ABC. 

Therefore about a given circle therci has been circum- 
scribed a triangle equiangular with the given triangle. 

Q. E. F. 

10. at random, literally " as it may chance," i» Irnxcy. The same expiession is used 
in III. I and conunonly. 

%%, to in fact diviaible, cat aiaifc^vt, literally ** is actually divided.** 

The remarks as to the number of ways in which Prop, a can be solved 
apply here also. 

Euclid leaves us to satisfy ourselves that the three tangents unll meet and 
form a triangle. This follows easily from the fact that each of the angles 
AKB^ BKCy CKA is less than two right angles. The first two are so by 
construction, being the supplements of two angles of the given triangle re- 
spectively, and, siiK c all three angles round K are together equal to four 
right angles, it follows that the third, the angle AKC, is ccjual to the sum 
of the two angles F of the triangle, i.e. to the supplement of the angle Z>, 
and is therefore less than two right angles. 

Pc'k'tarius and Borelli gave an alteniati\ e solution, first inscribing a triangle 
equiangular to the given triangle, by iv. 2, and then drawing tangents to the 
circle parallel to the sides of the inscribed triangle respectively. This method 
will of course give two solutions, since two tangents can be drawn parallel to 
each of the sides of the inscribed triangle. 

If the three pairs of parallel tangents be drawn and produced far enough. 
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they will form ei^ht triangles, two of which are the triangles circumscribed to 
the circle in the manner required in the proposition. The other six triangles 
are so related to the circle that the circle touches two of the sides in each 
produtedt Le. the circle is an eserihed circle to each of the six triangles. 




Proposition 4. 

In a given triangie to inscribe a circle. 

Let ABC be the given triangle ; 
thus it is required to inscribe a circle in the triangle ABC, 

Let the angles ABC, ACB 
5 be bisected by the straight lines 
BD^ CD [i. 9], and let these meet 
one another at the point D ; 

from D let DE, DF, DG 
drawn perpendicular to the straight 
10 lines AB, BC, CA. 

Now, since the ani^le ABD 
is equal to the angle CUD, 

and the right angle BED is also equal to the right angle 

BED, 

isEBD, EBD are two triangles having two angles equal to two 
angles and one side c:(]ual to one side, namely that subtendinq- 
one of the equal angles, which is BD common to the 
triangles ; 

therefore they will also have the remaining sides equal to 
ao the remaining sides ; [i. 26] 

therefore DE is equal to DF, 
For the same reason 

DG is also equal to DE. 
Therefore the three straight lines DE^ DF, DG are equal 

15 to one another ; 

therefore the circle described with centre D and distance 
one of the straight lines DE, DF, DG will pass also 
through the remaining points, and will touch the straight 
lines AB, BC^ CA^ because the angles at the points E^ F, G 

y> are right. 

For, if it cuts them, the straight line drawn at right angles 
to the diameter of the circle from its extremity will be found 
to faJI within the circle : which was proved absurd ; [ni. 1 6] 
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therefore the circle described with centre D and distance 
35 one of the straight lines DE, DF, DG will not cut the 
straight lines AD, BC, CA ; 

therefore it will touch them, and will be the circle inscribed 
in the triangle ABC. [iv. Def. 5] 

Let it be inscribed, as FGE. 
40 Therefore in the given triangle ABC the circle EFG has 
been inscribed. 

Q. E. F. 

26, ^. and distance one of the (straight lines D)B, (D)F, (D)G, The words 
and letters here shown in brackets are put in to fill out the imther carele!>s language of the 
Gredk. Here and in several other places in Book iv. Euclid says literally "and with distance 
one of the (points) <7" (iraJ Jio<rri^M«" "r^^ E, Z, H) and the like. In one case (i v. 13) 
he actually has " with distance one of the points G, H, A', L, M" (JtsurTJj/ian tpi riiv H, B, 
K, A, M fffffxtlai'). IIeibeigllotes'*Graecam loculionem satis miram et negligenteoit'* hat, 
in view of its frequent occunrence in fiood MSS., docs not ventnre to correct iL 

Eudid does not think it necessary to prove that BD, CD will meet ; this 

is indeed obvious, for the angles DBCy DCB arc together half of the angles 
ABC, ACI\ which themselves are together less than two rii;ht angles^ and 
therefore the two bisectors of the angles B^ C must meet, by Tost. 5. 

It follows from the proof of this propcsition tha^ if the bisectors of two 
angles i9, C of a triangle meet in D, the line^ning Z> Xo A also bisects the 
third angle ji, or the bisectors of the three angles of a triangle meet in 
a point. 

It will be observed that Euclid uses the indirect form of proof when 
showing that the circle touches the three «des of the triangle. Simson proves 

it directly, and points out that Euclid does the same in in. 17, 33 and 37, 
whereas in !v. S and 13 as well as here he uses the indirect form. The 
difference is unimportant, being one of form and not of substance; the 
indirect proof refers back to iii. i6, whereas the direct refers back to the 
Porism to that proposition. 

We may state this problem in the more general form : To describe a circle 
toucliing t/iree given straight lines which do not all meet in one pointy and of 
wMeh net mare Utan two are parallel. 

In the case (i) where two of the straight lines are parallel and the third 
cuts them, two pairs of interior angles are formed, one on each side of the 
third straight line. If we bisect each of the interior angles on one side, the 
bisectors will meet in a point, and this point will be the centre of a circle 
which can be drawn touching each of the three straight lines, its radius being 
the perpendicular from the point on any one of the three. Since the altenutte 
angles arc equal, two equal circles can be drawn in this maniner satisfying the 
given condition. 

In the case (2) where the three straight lines form a triangle, suppose each 
straight line fuoduoed indefinitely. Then each straight line will make two 

pairs of interior angles with the other two, one pair forming two angles of the 
triangle, and the other pair being their supplements. By bisecting each angle 
of either pair we obtain, in the manner of the proposition, two circles 
satisfying the conditions, one of them being the inscribed circle of the triangle 
and the other being a circle esaribed to it, i.e. touching one side and the other 
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two sides ptvdueed. Next, taking the pairs of interior angles fonned by a 

second side with the other two produced indefinitely, we get two circles 
satisfying the conditions, one of which is the same inscribed circle that we had 
before, while the other is a second escribed circle. Similarly with the third side. 
Hence we have the inscribed dtcle, and three escribed ardes (one oppgsite 
each angle (A the triangle)^ i>e. four ciides in aJl, satisfying the conditions of 
the problem. 

It may perhaps not be inappropriate to give at this point Heron's elegant 
proof of the formula for the area of a triangle in terms of the sides, which we 
usually write thus ; 

although it requires the theory of proportions and uses some ungeometrical 
expressions, e.g. the product of two areas and the "side " of such a product, 
where of course the areas are so many square units of length. The proof is 
given in the Metrica, 1. 8, and in the Diopira, 30 (Heron, Vol. 111., Teubner, 
1903, pp. 20—24 and pp. 280 — 4» or Heron, ed. Hultsch, pp. 235 — 7). 

Suppose the sides of the triangle ABC to be given in length. 

Inscribe the circle DEF^ and let be its centre. 




Join AG, BGt CG, DG, EG, FG. 

Then BC.EG^z.i^ BGC, 

CA . FG^2 .t^ACG, 
AB ,DG^2,i^ ABG. 

Therefore, by addition, 

p.EG^i*t^ABCi 

where / is the perimeter. 

Produce CB to so that BH=^ AD, 
Then, since AD = AF, DB = B£, FC^ C£, 

Hence CH, £G^£^ ABC. 
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But CH ,EG is the "side" of the pioduct CH*,EG\ that is 

therefore (A ABCf^ CH*. EG*. 

Draw GL at right angles to CG, and BL at right angles to CB, meeting 

at /. Join CZ. 

Then, since each of the angles CGL, CBL is right, CGBL is a quadri- 
lateral in a cirde. 

Therefore the angles COB, CLB are equal to two right angles. 

Now the angles CGB, AGD arc equal to two right angles, since AG, BG^ 
CG bisect the angles at <7, and the angles CGB, AGD are equal to the 
angles AGQ DGB, wliilc the sum of all four is equal to four right angles. 
Therefore the angles AGD, CLB axe equal 
So are the right angles ADG, CBL. 
Therefore the triangles AGD, CLB are similar. 
Hence BC-.BL ^ AD . DG 

' ' • = B/L.EG, 

and, alternately, CB : BH BL.EG 

= BK.KE, ' 
whence, componendo^ CH \ HB = BE : EK. 

It follows that CH'' : C//. HB = BE . EC . CE . EK 

= BE.EC:EG\ 

Therefore 

{^ABCf^ cm, EG*-- CH.HB. CE.EB 

^\P{\p-BC){\p-AB)i\p-AC). 

pROPOSmON 5. 

About a given triangle to circumscribe a circle. 
Let ABC be the given triangle ; 

thus it is required to circumscribe a circle about the given 
triangle ABC. 






Let the straight lines AB, AC ho, bisected at the points 
D, E [i. 10], and from the points £ let DF, EF be drawn 

at right angles to AD, AC; 

they will then meet within the triangle ABC, or on the 
straight line BC, or outside BC. 
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First let them meet within at and let FB, FC^ FA be 
joined. 

Then, since AD is equal to DB, 
and DF is common and at right angles, 
therefore the base AF is equal to the base FB, [i. 4] 

Similarly we can prove that 

C/^is also equal to AF\ 
so that FB is also equal to FC ; 

therefore the three straight lines FA^ FB, FC are equal 
to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines FA, FB, FC will pass also through 
the remaining points, and the circle will have been circum- 
scribed about the triangle ABC. 

Let it be circumscribed, as ABC, 

Next, let DF, EF meet on the straight line BC at 
as is the case in the second figure ; and let y^/'' be joined. 

Then, similarly, we shall prove that the point F is the 
centre of the circle circumscribed about the triangle ABC. 

Again, let DF, EF meet outside the triangle ABC at 
as is the case in the third figure, and let AF, BF, CF be 
joined. 

Then again, since AD is equal to DB^ 
and DF is common and at right angles, 

therefore the base AF is equal to the base BF. [i. 4] 

Similarly we can prove that 

CF is also equal to AF\ 
so that BF is also equal to FC ; 
• therefore the circle described with centre F and distance one 
of the straight lines FA, FB, FC will pass also through 
the remaininq^ points, and will have been circumscribed about 
the triangle ABC. 

Therefore about the given triangle a circle has been 
circumscribed. 

Q. E. F. 

And it is manifest that, when the centre of the circle falls 
within the triangle, the angle BAC, being in a segment 
greater than the semicircle, is less than a right angle ; 
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when the centre falls on the straight line BC^ the angle BAC^ 
being in a senoicircle, is right ; 

and when the centre of the circle falls outside the triangle, 
the angle BAC, being in a segment less than the semicircle, 
is greater than a right angle. [ui. 31] 

Simson points out that Euclid does not prove that DF^ will meet, and 

he inserts in the text the following argument to supply the omission. 

DF^ ii/' produced meet one another. For, if they do not meet, they 
are parallel, wherefore AB^ AC, whicli are at right angles to thorn, are 
poiailel [or, he should have added, in a straight line] : which is ahsurd." 

This assumes, of course, that straight lines which are at right angles to two 
parallels are themselves parallel ; but this is an obvious deduction from i. 28. 

On the assumption that EF will meet Todhunter has this note : " It 
has been proposed to show this in the following way: join DE'., then the 
angles EDF and DEFdiXQ together less than the angles ADFdLwdi AEF, that 
is, they are together less than two right angles ; and therefore DF and £F 
will meet, by Axiom 1 2 [Post. 5]. This assumes that ADE and AED are 
acuU angles ; it may, however, be easily shown that DE is parallel to BC, so 
that the triangle ADE is equiangular to the triangle ABC) and we must 
therefore select the two sides AB and AC such that ABC and ACS may be 
acute angles." 

This is, however, unsatisfactory. Euclid makes no such selection in iii. 9 
and III. 10, where the same assumption is tacitly made ; and it is onneoessaiy, 
because it is easy to. prove that the straight lines DF, EFraseX in AiSt cases, 
by considering the different possibilities separately and drawing a sepaiate 
figure for each case. 

Simson thitdts that Euclid's demonstmtion had been spoiled by some 
unskilful hand both because of the omission to prove that the perpendicular 
bisectors meet, and because "without any reason he divides the proposition 
into three cases, whereas one and the same construction and demonstration 
serves for them all, as Campanus has observed." However, up to the usual 
words Sww^ I8« wot^oot there seems to be no doubt about the text. Heibeig 
suggests that Euclid gave separately the case where falls on J?C because, in 
that case, only .^/^ needs to be drawn and not BF, CFim well. 

The addition, though given in Simson and the text-books as a "corollary," 
has no heading iropia^ia in the best mss. ; it is an explanation like that which 
is contained in the penultimate paragraph of ni. 25. 

T he Oreek text has a further addition, which is rejected by Heiberg as not 
genuine, " So that, further, when the given angle happens to be less than a 
right angle, DF, EF will foil within the triangle, when it is right, on BC, and, 
when it is greater ilian a right angle, outside BC: (being) what it was required 
to do." Simson had already observed that the text here is vitiated "where 
mention is made of a given angle, though there neither is, nor can be, any- 
thing HI the proposition relating to a given angle." 
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Proposition 6. 

In a gwen circle to inscribe a square. 

Let ABCD be the given circle ; 
thus it is required to inscribe a square in the circle ABCD, 

Let two diameters AC, ED of the 
circle ABCD be drawn at right angles 
to one another, and let AB^ BCt CD^ 
DA be joined. 

Then, since BE is equal to ED^ for 
E is the centre, 

and EA is common and at right angles, 
therefore the base ^IB is equal to the 
base AD. [i. 4] C 

For the same reason 

each of the st might lines BC, CD is also equal to each of 
the straight lines AB, AD ; 

therefore the quadrilateral ABCD is equilateral. 

I say next that it is also right angled. 

For, since the straight line £D is a diameter of the circle 
ABCD, 

therefore BAD is a semicircle ; 

therefore the angle BAD is right. [m. 31] 
For the same reason 

each of the angles ABC, BCD, CD A is also right ; 

therefore the quadrilateral ABCD is right-angled. 

But it was also proved equilateral ; 

therefore it is a square ; [1. Def. aa] 

and it has been inscribed in the circle ABCD, 

Therefore in the given circle the square ABCD has been 
inscribed. 

Q. E, F. 

Euclid here proceeds to consider problems corresponding to those in 
Props. 2 — 5 with r^erence to figures of four or more sides, but with the 
diflercnce that, whereas he dealt with triangles of any form, he confines 
himself henceforth to regular figures. It hapi>ened to be as easy to divide a 
circle into three parts which are in the ratio ot the angles, or of the supplements 
of the angles, of a triangle as into three tqual parts. But, when it is required to 
inscribe in a circle a figure equiangular to a given guadrilaterait this can only be 
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done pfovided that the quadrilatenl has dther pair of opposite angles equal 
to two right angles. Moreover, in this case, the problein may be solved in the 
same way as th:it of iv. 2, i.e. by simply inscribing a triangle equiangular to one 
of the triangles into which the <}uadrilateral is divided by either diagonal, and 
then drawing on the side corresponding to the diagonal as base another 
triangle equiangular to the other triai^le contained in the quadrilateral. But 
this is not the on/y solution ; there are an infinite 
number of other solutions in which the inscribed 
quadrilateral will, unlike that found by this particular 
method, not be of the same farm as the given quadri- 
lateral. For suppose ABCD to be the quadnlateral 
inscribed in the circle bv the method of iv. 2. Take 
any point on AB^ join AB'y and then make the 
ang^ DAiy (measured towuds AC) equal to the 
angle BA£^. Join jffC, Cjy. Then ABCD is also 
equiangular to the given quadrilateral, but not of the 
same form. Hence the problem is indeterminate in the case of the general 
quadrilateral. It is equally so if the given quadrilateral is a rectangle ; and it 
is determinate only when the given quadrilateral is a jfworr. 




Proposition 7, 



Aboui a given circle to circumscribe a square. 

Let ABCD be the given circle ; 

thus it is required to circumscribe a square about the circle 
ABCD. 

Let two diameters AC, BD of the 
circle ABCD be drawn at right angles 
to one another, and throuc^h the points 
A, B, C n let FG, GH, HK\ KF be 
drawn touching the circle ABCD. b 

[hi. 16, Por.] 

Then, since FG touches the circle 
ABCD, 

and FA has been joined from the centre 
£ to the point of contact at A, 

therefore the angles at A are right. [iti. 18] 

For the same reason 

the angles at the points B, C, D are also right. 

Now, since; the angle AEB is right, 
and the angle EBG is also right, 

therefore GH is parallel to AC, [i. 28] 
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For the same reasoa 

AC Is also parallel to FIC, 
so that G/f IS also parallel to /^Af. [1. 33] 

Similarly we can prove that 

each of the straight lines GJ^, HK is parallel to BED. 

Therefore GK^ GCt AK, FB, BK are parallelograms ; 
therefore GF is equal to HK^ and GH to FK, \u 34] 

And, since AC\s equal to BD^ 
and is also equal to each of the straight lines GH^ FK^ 

while BD is equal to each of the straight lines GFy HK, 

I"- 34) 

therefore the quadrilateral FGHK is equilateral. 
I say next that it is also right-angled. 
For, since GBEA is a parallelogram, 

and the anc^^le AEB is right, 

therefore the angle A GB is also right. [i. 34] 

Similarly we can prove that 

the angles at H, K, F are also right. 
Therefore FGHK is right-angled. 
But it was also proved equilateral ; 

therefore it is a square.; 
and it has been circumscribed about the circle A BCD,. 

Therefore about the given circle a square has been 
circumscribed. • 

Q. E. K. » 

It is just as easy to describe about a given circle a polygon^ equiangular to 

any given polygon as it is to describe a square about a given circle. We have 
only .to use the method of iv. 3, i.e. to take any radius of the circle, to 
measure roimd the centre successive angl» in one and the same direction 
equal to the supplements of the successive angles of the given polygon and, 
lastly, to draw tangents to the circle at the extremities of the several radii so 
determined ; but again the polygon would in general not be of the same Jorm 
as the given one ; it would only be so if the given polygon happened to be 
such that a circle could be inscribed in it To take the case of a quadrUttemi 
only : it is easy to prove that, if a quadrilateral be described about ^ circle» 
the sum of one [)air of opposite sides must be equal to the sum of the other 
pair. It may be proved, conversely^ that, if a quadrilateral has the sums of the 
pairs of (^iposite sides equal, a circle can be inscribed in it. If 4lm a given 
quadrilateral has the sums of the pairs of opposite sides equal, a quadrilateral 
can be described about any given circK; not only equiangular with it but 
having the same form or, in the words of Book vi., similar to it. 
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Proposition 8. 

In a given square lo inscribe a circie. 

Let ABCD be the given square ; 
thus it is required to inscribe a circle in the given square 
ABCD. 

Let the straight lines AD, AB be ' 
bisected at the points F respectively 

[i. lo], 

through F, let EH be drawn parallel f 
to either AB or CD, and through 
F let FK be drawn parallel to either 
AD or BC \ [i. 31] 

therefore each of the figures AK, KB, 
AH, HD, AG, GC, BG, GD is a parallelogram, 
and their opposite sides are evidently equal. [i. 34] 

Now, since AD h equal to AB, 
and -^^5* is half of AD, and AF half of AB, 

therefore AEis equal to AF, 
so that the opposite sides are also equal ; 
therefore FG is equal to GE, 

Similarly we can prove that each of the straight lines GH, 
GK is equal to each of the straight lines FG, GE \ 

therefore the four straight lines GE, GF, Gil, GK are 
equal to one another. 

Therefore the circle described with centre G and distance 
one of the straight lines GE, GF, GH, GK will pass also 
through the remaining points. 

And it will touch the straight lines AB, BC, CD, DA, 
because the angles at E, F, H, K are right. 

For, if the circle cuts AB, BC, CD, DA, the straight 
line drawn at ri^ht angles to the diameter of the circle from 
its extremity will fall within the circle : which was proved 
absurd ; [m. 16] 

therefore the circle described with centre G and distance 
one of the straight lines GE, GF, GH, GK will not cut 
the straight lines AB, BC, CD, DA, 

Therefore it will touch them, and will have been inscribed 
in the square ABCD, 

Therefore in the given square a circle has been inscribed. 

Q. E. F. 
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As was remarked in the last not^ a circle can be inacribed in any 
quadri/a/era/ v;\\\c\\ has the sum of one pair of opposite sides equal to the sum 
of the other pair. In particular, it follows that a circle can be inscribed in a 
s^rt or a r4fim^s, but not in a rectangle or a rhomboid. 




Proposition 9. 
Aiaui a given square to circumscribe a circle. 

Let A BCD be the given square ; 

thus it is required to circumscribe a circle about the square 

A BCD. 

For let AC, BD be joined, and let them 
cut one another at E. 

Then, since DA is equal to AB^ 
and AC\^ common, 

therefore the two sides DA^ AC are equal 

to the two sides BA, AC; 

and the base DC is equal to the base BC; 

therefore the angle DAC is equal to 
the angle i9^C [1.8] 

Therefore the angle DAB is bisected by AC, 

Similarly we can prove that each of the angles ABC^ 
BCD^ CD A is bisected by the straight lines AC^ DB, 

Now, since the angle DAB is equal to the angle ABC^ 
and the angle EAB is half the angle DAB, 
and the angle EBA half the angle ABC, 
therefore the angle EAJi is also equal to the angle EBA ; 
so that the side EA is also ecjual to EB. [i. 6] 

Similarly we can prove that each of the straight lines 
EA, EB is equal to each of the straight lines EC, ED. 

Therefore the four straight lines EA, EB, EC, ED are 
equal to one another. 

Therefore the circle described with centre E and distance 
one of the straight lines EA, EB, EC, ED will pass also 
through the remaining points ; 

and it will have been circumscribed about the square ABCD. 
Let it be circumscribed, as A BCD, 

Therefore about the given square a circle has been 
circumscribed. 

Q. £. F. 
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Proposition id. 

To construct an isosceles triangle liaving each of the angles 
at Ihe base double of tJie remaining one. 

Let any straight line AB be set out, and let it be cut at 
the point C so that the rectangle 
contained by AB, BC is equal to 
the square on CA\ [ti. ii] 

with centre A and distance AB let 
the circle BDE be described, 

and let there be fitted in the circle 
BDE the straight line BD equal to 
the straight line ^IC which is not 
greater than the diameter of the 
circle BDE, [iv. i] 

Let AD, DC ho. joined, and let 
the circle A CD be circumscribed about the triangle A CD, 

[IV. 5] 

Then, since the rectangle AB^ BC is equal to the square 
on AC, ' 

and A C is equal to BD, 

therefore the rectangle AB^ BC is equal to the square on BD, 

And, since a point B has been taken outside the circle 
ACD, 

and from B the two straight lines B.4, BD have fallen on 
the circle A CD, and one of them cuts it, while the other falls 
on it, 

and the rectangle AB, BC is equal to the square on BD, 

therefore BD touches the circle A CD. [m. 37] 

Since, then, BD touches it, and DC is drawn across 
from the point of contact at D, 

therefore the angle BDC is equal to the angle DAC in the 
alternate segment of the circle. [ui. 52] 

Since, then, the angle BDC is equal to the angle DAC, 
let the angle CD A be added to each ; 

therefore the whole angle BDA is equal to the two angles 
CD A, DAC, 
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But the exterior angle BCD is equal to the angles CD A, 
DAC; [1.3a] 
therefore the angle BDA is also equal to the angle BCD, 

But the angle BDA is equal to the angle CBD, since the 
side AD is also equal to AB ; [i. 5] 

so that the angle DBA is also equal to the angle BCD, 

Therefore the three angles BDA, DBA, BCD are equal 
to one another. 

And, since the angle DBC is equal to the angle BCD^ 

the side BD is also equal to the side DC, [i. 6] 
But BD is by hypothesis equal to CA ; 
therefore CA is also equal to CD^ 
so that the angle CD A is also equal to the angle DAC\ 

[I- 5] 

therefore the angles CD A, DA 6' are double of the angle DAC, 

But the angle BCD \s equal to the angles CDA^ DAC; 

therefore the angle BCD is also double of the angle CAD. 

But the angle BCD is equal to each of the angles BDA, 
DBA; 

therefore each of the angles BDA, DBA is also double of 
the angle DAB. 

Therefore the isosceles triangle ABD has been constructed 
having each of the angles at the base DB double of the 
remaining one. 

Q. E. F. 

There is every reason to conclude that the connexion die triangle 

constructed in this proposition with the regular [icntnj^on. rind the construction 
of the triangle itself, were the discovery of the I'yiliagoreans. In the first 
place the Scholium iv. No. 2 (Heiberg, Vol. v. p. 273) says "this Book is the 
discoveiy of the Pythagoreans." Secondly, the summary in Proclus (p. 65, 20) 
says that Pythagoras discovered "the construrtif)n of the cosmic figures," 
by which must bt- unrlerstooc! the five regular soluis. This is confirmed by 
the fta^ment of Philolaus (ii(x:ckh, p. i6o sqq.) which speaks of the "five 
bodies in the sphere," and by the statement of lamblichus {yit Pyth. c. 18, 
8. 88) that Hippasus, a Pythagorean, was said to have been diowned for the 
impiety of claiming the credit of inscribing in a sphere the figure made of the 
twelve pentagons, whereas the whole was HIS discovery (ckcivov toD avS/ios) ; 
**for it is thus they speak of Pythagoras, and th^ do not call him by his 
name." Cantor has (i„ ppk 176 sqq.) collected notices which help us to form 
an idea how the discovery of the Euclidean ronstructi(Mi for a regular 
pentagon may have been arrived at by the Pythagoreans. 

Plato puts into the mouth of Timaeus a description of the formation from 

H. K. 11. 7 
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right angled triangles of the figures which are the faces of the first four regular 
solids. The face of the cube is the square which is formed froni isosceles 
right-angled triangles by placing four of these triangles contiguously so that 
the four right angles are in contact at the centre. The 
e(]uilateral triangle, however, which is the form of the faces of 
the tetrahedron, the octahedron and the icosahedron, cannot 
be constructed from isosceles right-angled triangles, but is 
constructed from a particular soJene right-angled triai^le 
whidi Timaeus (54 a, b) regards as the most beautiful of all 
scalene right-angled triangles, namely that in whieh the square on one of the 
sides about the right angle is three times the square on the other. This is, of 
course, the triangle forming half ot an equilateral triangle bisected by the 
perpendicular from one angular point on the opposite side. The Platonic 
Timaeus does not construct his equilateral trianf^le from two SUch triangles 
but from six, by placing the latter contiguously round a 
point so that the hypotenuses and the smaller of the sides 
about the right angles respectively adjoin, and all of them 
meet at the common centre, as shown in the figure 
{Timaeus, 54 d, f..). The probability that this exposition 
was Pythagorean is confirmed by the independent testimony 
of Proclus (pp. 304—5), who attributes to the Pythagoreans 
the theorem that six equilateral triangles, or three hexagona» or four squares, 
placed contiguously with one angular point of each at a common point, will 
just fill up the four right angles round that point, and that no other regular 
polygons in any numbers have this property. 

How then would it be proposed to split up into triangles, or to make up 
out of triangles, the face of the remaining solid, the dodecahedron ? It would 
easily be seen that the pentagon could not be constructed by means of the 
two right-angled triangles which were used for constructing the square and the 
eqtiUateral triangle respectively. But attempts would luttuially be made to 
split up the pentagon into elementary triangles, and traces of such attempts 
are actually forthcoming. Plutarch has in two passages spoken of the division 
of the faces of the dodecahedron into triangles, remarking in one place 
{Quaest. Plaion, v. z) that each of the twelve laces is made up of 30 elemen- 

ik 

tary scalene triangles, so that, taken together, they give 360 sudi triangles, 

and in another {De defectu oraculorum^ c. 33) that the elementary triangle 
the dodecahedron must be different from that of the tetrahedron, octahedron 
and icosahedron. Another writer of the and cent., Alcinous, has, in his 
introduction to the study of Plato {De dodrima Ptaimis^ c 11), spoken 
similariy of the 360 elements which are produced when every one of the 
pentagons is di%'i(led into 5 isosceles triangles, and each of the latter into 
6 scalene triangles. Now, if we proceed to draw lines in a pentagon separating 
it into this number of small triangles as shown in the above figure, the figure 
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which stands out most prominently in the mass of lines is the "star pentagon," 
as drawn separately, which then (if the consecutive corners be joined) suggests 
the diawing, as part of a pentagon, of a triangle of a definite cnaracter. Now 
we are expressly told by Lucian and the scholiast to the Chuds of Aristophanes 

(see Bretschneider, pp. 85—86) that the triple interwoven triangle, the penta- 
gram (to TfiiKkiOvv TpiywvoVf TO St' dXXtjkttiv, TO Trtyrdypafifiov), was USed by the 

Pythagoreans as a symbol of recognition between the members of the same 
schodi (oi^tfiikf wpot rove ^futS^om i)^yTo), and was calted by them Health. 
There seems to be therefore no room for doubt that the construction of a 
pentagon by means of an isosceles triangle having each of its base angles 
double of the vertical angle was due to the Pythagoreans. 

The Gonstniction of this triangle depends upon u. 11, or the problem of 
dividing a straight line so that the rectangle contained by the whole and one 
of the parts is equal to the square on the other part. This problem of course 
ai^>ears again in EucL vi. 30 as the problem of cutting a given straight line tn 
txtrme mid mean raiiOf Le. the problem of the golden s^ion^ wtuch is no 
doubt " the section " referred to in the passage of the summary given by 
Proclus (p. 67, 6) which says that Eudoxus "greatly added to the numbc»' 
of the theorems which Plato originated regarding the section." I his idea that 
Plato began the study of the "golden section " as a subject in itself is not in 
the least inconsistent with the supposition that the problem of Eucl. 11. 1 1 was 
solved by the Pythagoreans. The very fact that Euclid places it among other 
propositions which are clearly Pythagorean in origin is significant, as is also 
the fact that its solution is effected by "applying to a straight line a rectangle 
equal to a ^ven square and exoeediiw by a square," while Proclus says plainly 
(pu 419, 15) that, according to Euoemus, "the application of areas, their 
exceeding and their liiUling short, are ancient and discoveries of the Muse of 
the Pythagoreans." 

We may suppose the construction of iv. 10 to have been arrived at by 
analysis somewhat as follows (Todhunter's Euclid, p. 325). 

Suppose the problem solved, i.e. let ABD be an isosceles triangle having 
each of its base angles double of the vertical angle. 

Bisect the angle ADB by the straight line DC meeting AB in C. [1. 9] 

Tlimfore the angle BDC is equal to the angle BAD\ and the angle 
CDA is also equal to the angle BAD, 

so that DC is equal to CA, 

Again, sinc^ in the triangles BCD^ BDA, 

the angle BDC is equal to the angle BAD, 

and the angle B is common, 

the third angle BCD is equal to the third angle BDA, and therelbfe to 

the angle DBC 

Therefore DC is equal to DB. 

Now, if a circle be described about the triangle ACD [iv. 5], since the 
angle BDC is equal to the angle in the segment CADt 

BD must touch the circle [by the converse of lit. js easily proved from it 
by reductio ad absurdum\ 

Hence [iii. 36] the s(}uare on BD and therefore the square on CD^ or 
ACt is equal to the rectangle AB^ BC. 

Thus the problem is reduced to that of cutting AB aX C so that the 
lectaqgie AB, BC it equal to the square on AC, [ih ti] 

7-a 



loo BOOK IV [iv. lo, II 

When this is done, ve have only to draw a circle with centre A and radius 
ABzxA place in it a chord BD equal in length to AC. [iv. i] 

Since each of the angles ABl), AJ)B is double of the angle BAD, the 
latter is equal to one-fifth of the sum of all three, i.e. is one-fifth of two right 
angles, or two-fifths of a right angle, and each of the base angles is four-fifths 
of a right angle. 

If we bisect the angle BAD, we obtain an angle equal to one-fifth of a 
right angle, so that the proposition enables us to divide a right angle into five 
equal parts. 

It wfll bNB observed that BD is the side of a regular dragon inscribed in 
the larger cird& 

Proclus, as remarked above (Vol. i. p. 150X gives iv. 10 as an instance in 
which two of the six formal divisions of a proposition, the settiu^-out and the 
definitions^ are left out, and explains that they are unnecessary because 
there is no datum in the enunciation. This is however no more than formally 
true, because Euclid does begin his proposition by setting out *'any straight 
line AB" and he constructs an isosceles triangle having AB for one of its 
equal sides, i.e. he does practically imply a datum in the enunciation, and a 
corresponding setting-out and " definition " in the proposition itself. 




Proposition ii. 

In a given circle lo inscribe an equilaleral and equiangular 
pentagon. 

Let ABCDE be the given circle ; 

thus it is required to inscribe in the circle ABCDE an equi- 
lateral and equiangular pentagon. 

Let the isosceles triangle FGH 

be set out having each of the angles 
at G, H double of the angle at F ; 

let there be inscribed in the circle 
ABCDE the triangle A CD equi- 
angular with the triangle FGH, so 
that the angle CAD is equal to the angle at F and the angles 
at G, irrespectively equal to the angles A CD, CD A ; [iv. 2] 
therefore each of the angles ^6*/^, CD A is also double of the 
angle CAD. 

Now let the angles ACD, CD A be bisected respectively 
by the straight lines CE, DB [1. 9]. and let AB, BC, DE, EA 
be joined. 

Then, since each of the angles ACD, CD A is double of 

the angle CAD, 

and they have been bisected by the straight lines CE, DB, 
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therefore the fi\(^ angles DAC, ACE, BCD, CDS, BDA 
are equal to one another. 

But equal angles stand on equal circumferences ; [ui. 26] 

• * 

therefore the five circumferences AB^ BC, CD^ DE, EA are 
equal to one another. 

But equal circumferences are subtended by equal straight 
lines ; [ni. 29] 

therefore the five straight lines AB^ BC^ CD^ DE^ EA are 
equal to one another ; 

therefore the pentagon ABCDE is equilateral. 

I say next that it is also equiangular. 
For, since the circuniterence AB is equal to the circum- 
ference DE, let BCD be added to each ; 

therefore the whole circumference A BCD is equal to the 
whole circumference EDCB. 

And the angle A ED stands on the circumference ^^Cj9, 
and the angle BAE on the circumference EDCB ; 

therefore the angle BAE is also equal to the angle A ED. 

[in. 27] 

For the same reason 

each of the angles ABC, BCD, CDE is also equal to each 
of the angles BAE, AED ; 

therefore the pentagon ABCDE is equiangular. 

But it was also proved equilateral ; 

therefore in th(! given circle an equilateral and equi* 
angular pentagon has been inscribed. 

Q. B. F. 



De Morgan remarks that '* the method of iv. 1 1 is not so natural as 
making a direct use of the angle obtained in the last." On the other hand, 
if we look at the f^^ure and notice that it shows the whole of the pentagram- 
star except one line (that connecting B and I think we shall conclude 
that the method is nearer to that used by the Pythagoreans, and therefore of 
much more historical interest 

Another method would <tf course be to use iv. 10 to describe a dttagen in 
the circle, and then to job any vertex to the next altetnate one, the latter to 
the next alternate oa«^ and so on. 
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• ■ * 

Mr Ut..^. Taylor gm "a oomplete geometriGal oonttruction for uv 
scribing a . regular dec^^on or pentagon in a gnctk drd^** as foUows. 

** Firrf O the centre. 

Dx^W.'two diametere AOC, BOD at right 
angt^ Ito one another. 

.. Bisect OD in E. 

Draw A£ and cut off EF equal to OE. 
•'.-'•-Place round the circle ten chords equal 

These chords will be the sides of a regular 
decagon. Draw the chords joining five alternate 
.vertices of the decagon ; they will be the sides 
of a regular pentagon," 

The construction is of course only a com- 
bination of those in ii. 1 1 and iv. i ; and the 
proof would have to follow that in iv. lo. 




Proposition 12. 



About a given circle to circumscribe an equilateral and 
equiangular pentagon. 

Let ABCDE be the given circle ; 

thus it is required to circumscribe an equilateral and equi- 
angular pentagon about the circle 
ABCDE. 

Let A, £, C, D, £ be conceived to 
be the angular points of the inscribed 
pentagon, so that the circumferences 
AB, BC, €£>, DE, EA are equal ; 

[iv. ii] 

through A. R, C, A £ let GN, HK, 
KL^ LM, MG drawn touching the 
circle ; [111. 16, Por.] 

let the centre E of the circle ABCDE be taken [m. 1], and 
let EB, EK, EC, EL, ED be joined. 

Then, since the straight line KL touches the circle ABCDE 
at C, 

and FC has been joined from the centre F to the point of 
contact at C, 

therefore FC is perpendicular to KL ; [iii. 18] 

therefore each of the angles at C is right. 

For the same reason 

the angles at the points B, D are also right 
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And, since the angle FCK is right, 
therefore ihe square on FK 'xs equal to the squares on FC, CK. 
For the same reason [i. 47I 

the square on FK is also equal to the squares on FB, BK \ 

so that the squares on FC^ CK are equal to the squares 

on FB, BK, 

of which the square on FC is equal to the square on FB ; 
therefore the square on CK which remains is equal to the 
square on BK 

Therefore BK is equal to CK 
And, since FB is equal to FC^ 

and FK common, 

the two sides BF, FK are equal to the two sides CF^FK \ 
and the base BK equal to the base CK \ 

therefore the angle BFK is equal to the angle KFCt [}- 8J 

and the angle BKF to the angle FKC. 

Therefore the angle BFC is double of the angle KFC% 

and the angle BKC of the angle FKC, 

For the same reason 

the angle CFD is also double of the angle CFL^ 
and the angle DLC of the angle FLC, 

Now, since the circumference BC is ecjual to CZ?, 
the angle BFC is also equal to the angle CFD. [iii. 27] 

And the angle BFC is double of the angle KFC^ and the 
angle DFC of the angle LFC ; 

therefore the angle KFC is also equal to the angle LFC. 
But the angle FCK is also equal to the angle FCL ; 

therefore FKC^ FLC are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
FC which is common to them ; 

therefore they will also have the remaining sides equal to the 
remaining sides, and die remaining angle to the remaining 
angle ; \y 96] 

therefore the straight line KC is equal to CZ, 

and the angle FKC to the angle FLC 

And, since KC is equal to CZ., 
therefore AX is double of A C . 
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For the same reason it can be proved that 

//A' is also double of BK. 
And BA' is equal to /CC; 
therefore I/K is also equal to /CL. 

Similarly each of the straight lines //G, GM, ML can 
also be proved equal to each of the straight lines HK, KL ; 

therefore the pentagon GHKLM is equilateral. 
I say next that it is also equiangular. 
For, since the angle FKC is equal to the angle FLC^ 
and the angle HKL was proved double of the angle FKC, 

and the angle KLM double of the angle FLC, 

therefore the angle HKL is also equal to the angle KLM. 

Similarly each of the angles KHG, HGM, GML can also 
be proved equal to each of the angles HKL, KLM 

therefore the five anirjes GHK, HKL, KLM, LMG, MGH 
are equal to one another. 

Therefore the pentagon GHKLAf 'xs equiangular. 

And it was also proved equilateral ; and it has been 
circumscribed about the circle ABCDE, 

Q. E. F. 

De Morgan remarks that tv. 12, 13, 14 supply the place of the foUowing : 

Having given a rtpUar polygon of any number of sides inscribed in a circle, io 
describe the same about the circle ; and, having given the polygon, to inscribe and 
circunncrihe a circle. For the method can be applied generally, as indeed 
Euclid practically says in the Porism to iv. 15 about the regular hexagon and 
in the remark ap^iended to iv. 16 about the regular fifkeen-angled figure. 

The conclusion of this proposition, " therefore about the given circle an 
equilateral and equiangular pentagon has been circumscribed," is omitted in 
the Mss. 

Proposition 13. 

In a given pentagon, which is equilateral and equiangular^ 
to inscribe a circle. 

Let A BCDE be the given equilateral and equiangular 

pentagon ; 

thus it is required to inscribe a circle in the pentagon 

ABCDE. 

For let the angles BCD, CDE be bisected by the 
straight lines CF, /^^respectively ; and from the point F, at 
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which the straight lines CF, DF meet one another, let the 
straight lines FB, FA, FE be joined. 

Then, since BC is equal to CD^ 
and C/^ common, 

the two sides BC, CF are equal to the 

two sides DCy CF\ 

and the angle BCF is equal to the 
angle DCF\ 

therefore the base BF is equal 

to the base DF, 

and the triangle BCF is equal to the 
triangle DCF^ 

and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. [l 4] 

Therefore the angle CBF is equal to the angle CDF, 
And, since the angle CDE is double of the angle CDF^ 
and the angle CDE is equal to the angle ABC, 
while the angle CDF is equal to the angle CBF\ 
therefore the angle CBA is also double of the angle CBF\ 
therefore the angle ABF is equal to the angle FBC \ 

therefore the angle ABC has been bisected by the straight 
line BF. 

Similarly it can be proved that 

the angles BAE, AED have also been bisected by the straight 
lines FA, FE respectively. 

Now let EG, FHt FK^ FL, FM be drawn from the point 
F perpendicular to the straight lines AB, BC, CD, DE, EA, 

Then, since the angle //CF\s equal to tHe angle /(^CF, 
and the right angle F//C is also equal to the angle F/i^C, 
F//C, FKC are two triangles having two angles equal to two 
angles and one side equal to one side, namely EC which is 
common to them and subtends one of the equal angles ; 
therefore they will also have the remaining sides equal to the 
remaining sides ; [i. 26] 

therefore the perpendicular FH is equal to the perpendicular 

FK. 

Similarly it can be proved that 
each of the straight lines FL, FM^ FG is also equal to each 
of the straight lines FH^ FK\ 
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therefore the five straight lines FG, FJI, FK, FL^ FM are 
equal to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines FG, FH, FK, FL, FM will pass 
also through the remaining points ; 

and it will touch the straight lines AH, EC, CD, DE, £A, 
because the angles at the points H, K, M are right. 

For, if it does not touch them, but cuts them, 

it will result that the straight line drawn at right angles to 
the diameter of the circle from its extremity falls within the 
circle : which was proved absurd. [iii. 16] 

Therefore the circle described with centre F and distance 
one of the straight lines FG, FH, FK, FL, FM will not 
cut the straight lines AB, BC, CD, DE, EA ; 

therefore it will touch them. 

Let it be described, as GHKLM, 

Therefore in the given pentagon, which is equilateral and 
equiangular, a circle has been inscribed. 

Q. E, F. 



Proposition 14. 

AboiU a given pentagon, which is eyuHdUrai a$9d equi- 
angular ^ to eircumseri^ a circle. 

Let ABCDE be the given pentagon, which is equilateral 
and equiangular \ 

thus it is required to circumscribe a circle • 
about the penta^n ABCDE. 

Let the angles BCD^ CDE be bisected 
by the straight lines CF^ DF respectively, 
and from the point /s at which the straight 
lines meet, let the straight lines FB, FA, 
FE be joined to the pomts B, A, £, 

Then in manner similar to the pre- 
ceding it can be proved that the angles 
CBA, BAE, A ED have also been bisected by the straight 
lines FB, FA, FE respectively. 
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Now, since the angle BCD is equal to the angle CDE^ 
and the angle FCD is half of the angle BCD, 
and the angle CDF half of the angle CD£, 
therefore the angle FCD is also equal to the angle CDF^ 

so that the side FC is also equal to the side FD. [1. 6] 

Similarly it can be proved that 

each of the straight lines FB, FA, FE is also equal to each 
of the straight lines FC, FD ; 

therefore the five straight lines /^W, FB, FC, FD,FE are 
equal to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines FA, FB, FC, FD, FE will pass 
also through the remaining points, and will have been 
circumscribed. 

Let it be circumscribed, and let it be ABCDE. 

Therefore about the given pentagon, which is equilateral 
and equiangular, a circle has been circumscribed. 

Q. E. F. 

« 

Proposition 15. 

In a gwm circle to imcriie an equUaieral and equiangular 
hexagon. 

Let ABCDEF be the given circle ; 

thus it is required to inscribe an equilateral and equiangular 
hexagon in the circle ABCDEF. 

Let the diameter AD of the circle 
ABCDEF be drawn ; 

let the centre G of the circle be taken, and 
with centre D and distance DG let the 
circle EGCH be described; 

let EG, CG be joined and carried through 

to the points B, F, 

and let AB, BC, CD, DE, EF, FA be 
joined. 

I say that the hexagon ABCDEF is 
equilateral and equiangular. 

For, since the point G is the centre of the circle ABCDEF, 

GE is equal to GD, 
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Again, since the point D is the centre of the circle GCH^ 

DE is equal to DG. 
But GE was proved equal to GD ; 
therefore GE is also equal to ED ; 

therefore the triangle EGD is equilateral ; 

and therefore its three angles EGD, GDE, DEG are equal 
to one another, inasmuch as, in isosceles triangles, the angles 
at the base are equal to one another. [1. 5] 

And the three angles of the triangle are equal to two 
right angles; [1.32] 

therefore the angle EGD is one-third of two right angles. 

Similarly, the angle DGC can also be proved to be one- 
third of two right angles. 

And, since the straight line CG standing on EB makes 
the adjacent angles /:(jt\ CGB equal to two right angles, 

therefore the remaining angle CGB is also one-third of two 
right angles. 

Therefore the angles EGD^ DGQ CGB are equal to one 
another ; 

so that the aneles vertical to them, the angles BGA, AGF^ 
FGE are equal [1. 15] 

Therefore the six angles EGD, DGC, CGB, BGA, AGE, 
FGE are equal to one another. 

But equal angles stand on equal circumferences ; [iii. a6] 
therefore the six circumferences AB^ BC^ CD, DE, EF^ FA 
are equal to one another. 

And equal circumferences are subtended by equal straight 
lines ; [in. 39] 

therefore the six straight lines are equal to one another; 

therefore the hexagon A BCD EE is equilateral. 

I say next that it is also equiangular. 

For, since the circumference FA is equal to the circum- 
ference ED, 

let the circumference A BCD be added to each ; 

therefore the whole FA BCD is equal to the whole 
EDCBA ; 
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and the angle FED stands on the circumference FABCD, 
and the angle AFE on the circumference EDCBA ; 

therefore the angle AFE is equal to the angle DBF. 

[ill. 27] 

Similarly it can be proved that the remainini^ angles of 
the hexagon ABCDEF are also severally equal to each of 
the angles AFE, FED \ 

therefore the hexagon ABCDEF is equiangular. 

But it was also proved equilateral ; 

and it has been inscribed in the circle ABCDEF, 

Therefore in the given circle an equilateral and equiangular 
hexagon has been inscribed. 

Q. E. F. 

PoRiSM. From this it is manifest that the side of the 
hexagon is equal to the radius of the circle. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle an equilateral and equiangular hexagon in conformity 
with what was explained in the case of the pentagon. 

And fiirtht^r by means similar to those explained in the 
case of the pentagon we can both inscribe a circle in a given 
hexagon and circumscribe one about it. 

Q. B. F. 

Hdbef^ I think with (p>od reason, considers the Porism to this proposition 

to be referred to in the instance which Proclus (p. 304, 2) gives of a porism 
following a problem. As the text of Proclus stands, "the (porism) found 
in the second fiook (to 5c iv rip h^viipi^ ^i^Xiiu Kti/xciu»; is a porism to a 
problem " ; but this is not true of the only porism that we find in the second 
Book, namely the porism to 11. 4. Hence Heiberg thinks that for 
htvript^ fiipXitf should be read T<p K /3t^Xiw, i.e. thi- fourth Book, Moreover 
Proclus speaks of ^Ae porism in the uarticular Book, Irum which we gather 
that there was only aite porism in Book iv. as he knew it, and therefore that 
he did not regard as a porism the addition to iv. 5. Cf. note on that 
proposition. 

It api>ears that 'I'heon substituted for the first words of the Porism to 
IV. 15 " And in like manner as in the case of the pentagon " (ofioiW Si 
TiKs eVi ToO ircKrayuivov) the Simple word •'and" or "aJso" («m), apparently 

thinking that the words had the same meaning as the similar words lower 
down. This is however not the ca.se, the meaning being that "if, as in the 
case of the pentagon, we draw tangents, we can prove, also as was done in 
the case of the pentagon, that the %ure so formed is a circumscribed r^Uu: 
hengqn." 
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Proi'osition 1 6. 

Fn a {n'ven circle to inscribe a fifteen'angUd ^figur§ wkick 
shall be both equilateral and equiangular^ 

Let ABCD be the given circle ; 

thus it is required to inscribe in the circle ABCD a fifteen* 
angled figure which shall be 
both equilateral and equi- 
angular. 

In the circle ABCD let 
there be inscribed a side AC 
of the equilateral triangle 
inscribed in it, and a side AB 
of an equilateral pentagon ; 

therefore, of the equal seg- 
ments of which there are 
fifteen in the circle ABCD, 
there will be five in the cir- 
cumference ABC which is 
one- third of the circle, and 
there will be three in the cir- 
cumference AB which is one-fifth of the circle ; 

therefore in the remainder BC there will be two of the 
equal segments. 

Let BC be bisected at E ; [in. 30] 

therefore each of the circumferences B£^ EC is a fifteenth 
of die circle ABCD, 

If therefore we join BE, EC and fit into the circle ABCD 
straight lines equal to them and in contiguity, a fifteen-angled 
figure which is both equilateral and equiangular will have been 
inscribed in iL 

Q. E. p. 

And, in like manner as tn the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle a fifteen-angled figure which is equilateral and equi- 
angular. 

And further, by proofs similar to those in the case of the 
pentagon, we can both inscribe a circle in the given fifteen- 
angled figure and circumscribe one about it. 

Q. £• F. 
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Here, as in iii. to, we have the term *'cifde" used by Euclid in its 

exceptional sense of the circumference of a circle, instead of the ''plane figure 
contained by one line" of i. IXef. 15. CC the note on that definition (VoL 1. 

pp. 184—5) ^ 

Proclus (p. 269) refers to this proposition in illiistration bf his statement 
that Euclid g^ve proofs of a number of propositions with an eye to their use 
in astronomy. " With regard to the last proposition in the fourth Hook in 
which he inscribes the side of the fifteen-angled figure in a circle, for what 
object does anyone assert that he propounds it except lor the reference of this 
problem to astronomy ? For, when we have inscribed the fifteen-angled figure 
in the circle through the poles, we have the distance from the poles both of 
the equator and the zodiac, since they are distant from one another by the 
side of the fifteen-angled figure." This agrees with what we know from other 
sources, namely that up to the time of Eratosthenes {drta 275 — 194 b.c.) 24* 
was generally accepted as the correct measurement of the obliquity of the 
ecliptic. This measurement, and the construction of the fifteen-angled figure, 
were probably due to the Pythagoreans, though it would appear that the 
former was not known to Oenopides of Chios (fl. cirm 460 b.c), as we learn 
firom Theon of Smyrna (pp. 198 — 9, ed. HiUer), who gives Uercyllides as his 
authority, that Eudemus (fl. circa 320 B.C.) stated in his do-TpoXoymi that, 
while Oenopides discovered certain things, and I'hales, Anaximander and 
Anaximenes others, it was the rest (oi Aoin-oi) who added other discoveries 
to these and, among them, that ** the axes of the fixed stars and of the planets 
respectively are distant from one another by the side of a fifteen-angled figure." 
Eratosthenes evaluated the angle to of i8o\ i.e. about 23° 51' 20", 

which measurement was apparently not improved upon in antiquity (cf. Ptolemy, 
Sj^niaxist ed. Heiberg, p. 68). 

Euclid has now adbown how to' describe regular polygons with 3, 4> 5> 6 
and 15 sides. Now, when any regular polygon is given, we can construct a 
r^ular polygon with twice the number of sides by first describing a circle 
about the given polygcm and then bisecting all the smaller arcs subtended by 
the sides. A pick ing thtt process any number of times, we sec that we can by 
Euclid's methods construct regular polygons with 3.2*, 4.3*, 5.3*, 15.2* side% 
where n is zero or any positive int^er. 
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The anonymous author of a scholium to Book v. (Euclid, ed. Heiberg, 
VoL V. p. 280), who is perhaps Proclus, tells us that "some say'' this Book, 
containing the general theory of proportion which is equally applicable to 
geometry, arithmetic, music, and all mathematical science, "is the discovery 
of Eudoxus, the teacher of Plato." Not that there had been no theor)' of 
proportion developed ht fore his tirnt- : on the contrary, it is certain that the 
Pythagoreans had worked out such a theory with regard to numbtrs^ by which 
must be understood comroensuiable and even whole numbers (a number 
being a *' multitude made up of units," as defined in Eucl* Vll). Thus we 
are told that the Pythagoreans distinpin'shed three sorts of means^ the 
arithmetic, the geometric and the harmonic mean, the geometric mean 
being called proportion (avoXoym) par exeeiieneei and Airther lambtichus 
speaks of the "most perfect proyxirtion consisting oif four terms and specially 
odled hamumitf" in other words, the proportion 

U'^-t 2ah . 

which was said to be a discovery of the Babylonians and to have been first 
introduced into (Ireeee by Pythagoras (lamblichus. Comm. on Nicomachus^ 
p. 1 18). Now the principle of similitude is one which is presupposed by all 
the arts of design from their very beginnings ; it was certainly known to the 
Egyptians, and it must certainly have been thoroughly familiar to Pythagoras 
and his school. This consideration, together with the evidence of the 
employment by him of the geometric proportion^ makes it indubitable that the 
Pythagoreans used the theory of proportion, in tfie form in which it was 
known to them, Le. as applicable to commensurables only, in their geometry. 
But the discovery, also due to Pythagoras, of the incommensurable would 
of course be seen to render the proofs which depended on the theory of 
proportion as then understood inconclusive; as Tannery observes {La 
Giomiirie grecque, p. 98), " the discovery of incommensurability must have 
caused a veritable logical scandal in geometry and, in order to avoid it, they 
were obliged to restrict as far as possible the use of the principle of similitude, 
pending the discovery of a means of establishing it on the basis of a theory of 
proportion independent of commensurability." The gloiy of the latter dis- 
covery belongs then most probably to Eudoxus. Certain it is that Uie cnmplete 
theory was already iamiliar to Aristotle, as we shall see later. 
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It seems probable, as indicated by Tannery {/oc. r/'/.), that the theory 
of proportions and the principle of similitude took, in the eariiest Greek 
geometry, an earlier place than they do in Euclid, but that, in consequence 
of the discovery of the incommensurable, the treatment of the subject was 
fundamentally remodelled in the period between Pythagoras and Eudoxus. 
An indication of this is afforded by the clever device used in Euclid i. 44 
for applying to a given straight line a parallelogram equal to a given triangle ; 
the equality of the "complements" in a parallelogram is there used for doing 
what is practically linduig a fourth proportional to three given straight lines. 
Thus Euclid was no doubt following for the subject-matter of Books l — nr. 
what had become the traditional method, and this is [Kobably one of the 
reasons why proportions and similitude are postponed till as late as Books 

v., VI. 

^ It is a remarkable fact that the theory of proportions is twice treated in 
Euclid, in Book v. with reference to magnitudes in genera], and in Book vii 
with reference to the particular case of numbers. The latter exposition 
referring only to commcnsurables may be taken to represent fairly the theory 
of proportions at the stage which it had reached before the great extension of 
it made by Eudoxus. The differences between the definitions etc in Books v. 
and VII. will appear as we go on; but the question naturally arises, why did 
Euclid not save himself so much repetition and treat numbers merely as a 
particular case of magnitude, referring back to the corresponding more 
general propositions cl Book v. instead of proving the same propositions 
over again for numbers? It oould not have escaped him that numbers 
fall under the conception of mat^nitude. Aristotle had plainly indicated 
that magnitudes may be numbers when he observed {Ana/, post. i. 7, 
75 b 4) that you cannot adapt the arithmetical method of proof to the 
properties of magnitudes if the magnitudes are not numbm. Further 
Aristotle had remarked {Anal. post. i. 5, 74 a 17) that the proposition that 
the terms of a proportion can be taken alternately was at one time proved 
separately for numbers, lines, solids and times, though it was possible to prove 
it for flJl by one demonstration; but, because there was no. common name 
comprehending them all, namely numbers, lengths, times and solids, and their 
character was different, they were taken separately. Now however, he adds, 
the proposition is proved generally. Yet Euclid says nothing to connect 
the two tibeoriea of proportion even when he comes in x. 5 to a proportion 
two terms of which are magnitudes and two are numbers ("Commensurable 
magnitudes have to one another the ratio which a number has to a number"). 
The probable explanation of the phenomenon is that Euclid simply followed 
tradition and gave the two theories as he found themu This would square 
with the remark in P^pus (vii. p. 678) as to Euclid's fairness to others and 
hb mdiness to give them credit for their work. 



DEFINITIONS. 

1. A magntttide is a part of a magnitude, the less of 
the greater, when it measures the greater. 

2. The greater is a multiple of the less when it is 
measured by the less. 

H. I. IL 8 



114 BOOK V [v. DEFF. 3—13 

3. A ratio is a sort of relation in respect of size between 
two magnitudes of the same kind. 

4. Magnitudes are said to have a ratio to one another 
whidi are capable, when muhiplied, of exceeding one another. 

5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, if any 
equimultiples whatever be taken of the first and third, and 
any equimultiples whatever of the second and fourth, the 
former equimultiples alike exceed, are alike equal to, or alike 
fall short of, the latter equimultiples respectively taken in 
corresponding order. 

6. Let magnitudes which have the same ratio be called 
proportional. 

7. When, of the equimuhiples, the multiple of the first 
magnitude exceeds the multiple of the second, but the multiple 
of the third does not exceed the multiple of the fourth, then 
the first is said to have a greater ratio to the second than 
the third has to the fourth. 

8. A proportion in three terms is the least possible. 

9. When three magnitudes are proportional, the first is 
said to have to the third the duplicate ratio of that which 
it has to the second. 

la When four magnitudes are < continuously > propor- 
tional, the first is said to have to the fourth the triplicate 
ratio of that which it has to the second, and so on con- 
tinually, whatever be the proportion. 

11. The term corresponding magnitudes Is used of 
antecedents in relation to antecedents, and of consequents in 
relation to consequents. 

12. Alternate ratio means taking the antecedent in 
relation to the antecedent and the consequent in relation to 
the consequent. 

13. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as consequent. 
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14. Composition of a ratio means taking the ante- 
cedent together with the consequent as one in relation to 
the consequent by itself. 

15. Separation of a ratio means taking the excess 
by which the antecedent exceeds the consequent in relation 
to the consequent by itself. 

16. Conversion of a ratio means taking the ante- 
cedent in relation to the excess by which the antecedent 
exceeds the consequent 

17. A ratio ex aequali arises when, there being several 
magnitudes and another set equal to them in multitude whidh 
taken two and two are in the same proportion, as the first is 
to the last among the first maenitudes, so is the first to the 
last among the second magnitudes ; 

Or, in other words, it means taking the extreme terms 
by virtue of the removal of the intermediate terms. 

18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in multitude, 
as antecedent is to consequent among the first magnitudes, 
so is antecedent to consequent among the second magnitudes, 
while, as the consequent is to a third among the first 
magnitudes, so is a third to the antecedent among the second 
magnitudes. 

DEPiNrriON I. 

M^x>s i<rrl fiiytOo^ y.€yi$ov% to i\aa(rov rov /xci^ovos, orav Karofivrpfg t6 

The word /ar/ {fitpo<i) is here used in the restricted sense of a submuitipU 
or an aliqmipart as distinct from the more general sense in which it is used 
in the Common Notion (5) which says that "the whole is greater than the 
part." It is used in the same restricted sense in vii. Dff. 3, which is the same 
detinition as this with "number" {dpiOfiu<;) substituted for "magnitude." 
VII. 4, keeping up the restriction, says that, when a number does not 
measure another number, it is farts (in the plural), not a part of it Thu% 
1, 2, or 3, is a pari of 6, but 4 is not a part of 6 but parts. The same 
distinction between the restricted and the more general sense of the word 
part appears in Aristod^ Metapk, 1023 b la: "In one sense a part is 
that into which quantity (to mxrw) can anyhow be divided ; for that which is 
taken away from quantity, qu& quantity, is always called a 'part' of it, as 
e.g. two is said to be in a sense a part of three. But in another sense a 
'part' is only what measures (ra KarafjuTpovvra) such quantities. Thus two 
is in one sense said to be a part of three^ in the other not" 
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Definition 2. 

UokXairXdaMv Bk to fiMH^ov rov Aarrwoc, orav Karofisxfnjfrak vwo rov 
iXdrrovot. 

Definition 3. 

AoycK tern 8vo fitytd^v o/ioyevtuv Kara 7n7XiKOTT7Ta Troia rrytcrt?. 

The best explanation of the definitions of raiio and proportion that I have 
seen is that of De Morgan, which will be found in the articles under those 
titles in the Fenny Cyclopaedia^ Vol. xix. (1841); and in the foUowing notes 
I shall draw largely from these articles. \'ery valuable also are the notes on 
the definitions of Book v. given by Hankel (fragment on Euclid published as 
an appendix to his work Zur Geschuhte der Mathematik in Alterthum und 
MittdaUer, 1874). 

There has been controversy as to what is the proper translation of the 

word mjXiKonps in the definition, trx*^*' koxo. irrjXiKOTyjTa has generally been 
translated "relation in respect of quantity. Upon this De Morgan remarks 
that it makes nonsense of the definition; "for magnitude has liardly a 
different meaning from quantity, and a relation of magnitudes with respect to 
quantity may give a clear idea to those who want a word to convey a notion 
of architecture with respect to building or of battles with respect to fighting, 
and to no others." The true interpretation i)e Morgan, following VVallis and 
Gregory, takes to be quantuplidty^ referring to the number of times one 
magnitude is contained in the other. For, he says, we cannot describe 
magnitude in language without quantuplicitative reference to other magni- 
tude ; hence he supposes that the definition simply conveys the fact that the 
mode of expressing (quantity in terms of quantity is entirely based upon the 
notion of quantuphdty or that relation of which we take cognizance when we 
find how many times one is contained in the other. While all the rest of 
De Morgan's observations on the definition are admirable, it seems to me 
that on this question of the proper translation of myXtKon/s he is in error. He 
supports his view mainly by reference (i) to die definition of a compounded 
ratio usually given as the 5th definition of Book vi., which speaks of the 
7n\KMvnfr9K of two ratios being multiplied together, and (2) to the comments 
of £utocius and a scholiast on this definition. Eutocius says namely 
(Avchimedes» ed. Heibeig, iii. p. 140) that *'the term itr^iinyi is evidently 
used of the number from which the given ratio i^^ called, as (among othen) 
Nicomachus says in his first book on music and Heron in his commentary 
on the Introduction to Arithmetic." But it now appears certain that this 
definition is an interpolation ; it is never used, it is not found in Campanus, 
and Peyrard's MS. only has it in the margin. At the same time it is clear 
that, if the definition is admitted at all, any commentator would be obliged to 
explain it in the way that Eutocius does, whether the explanation was consistent 
with the proper meaning of 7n^X*xonys or not. Hence we must look elsewhere 
for the meaning of «i^6ea« and wiyAuionif. If we do this» I thmk we shall find 
no case in whidi the words have the sense attributed to them by De MoigMl. 
The real meaning of vrjXiKnq is /io7v great. It is so used by Aristotle, e.g. in 
Eth, Nic. V. 10, 1 134 b 1 1, where he speaks of a man's child being as it were 
a part of him so long as he is of a certain age {Im av y jnjXtKoy). Again 
Nicomachus, to whom Eutocius appeals, himself (i. 2, 5, p. 5, ed. Hoche) 
distinguishes ttt^Xiko? as referring to magnitude^ while ■nocro'i refers to multitude. 
So does lamblichus in his commentary on Nicomachus (p. 8, 3 — 5) ; besides 
which lamblichus distinguishes in^Jatov as the subject of geometry, being con- 
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Hmuous, and iroaoV as the subject of arithmetic, bein^ discrete^ and speaks of a 
point being the origin of wf^Jmw as a unit is ^ votror, and so on. ^miburly, 
Ptolemy (Syntaxis^ ed. Heiberg, p. 31) speaks of the size (n^Xciconit) of the 
chords in a circle (»rep» T179 ■rrqXiKOTyfro'i Twv Iv T<3 icuicXu) €v6€itav). Consequently 
I think we can only translate mjAucon^s in the definition as size. This 
corresponds to Hankel's translation of it as '*Gr6sse^" though he uses this 
same word for a concrete *' magnitude " as well; size seems to me to give 
the proper distinction between wt/Xiicottt? and fL€yf0o^, as size is the attribute, 
and a ma^niiude (in its ordinary mathematical sense) is the thing which 
possesses the attribute of size. 

The view that "relation in respect of siu" is meant by the words in the 
text is also confirmed, I think, by a later remark of I)e Morgan himself, 
namely that a synonym for the word ratio may be found in the more in- 
telligible term relative m<^gnitude. In fact <r\ivi<i in the definition corresponds 
to relative and «i}Aijiony« to magmiude, (By magnitude De Morgan here 
means the attribute and not the thing possessing it.) 

Of the definition as a whole Simson and Hankel express the opinion that 
it is an interpolation. Hankel points to the fact that it is unnecessary and 
moreover so vague as to be of no practical use, while the very use <m the 
expression Kara mikiKinfra seems to him suspicious, since the only other 
place in which the word irrfkiKOTr^ occurs in Euclid is the 5th definition of 
Book VI., which is admittedly not genuine. Yet the definition of ratio appears 
in all the mss., the only variation being that some add the words irpo« oAAi^Aa, 
"to one another," which are rejectad Heiberg as an interpolation of 
Theon ; and on the whole there seems to be no sufficient ground for regarding 
it as other than genuine. The true explanation of its presence would appear 
to be substantially that given by Barrow {J^ctiones Cantabrig.^ London, 1684, 
Lect 111. of 1666), namdy that Eudid inserted it for completeness' sake, more 
for ornament than for use, intending to give the learner a general notion of 
ratio by means of a metaphysical, rather than a mathematical definition ; "for 
metaphysical it is and no^ properly speaking, mathematical, since nothing 
depends on it or u deduced from it by mathematicians, nor, as I think, can 
anything be deduced." This is confirmed by the fact that there is no 
definition of Xayo« in Book vii., and it could equally have been dispensed 
with here. Similarly De Morgan observes that Euclid never attempts this 
vague sort of definition except when, dealing with a well-known term of 
common life, he wishes to bring it into geometry with something like an 
expressed meaning which may aid the conception of the thing, though it does 
not furnish a perfect criterion. Thus we may compare the definition with 
that of a straight line, where Euclid merely calls the reader's attention to the 
wdl-known term cMcui ypoftftij, tries how far he can present the conception 
which accompanies it in other words, and trusts for the correct use of the 
term to the axioms (or postulates) which the universal conception of a straight 
line makes self-evident 

We have now to trace as clearly as possible the devdopment of the 
conception of A^yoc, ratio^ or rdative magnitude. In its primitive sense 
Xoyo? was only used of a ratio between eommensurables, i.e. a ratio which 
could be expressed^ and the manner of expressuig it is indicated in the 
proposition, Eucl. x. 5, which proves that commensurabie magnitudes have to 
one another the ratio whieh a mimber has to a number. That this was the 
primitive meaning of Xnyo^ is proved by the use of the term aXoyo? for the 
incommensurable, which means irrational in the sense of not having a ratio 
to something taken as rational (pttos). 
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Euclid himself shows us how we are to set about finding the ratio, or 
rdathw magnitude, of two commensurable magnitudes. He gives, in x. 3, 

practically our ordinary method of finding the greatest common measure. 
l( A, B be two magnitudes of which JJ is the less, we cut off from A a pari 
equal to ^, from the remainder a part equal to and so on, until we leave a 
reoiainder less than B, say ^j. We measure off i?i from ^ in the same way 
until a remainder Jt^ is left which is less than iPi. We repeat the process 
with A\, and so on, until we find a remainder which is contained in the 
preceding remainder a certain number of times exactly. If account is taken 
of the number of times each magnitude is contained (with someUiing over, 
except at the last) in that upon which it is measured, we can calculate how 
many times the last remainder is contained in A and how many times the 
last remainder is contained in B ; and we can thus express the ratio of A to 
B as the ratio of one number to another. 

But it may happen that the two magnitudes have no common measure^ 
i.e. are incommensurable, in which case the process described would never 
come to an end and the means of expression would fail ; the magnitudes 
would then Aave no ratio in the primitive sense. But the word Aoyo«, ratio, 
acquires in Eudid, Book v., a wider sense covering the nUam magmihule of 
incommensurables as well as commensumUes ; as stated in Euclid's 4th 
definition, "magnitudes arc said to have a rtrfi'i) to one another which can, 
when multiplied, exceed one another," and finite incommensurables have this 
property as much as commensurables. De Morgan explains the manner of 
transition from the narrower to the wider signification of pvtifi as follows. 
"Since the relative magnitude of two quantities is always shown by the 
quantupliritative mode of expression, when that is possible, and since pro- 
portional quantities (pairs which have the same relative magnitude) are pairs 
whidi have the same mode (if possible) of expresnon by means of eadi other ; 
in all such cases sameness of relative magnitude leads to sameness of mode of 
expression ; or proportion is sameness of ratios (in the primitive sense). But 
sameness of relative magnitude may exist where quantupUcitative expression 
is impossible ; thus the diagonal <rf'a larger square is the same compared with 
its side as the diagoi^al < >f a smaller square compared with its side. It is an 
easy transition to s}>i tk of sameness of ratio even in this case; that is, to use 
the term ratio in the sense of relative magnitude, that word having originally 
only a reference to the mode of expressing relative magnitude, in cases which 
allow of a particular mode of expression. The word irraiimal (flUuiyof) does 
not make any corresponding change but continues to have its primitive 
meaning, namely, incapable of quantupliritative expression." 

It remains to consider how we arc to describe the relative magnitude of 
two incommensurables of the same kind. That they have a definite relation 
is certain. Suppose, for precision, that S is the side of a sc^uare, D its 
diagonal ; then, if S is given, any alteration in D or any error m D would 
make the figure cease to be a square. At the same time, a person altogether 
ignorant of the relative magnitude of D and 5 might say that drawing two 
straight lines of length .V so as to form a right angle and joining the ends by 
a straight line, the length of whirli would accordingly be />, does not help 
him to realise the relative magnitude, but that he would like to know how 
many diagonals make an exact number of sides. We should have to reply 
that no number of diagonals whatever makes an exact number of sid» ; but 
that he may mention any fraction of the side, a hundredth, a thousandth or 
a millionth, and that we will then express the diagonal with an error not so 
great as that fraction. We then tell him that 1,000,000 diagonals exceed 
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1,414,313 sides but fitll short of 1,414,214 sides; consequently the diagonal 
lies between i '414213 and 1*414214 times the side, and these differ only by 
one-millionth of the side, so that the error in the diagonal is less still. To 
enable him to continue the process further, we show him how to perform the 
arithmetical of>eration of approximating to the value of J 2. This gives the 
means of carrying the approximation to any dqgree of accuracy that may be 
desired. In the power, then, of carrying ajiprfiximations of this kind as far as 
we picast* lies that of expressing the ratio, so far as expression is possible, and 
of comparing the ratio with others as accurately as if expression had been 
posnblei 

Euclid was of cotiise aware of this, as were probably otfam before him ; 

though the actual approximations to the values of ratios of incommensurables 
of which we fmd record in the works of the great Greek geometers are very 
few. The history of such ajqpmximations up to Archimedes is^ so far as 
material was available, sketched in T%e Works of Archimedes (pp. faomi and 
following) ; and it is sufficient here to note the facts (i) that Plato^ and even 
the Pythagoreans, were familiar with \ as an approximation to ^/2, (2) that 
the method of fmding any number of successive approximations by the system 
of stde- and i/M^woAnumbers described by Theon of Smyrna was also 
Pythagorean (cf the note above on Euclid, 11. 9, 10), (3) that ArcbimedeSi 
without a word of preliminary explanation, gives out that 

gives approximate values for the square roots of several large numbers, and 
proves that the ratio of the circumference of a circle to its diameter is less 
than 3I but greater than 3!^, (4) that the first approach to the rapidity with 
which the decimal system enables us to approximate to the value of surds 
was furnished by the method of sexagesimal fractions, which was ahnost as 
convenient to work with as the method of decimals, and which appears fully 
developed in Ptolemy's crvvra^i'i. A number consisting of a whole number 
and any fraction was under this system represented as so many units, so 
many of the fmctions which we should denote by so many of those which 
we should write (^)*, (^)', and so on. Theon of Alexandria shows us how 
to extract the square root of 4500 in this sexagesimal system, and, to show 
how effective it was, it is only necessary to mention that Ptolemy gives 

+ 1^ + 1^ as an approximation to 1^3, which approxtmation is equivalent 

to 17330509 in the ordinary decimal notaticm and is ther^ne correct to 

6 places. 

Between Def. 3 and Def. 4 two manuscripts and Campanus insert " Pro- 
portion is the sameness of ratios" (ava\oyta Si ij Twr Xayviv ra^ronfs), and even 
the best ms. has it in the margin. It would be altogether out of place, since 
it is not till Def 5 that it is explained what sameness of ratios is. The words 
are an interpolation later than Theon (Heiberg, Vol. v. pp. xxxv, Ixxxix), 
and are no doubt taken from arithmetical works (cf. Nicomachus and Theon 
of Smyrna). It is true that Aristotle says similarly, ** Proportion is equality 
of ratios" {Eih, Nic. v. 6, 1131 a 31), and he appears to be quoting from 
the Pythagoreans ; but the reference is to numbers. 

Similarly two mss. (inferior) insert after Def. 7 "Proportion is the similarity 
( VMony«) of ratios." Here too we have a mere interpolation. 
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Definition 4. 

A^yor irpoc aXXijXa /xcy^ Xrycroi, fiwarcu voXXftrXoorui^/Mra 

This definition supplements the last one. De Morgan says that it amounts 
to saying that the magnitudes are of the same species. But this can hardly 
be all ; the definition seems rather to be meant, on the one hand, to exclude 
the relation (rf' a finite magnitude to a magnitude of the same kind which is 
either infinitely great or infinitely small, and, even more, to emphasise the 
fart that the term rafio, as defined in the preceding definition, and about to 
be used throughout the book, includes the relation between any two tncom- 
matsurable as well as between any two commensurable finite magnitudes of 
the same kind. Hence, while De Morgan seems to regard the extension of 
the meaning of ratio to include the relative magnitude of incommensurables 
as, so to speak, taking place between Def. 3 and Def. 5, the 4th definition 
appears to show that it is ratio in its extended sense that is being defined in 
De£ 3. 

Definition 5. 

*Ev to) avTuJ Xoyuj /xcye'^ X^yrrai etrai irpCtrov vpo<; ^tvrtpov Kol TfHXOV irpot 
T€TapTov, orav ra rov jrpwrov koX t/xtov urcucts n-oXAairXao-ta ruv rov Btvripov 
KM rcToprov UroKn mXkamXaaiw naff Amiorovr mXAarAamttayft^ ImnyMr 

In my translation of this definition I have compromised between an 
attempted literal translation and the more ex{')anded version of Sinison. The 
difficulty in the way of an exactly literal translation is due to the fact that the 
words {Ka6^ oiroiovovv noWav\aauL(Tfi6v) signifying that the equimultiples tn 
each €use are any equimultiples whaUoer occur only once in the Gredc, though 
they apply do/A to ra...(VaKic 7roXXarX<((na in the nominative and r<^...lirttins 
TToXXa-n-Xaaioiv in the genitive. I have preferred "alike" to "simultaneously" 
as a translation of afia because "simultaneously" might suggest that time was 
of the essence of the matter, whereas what b meant is that any particular 
comparison made between the equimultiples must be made between ike same 
equimulti|^les of the two pairs respectively, not that they need to be compared 
a/ fAg sanu tinu. 

Aristotle has an allusion to a deftniiion of "the same ratio" in Topics 
VIII. 3, 1 58 b 29 : '* In mathematics too some things appear to be not easy to 

prove {ypd<ti((T6ai) for want of a definition, e g. that the parallel to the side 
which cuts a plane [a parallelograni] divides the straight line [the other side] 
and the area similarly. But, when the definition is expressed, the said property 
is immediately manifest ; for the areas and the straight lines Aave ike same 
«vrav«^p«0'i«^ and this is the definition of ^ the same ratio.^" Upon this 
passage Alexander says similarly, " This is the definition of proportionals 
which the ancients used : magnitudes are proportional to one another which 
have (or show) the same eaSv^euEptmKf and AristoUe has called the latter 
avramipco-tf." Heibezg {Mathanatisches 9U Arisiaieles, p. as) thinks tfiat 
Aristotle is alluding to the fact that the proposition referred to could not be 
rigorously proved so long as the Pythagorean delinilion applicable to com- 
mensurable magnitudes only was adhered to, and is (Quoting the definition 
t>elonging to the complete theory of Eudoxtts ; whence^ m view of the positive 
statement of Aristotle that the definition quoted /V the definition of "the same 
ratio," it would appear that the Euclidean definition (which Heiberg describes 
as a careful and exact paraphrase of an-a^cupccris) is EucUd's own. I do not 
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feel able to subscribe to this view, wbich seems to me to involve very grave 
diflkulties. The Euclidean definition is r^larly appealed to in Book v. as 
the criterion of magnitudes being in proportion, and the use of it would appear 
to constitute the whole essence of the new general theory of proportion ; if then 
this theory is due to Budoxus, it seems impossible to bdie?e that the definition 
was not also due to him. Certainly the definition given by Aristotle would 
be no substitute for it ; dv$v<f)ntp«ri<s and avramtpwrts are words almost as 
vague and ** metaphysical " (as Barrow would say) as the words used to define 
ra/tOj and it is difficult to see how any mathematical facts could be deduced 
from such a definition. Consider for a moment the etymology of the words. 
v<f>aip€iTi<: or ai'tttpco-t? means " removal," " taking away " or " destruction " of 
a thing; and the prefix dyrl indicates that the "taking away" from one 
magnitude answers io^ corresponds with, alternates with, the "taking away" 
from th« other. So iar therefore as the etymology goes, the word seems 
rather to suggest the " taking away " of corresponding fractions^ and therefore 
to suit the old imperfect theory of proportion rather than the new one. Thus 
\Vait2 {fid he.) paraphrases the definition as meaning that "as many parts as 
are taken from one magnitude, so many are at the same time taken from the 
other as weU." A possible explanation would seem to be that, ^ugh 
Eudoxus had formulated the new definition, the old one was still current in 
the text-books of Aristotle's time, and was taken by him as being a good 
enough illustration of what he wished to bring out in the passage of the 
TbpHs referred to* 

From the revival of learning in Europe onwards the Euclidean definition 
of proi)ortion was the subject of much criticism. Campanus had failed to 
understand it, had in fact misinterpreted it altogether, and he may have 
misled others such as Ramus (1515^72), always a violently hostile critic of 
Euclid. Among the objectors to it was no less a person than Galileo. For 
particulars of the controversies on the subject down to Thomas Simpson 
\EUm. of Geometry^ Lond. 1800) the reader is referred to the Excursus at the 
end of the second volume of Camerer's Euclid (1825). For us it is interesting 
to note that the unsoundness of the usual criticisms of the definition was 
never better exposed than by Barrow Some of the objections, he pointed out 
i^Lect. Cantabr. vii. of 1 666), are due to mis( once{)tion on the part of their authors 
as to the nature of a detinition. Thus Euclid is required by these objectors 
(e.g. Tacquet) to do the impossible and to show that what is predicated in the 
definition is true of the thing defined, as if any one should be required to 
show that the name "circle" was applicable to those figures alone which 
have their radii all equal ! i\s we are entitled to assign to such figures and 
such figures only the name of "cird^" so Euclid is entitled ("quamvis non 
temere nec imprudenter at certis de causis iustis illis et idoneis ") to describe 
a certain property which four magnitudes may have, and to rail magnitudes 
possessing that property magnitudes "in the same ratio." Others had argued 
from the occurrence of the other definition of proportion in vii. Def. 20 that 
Eudid was dissatisfied with the present one ; Barrow pointed out that, on the 
contrary, it was the fart that vn. Def. 20 was not adequate to cover the case 
of incommensurables which made Euclid adopt the present definition here. 
Lastly, he maintains, against those who de.scant on the "obscurity" of v. 
Def. 5, that the supposed obscurity is due, partly no doubt to the inherent 
diffkulty of the subject of incommensurables, but also to faulty transbitois, 
and most of all to lack of effort in the learner to grasp thoroughly the meaning 
of words which, in themselves, are as clearly expressed as they could be. 

To come now to the merits of the case^ the best defence and explanation 



^ J i.Lo l v Google 



199 



BOOK V 



[v. DET. 5 



of the definition that I have seen is that given by De Monauu He first 
translates it, observes that it applies equally to commensurable or incom- 
mensurable quantities because no attempt is made to measure one by an 
aliquot part of another, and then proceeds thus. 

*'The two questions which roust be asked, and satisfactorily answered, 
previously to its [the definition's] reception, are as follows: 

I. What right had Euclid, or any one else, to expect that the preceding 

most prolix and unwieldy statement should be received by the beginner as 
the definition of a relation the perception of which is one of the most common 
acts of his mind, since it is performed on every occasion where similarity or 
dissimilarity of figure is looked for or presents itself? 

9, If the preceding question should be clearly answered, how can the 
definition of proportion ever be used ; or how is it possible to compare every 
one of the infinite number of multiples of A with every one of the multiples 

ofJS? 

To the first question we reply that not only is the test proposed by 
Euclid tolerably simple^ when more closely examined, but that it is, or might 
be made to appear, an easy ;in(l natural consequence of those fundamental 
perceptions with which it may at first seem difficult to compare it." 

To elucidate this De Morgan gives the following illustration. 

Suppose there is a straight colonnade composed of equidistant columns 
(which we will understand to mean the vertical lines forming the axes of the 
columns respectively), the first of which is at a distance from a bounding wall 
equal to the distance between consecutive columns. In front of the colonnade 
1^ there be a straight row of equidistant railings (regarded as meaning their 
axes), the first being at a distance from the bounding wall equal to the 
distance between consecutive railings. Ix2t the columns be numbered from 
the wall, and also the railings. We suppose of course that the colunm distance 
(say, C) and the railing distance (say, i?) are different and that they may bear 
to each other any ratio^ commensurable or incommensurable ; i.e. that there 
need not go any exact number of railings to any exact number of columns. 
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If the construction be supposed carried on to any extent, a spectator can, 

by mere inspection, and without measureovent, compare C with /? to any 
degree of accuracy. For example, since the loth railing falls between the 4th 
and 5th columns, 10.^ is greater than 4C and less than 5C, and therefore A' 
lies between <^|ths of C and of C. To get a more accurate notion, the 
ten-thousandth railing may be taken ; suppose it falls between the 4674th and 
4675th columns. Therefore 10,000^ lies between 4674Cand 4675 C, or ^ lies 
between ^(nn/ff nnmy of There is no limit to the degree of accuracy 
thus obtamable ; and the ratio of i? to C is determined when the order of 
distribution of the railings among the columns is assigned a// infinitum ; or, in 
other words, when the position of an\ [^iven railing can be found, as to the 
numbers of the columns between which it lies. Any alteration, however 
small, in the place of the first railing must at last affect the order of 
distribution. Suppose e.g. that the first railing is moved from the wall by one 
part in a thousand of the distance between the columns; then the second 
railing is pushed forward by xi^C, the third by xm^% so on, so that 
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the nulings after the thousandth arc pushed forward by more than C; i.e. the 
order with respect to the columns is disarranged. 

Now let it he proposed to make a model of the preceding construction in 
which c shall be the column distance and r the raiUng distance. It needs no 
definition of proportion, nor anything more than the conception which we 
have of that term prior to definition (and with which we must show the agiee- 
ment of any definition that we may adopt), to assure us that C must be to R 
in the same proportion as f to r if the model Ik- truly formed. Nor is it 
drawing too largely on that conception of proportion to assert that the 
distribution of Me railings among the columns in die model must be every- 
where the same as in the original ; for example, that the model would be tfi/ 
of proportion if its 37th railing fell between the i8th and 19th columns, while 
the 37th railing of the original fell between the 17th and i8th columns. Thus 
the dependence of Euclid s definition upon common notions is settled; for the 
obvious idation between the construction and its model which has )ust been 
described contains the collection of conditions, the fulfilment of which, 
according to Euclid, constitutes proportion. According to Euclid, whenever 
wC7 exceeds, equals, or falls short of nR^ then mc must exceed, equal, or fall 
short of nr\ and, by the most obvious property of the constructions, according 
as the 4»th column comes alter, opposite to^ or before the ^th railing in the 
original, the m\\\ column must come after, Opposite to, or before the /rth 
raiung in the correct model. 

Thus the test proposed by Euclid is necessary. It is also sufficient. For 
admitting that, to a given original with a given column-distance in the model, 
there is one correct model railing distance (which must therefore l>e that 
which distributes the railings among the columns as in the original), we have 
seen that any other railing distance, however slightly different, would at last 
give a different distribution; that is, the correct distance, and the correct 
distance only, .satisfies all the conditions required by Euclid's definition. 

The use of the word distribuliott ha\ ing been well learnt, says De Morgan, 
the following way of stating the delinition will be found easier than that of 
Euclid "Four magnitudes, A and B of one kind, and C and D of the same 
or another kind, are proportional when all the multiples of A can be 
distributed among the multiples of B in the same intervals as the correspond- 
ing multiples of C among those of Z>." Or, whatever numbers w, n may be, 
if mA lies between nB and (« + mC lies between nD and (« + \)D. 

It is important to note that, if the test be always satisfied from and after 
any given multiples of A and C, it must be satisfied before those multiple s. For 
instance, let the test be always satisfied from and after \ooA and looC'; and 
let ^A and 5C be instances for examination. Take any multiple of ^ which 
trill exceed too, say 50 times five ; and let it be found on examination that 
250^4 lies between 678^ and 679.5 ; then 250C lies between 678Z) and 
679/?. Divide by 50, and it follows that ^A lies between i3f{^^>' and xt^^B, 
and a /orfton bGtWiii^n 13/y and 14B. Similarly, sClies between 13^5/^ and 
^isvA therefore between i$D and 14D. Or $A lies in the same 
interval among the multiples of B in which 5C lies among the multiples of />. 
And so for any multiple of A, C less than looA, looC 

There remains the second question relating to the infinite character of the 
definition ; four magnitudes A, B, C, /) are not to be called proportional 
until it is shown that tifay multiple of A (alls in the same intervals among 
the multiples of .5 in wUch the same multiple of C is found among the 
multiples of D, Suppose that the distribution of the railings among the 
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columns should be foimd to agree in the model and the original as fiur as 

the millionth railing. This proves only that the railing distance of the model 
does not err by the millionth part of the corresponding column distance. We 
can thus hx limits to the disproportion, if any, and we may make those limits 
as small as we please, by carrying on the method of oiurvaiion; but we 
cannot aherw an infinite number of cases and so enable ourselves to affirm 
proportion absolutely. Mathematical methods however enable us to avoid 
the difficulty. We can take fl/y multiples ivhatever and work with them as if 
they were particular multiples. De Morgan gives, as an instance to show that 
the definition of proportion can in practice be used» notwithstanding its 
inHnite c haracter, the following proof of a proposition to the same effect as 

Eucl VI. 2. 
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"I-et OAB be a triangle to one side AB oi which ab is drawn parallel, and 
on OA produced set oflf AA^^ A^^ etc. equal to OA^ and aaj, etc. equal 
to Oa. 

Through every one of the points SO obtained dnw parallels to AB^ 
meeting OB produced in b., B, etc. 

Then it is easily proved that bbi, b.J)^ etc. are severally equal to Ob^ and 
BB^, B^t etc. to OB, 

Consequently a distribution of the multiples of OA among the multiples 
of Oa is made on one line, and of OB among tho'^e of Ob on the other. 

The examination of this distribution in all its extent (which is impossible, 
and hence the apparent difficulty of usmg the defmition> b rendered 
unneoessary by the known property of parallel lines. For, since A^ lies 
between a.^ and a,, B, must lie between and At> for, if no^ the line 
would cut either a/j or ajf^. 

Hence, without inquiring where A^ does fall, we know that, if it fall 
between a,, and tf.^.,, B^ must fall between and ^.^i ; or, if m . OA fall in 
magnitude between n . Oa and {n + i)Oa, then m,OB must fidl between 
n. Ob and {n+ i)Ob." 

Max Simon remarks (Euclid und die seeks planimetrischen BikheTy p. no), 
after Zcuthen, that Euclid's definition of equal ratios is word for word the 
same as Wcierstrass' definition of equal numbers. So far from agreeing in 
the usual view that the Greeks saw m the irrational no number^ Simon thinks 
it is dear from Eud. v. tfiat they possessed a notion of number in all its 
generality as clearly defined as, nay almost identical with, Weierstrass' con- 
ception of it 

Certain it is that there is an exact correspondence, almost coincidence, 
between £uclid's definition of equal ratios and the modem theory of trrationab 
due to Dedddnd. Ptemisbg the ordinal arrangement of natural numbers in 

ascending order, then enlarging the sphere of numbers by including 
(i) negative numbers as well as positive, (2) fractions, as a/^, where a, b may 
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be any natural numbers, pruviUed that d is not zero, and arranging the 
ftmctions ordinaUy among the other numbers according to the definition : 

let J be <=s> ^ according as iz^ is < = > ^ 

Dedekind arrives at the following definition of an irrational number. 

An irrational number o is defined whenever a law is stated which will 
assign every dven rational number to one and only one of two classes A and 
B vadtk that m every number in A precedes eveiy number in and (a) there 
is no last number in A and no first number in B ; the definition of a being 
that it is the one number which lies between all numbers in A and all 
numbers in B. 

Now let x/y and x'/y be equal ratios in EucUd's sense. 

Then - will divide all lational numbers into two groups A and B ; 

y 

Let ^ be any rational number in A, so that 

a X 
d y 

This means that < hx. 

But Euclid's defimtion asserts that in that case a/ < bai alsa 

a y 

Hence also 7 < -? I 

therefore every member of group A is also a member of group A\ 
Similarly every member of group is a member of group B, 

For, if ^ belong to B^ 

ax 

which means that ay > bx. 

But in that cas^ by Euclid's definition, ay>-b^i 

a y 

tlierefore also t>-7- 

Thus, in other words* A and B are coextensive with A' and B 

respectively ; 

X x' 

therefore - = according to Dedekind» as well as according to Eudid. 

If xjyt x'ly happen to be raHoml, 
then one of the groups, say A, includes xjy^ 
and one of the groups, say A\ includes x'ly. 

In this case | might mndde with ^ ; 

a X 

that IS 

which means that ^ » bx. 
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Therefore, by Eudid'a definitioo, «y s ; 

so that •;-'-7» 

y 

Thus the groups are again coextensive. 

In a word, Euclid's definition dividers all rational numbers into two 
coextensive classes, and therefore dehnes equal ratios in a manner exactly 
ootresponding to Dedekind's Uiemy. 

Alternatives for Eucl. V. Def. 5. 

Saccheri records in his Euclides oh omni nanw vindicatus that a distinguished 
geometer of his acquaintance proposed to substitute for Euclid's the ioilowing 
definition: 

" A first magnitude has to a second the same ratio that a third has to a 
fourth when the first contains the alifiuot parts of the second, according to any 
number [le. with any denominator] whatever^ the same number of times as 
the number of times the third contains the same aliquot parts of the fourth " ; 
on whidi Saccheri remarks that he sees no advantage in this definition, which 
presupposes the notion of division, over that of Eudid which uses mtUHpUaiHen 
and the notions o{ greater, equals and less. 

This definition was, however, practically adopted by Fuifoler {Eiementi di 
gtomHriOy 3 ed, i88s) in the foUowii^ form *. 

"Four magnitudes taken in a certain order form a proportion when, by 
measuring the first and the third respectively by any equi-submultiples 
whatever of the second and of the fourth, equal quotients are obtained." 

Ingmroi {EkmeiUi digtometriay 1904) takes multiples of the first and third 
instead of submultiples of the second and fourth : 

"Given four magnitudes in predetermined order, the first two homogeneous 
with one another, and likewise also the last two, the magnitudes are said to 
form a proportion (or to be in proportion) when any muUi^le of the first 
contains the second the same number of times that the equimultiple of the 
third contains the fourth." 

Veronese's definition {Eiemenii di ^^^eomdri,}^ Pt. u., 1905) is like that of 
Faifofer ; Enriques and Amaldi {Elatunti di geometriay 1905) adhere to 
Eudid's. 

Proportionals of VII. Def. 20 a particular case. 

It has already been ol)served that Euclid has nowhere proved (though the 
fact cannot have escaped him) that the proportion of numbers is included in 
the proportion of magnitudes as a special case. This is proved by Simson as 
being necessary to the 5th and 6th propositions of Book x. Simson's proof is 
contained in his propositions V. and D inserted in the text of Book v. and in 
the notes thereon. Proposition C and the note on it prove that, if four 
magnihtdes are proportUmals aecording to vii. Def. 30, are also proporHonals 
tuxordmg to v. Def, 5. Prop. D and the note prove the partial converse, 
namely that, if four magnitudes are proportionals according to the 5th definition 
of Book v., and if the first he any multiple^ or any part, or parts^ of the second^ 
the third is the same multiple, part, or parts, of the fourth. The proofs use 
certain results obtained in Book v. 

Propk C is as foUows : 

If the first be the same multiple of the second^ or the siufie part of if, thai the 
third is 0/ the fourth^ the first is to the second as the third to the fourth. 
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Let the 6fst ^ be the same muHipk of the second that Cthe third is of 
the fourth 

^isto/TasCistojD. 



A E 

B ' Q 

C F 

D H 



Take of /f, C any equimultiples whatever F\ and D any 

equimultiples whatever H, 

Then, because A is the same multiple of B that C is of 

and £ is the same multiple of A that F is of C, 

£ is the same multiple of B that is of i>. [v. 3] 

Therefore Eak the same multiples of B, D, 

But G^Hm equimultiples oiB, D; 

therefore, if be a greater multiple of B than Gis, Eiaa, greater multiple of 

than is of Z> ; 

that is, if ^ be greater than G, F is greater than I/, 
In like manner, 

if ^ be equal to Cr, or less, ^is equal to //, or less than it. 

But £, Fwte equimultiples, any whatever, of A, C; 
and Gf H any equimultiples whatever of D, 

Therefore is to iff as 6' is to D. [v. Def. 5] 

Next, let the first ^ be the same part of the second B that the third C is 
of the fourth D : 

A is to B as C is lo D. A—— 

For B is the same multiple of A that is of C\ B 

wherdofc^ by the pveoeding case, C— 

^isto^asZ>tstoC; 0— — 
and, im/ersefyt AiaXq BdsCvito D. 

[For this last inference Simson refers to his Proposition B. That 
proposition is very simply proved by taking any equimultiples F oi B^ D 
and any equimultiples G, H of C and then arguing a^ follows : 

Since ^ is lo ^ as C" is to 

G^ H 93^ simultaneously greater than, equal to, or less than E^ F 
respectively ; so that 

^, are sUmUtaneoudy less than, equal to, or greater than Cr, H 
ie8pectively» 

and therefore [Def. 5] iff is to ^ as is to C] 

We have now only to add to Prop. C the case where AB contains the 
stsm parts of CD that EFdoa of GIfi 

in this case likewise is to CDuEEto GIf. 

Let CX be a part of CD, and (rZ the same part of G^; let AB be the 
same multiple of CJC that ^^is of GJL 
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Tlmi^DR^ by Prop! C, 

AB is to CX$s EF\o GL. 

A B E F 

c — ^ o ^ C ^ 

And CD, GN Sixe equimultiples of CK^ GL, the second and fourth. 

Therefore AB is to CI) as EF to GH [Simson's Cor. to v. 4, which 
however is the particular case of v. 4 in which the "equimultiples" of one 
pair axe the pair itaelfi Le. the pair multiplied by unity]. 

To prove the partial converse we begin with Prop. D. 

If the first be to the second as the third to the fourth^ and if the first be a 
multiple or part ^ the second^ the third it the same mtUti^ er the same part ef 
the fourth. 

Let i< be to .ff as CistoZ); 

and, first, let be a multiple of .ff ; 

C is the same multiple of D, 

Take E equal to A, and whatever multiple or i? is of i?, make .^the 
same multiple of I). 

Then, because /^ is to ^ as C is to Z), 

and of B the second and jD the fourth equimultiples have been taken E 
and Ft 

AUtoEtaC'vitct F, [v. 4, Cor.] 

But A is equal to E ; 

therefore Cis equal to F. 

[In support of this inference Simson cites his Prop. A, which however we 
can directly deduce from v. Def. 5 by taking any, but the same, equimultiples 
of all four magnitudes.] 

A C 

B D 

C F 

Now .^is the same multiple of Z> that A is of ^ ; 

therefore C is the same multiple of D that A is of B. 
Next, let the first ^ be a part of the second B ; 

C the third is the same part of the fourth D, 
Because is to as C is to D, 

inversely, ^ is to ^ as Z? is to C. [Prop. Bj 

But ^ is a part of B; therefore B is a multiple of A; 

and, by the preceding case, D is the same multiple of C, 
^t is, C is die same part of Z> that A is of B, 

We have, again, only to add to Prop. D the case where AB contains any 
parts of CA and AB is to C!Z7 as EFto GJS\ 

then shall .£i^oontain the same parts of GB that AB does of CD, 
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For let CK be a part of CA &nd GL the same part of GH\ and let AB 
be a multiple of CK. 

shall be the same multiple ot GL. 

Take M the same multiple of GL that AB is of CK\ 
therefoce AB is to CAT as ilf is to GL. [Prop. C] 



c K D Q 1 " 

And CA GLTtm equimultiples of CA; GL ; 

therefore is to CD as J/ is to 

But, by hypothesis, AB is to C£> as £"/'is to 

therefore M is equal to £J% [v, 9] 

and consequently ^^is the same multiple of GL that AB is of 



Definition 6. 

Ta 8< Tov avTov ()(OVTa \oyov fityeOi} dyukoyoy KoXturdw. 

*AvdKoyov, though usually written in one word, is equivalent to a»a. \6ynv, in 
proportion. It comes however in (ireek mathematics to be used practically as 
an indeclinable adjective, as here; cf. ol ritrtrapt^ tUklu araXoyor Arorrac, 
•* the four straight lines will be proportional," rpiymva tA^ irX.€vpa<: aVaXoyoK 
fyoiTa, "triangles having their sides proportional." Sometimes it is used 
adverbially: dvaXuyoy apa iariv ta% ij BA irpos r^y Al\ ovrus HA vpos jijv AZ, 
"proportionally merefore, as BA is to AQ so is GD to I}J^**; so too, ap- 
parently, in the expression 17 fi€<rrj dvdXoyov {tv6tia), "the mean proportional." 
I do not follow the objection ot Mux Simon (Euclid, p. 1 10) to "proportional" 
as a translation of dvd\oyoi'. "We ask," he says, "in vain, what is proportional 
to what? We say e.g. that weight is proportional to price because double, treble 
etc. weight corresponds to double, treble etc. price. But here the meaning must 
be 'standing in a relation of proportion.'" Yet he admits that the Latin word 
proportionalis is an adef}uate expression. He translates by "in proportion" 
in the text of this definition. But I do not see that " in proportion ' is better 
than "proportional." The foct is that both expressions are elliptical when 
used of four magnitudes " in proportion " ; but there is surely no harm in 
using either when the meaning is so well understood. 

The use of the word KoAcurtfoi, "/r/ magnitudes having the same ratio l>€ 
taUed proportional," seems to indicate that this definition is Euclid's own. 



Definition 7. 

*Onur rmv IvAkw mXXKwXaurwv ro fiiv toS wptinv voWawXdtrwp virtpixO 
roD rov Sfvr^xn; TroXXavXiiotov^ to Sc tov rpcrov iroAAairAao'tov fi^ ^tpixg roS 
TOV TMToprov TToXXarrXarrlnv, t6t( to wpa>TOK WpOi TO StVTtpW ftuf/OVIl X»yOV ix**^ 

Acyerar, yprtp to rpiTov rrpos to T€TapTov. 

As De Morgan observes, the practical test of disproportion is simpler than 
that of proportion. For, whereas no examination of individual cases, however 

u. &. 11. 9 
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extensive, will enable an observer of the construction and its model (the 
illustration by means of columns and railings described above) to atiirm 
proportion or deny disproportion, and all it enables us to do is to fix limits 
(as small as we please) to the disproportioffi (if any), a single instance may 
enable us to deny proportion or affirm disproportion, and also to state which 
way the disproportion lies. I>et the 19th railing in the original foil beyond 
the nth column, while the 19th railing of the (so-called) model does not 
come up to the nth oolamn. It follows from this one instance that the 
railing distance of the model is too small relatively to the colamn distance, or 
that the column distance is too great relatively to the railing distance. That 
is, the ratio of r to <: is less than that of to C, or the ratio of ^ to r is greater 
than that of C to R. 

Saocheri {op. at) remarks (as Commandinus had done) that the ratio of 
the first magnitude to the second will also be greater than that of the third to 
the fourth if, while the nniltiple of the first is equal to the multiple of the 
second, the multiple of the third is less than that of the fourth : a case not 
mentioned in Euclid's definition. Saccheri speaks of this case being included 
in Clavius' interpretation of the defmition. I hav^ however, failed to find a 
reference to the case in Clavius, though he adds, as a sort of corollary, in his 
note on the definition, that if, on the other hand, the multiple of the first is 
less than the multiple of the second, while the multiple of ^ tfaiid is not kss 
than that of the fourth, the ratio of the first to the second is kss than that of 
the third to the fourth. 

Euclid presumably left out the second possible criterion for a greater ratio, 
and the definition of a less ratio, because lie was anxious to reduce the 
definitions to the minimum necessary for his purpose^ and to leave the rest to 
be inferred as soon as the development of the propositions of Book v. enabled 
this to be done without difficulty. 

Saccheri tried to reduce the second possible criterion for a greater ratio to 
that given by Euclid in his definition without recourse to anything coming 
later in the Book, but, in order to do this, he has to use "multiples" [xoduoed 
by multipliers which are not integral numbers, but integral numbers /Avf proper 
fractions, so that Euclid's Def. 7 becomes inapplicable. 

De Moigan notes that "proof should be given that the same pair of 
magnitudes can never oflTer both tests [i.e. the test in the definition for a 
greater ratio and the corres[)onding test for a less ratio, with "less" substituted 
for "greater" in the delinition] to another pair; that is, the test of greater 
ratio from one set of multiples, and that of less ratio from another." In other 
w^dsi if in, A , /, f are int^ers and B, C, D four magnitudes, none of the 
pairs tA equations 

(1) mA>nB, mC- or <nDt 

(2) mA riB, viC<nD 

can be satisfied simultaneously with any one of the pairs of equations 

(3) pA^gB, pC>qD, 

(4) pA<.qB^ pC>OT -i/D. 

There is no difficulty in proving this with the help of two simple 
assumptions which are indeed obvious. 

We need only take in illustration one of the numerous cases. Suppose if 
possible, that the following pairs of ecjuations are simultaneously true: 

( I ) > nB, m C < nD 
and (2) pA<qBf pC>qD. 
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V. DEFF. 7, 8j NOTES ON DEFINITIONS 7, 8 xji 
Multiply (i) by ^ and (2) by ». 

(We need here to assume that, where rX^ rKare any equimultiples of any 
magnitudes X, Y, 

accoidingasJr>s< ]^ rX>^<rY, 

This is contained in Simson's Axioms i and 3.) 
We have then the pairs of equations 

m^/f > ft^B, mqC < nqD^ 

ftp A < fiqBf npC> nqD. 
From the second equations in each pair it follows that 

m^C<npC* 

(We now need to assume that, if rX^ sX are any multiples of JT, and 
rK, sY the same multiples Y^ then, 

according as rX'> = <i:X', rY>^<sY, 

Simson uses this same assumption in his proof of v. 18.) 

Therefore mqA < npA. 

But it follows from the first equations in each pair that 

mqA > npA : 

which is impossible. 

Nor can Euclid's critericm for a greater ratio coenst with that for equal 
ratios. 



Definition 8. 
*Av«Aoy£a Ir Tporir ^poit ^^y^av^ kmtv. 

This is the reading of Heibeig and Camerer (who follow Peyrard's ms.) 

and is that translated above. The other reading has lka.\l<TxoL^^ which can 
only be translated * 'consists in three terms at ieast." Hankcl regards the defi- 
nition as a later interpolation, because it is superfluous, and because the word 
opo« for a term in a proportion is nowhere else used by EucKd, though it is 
common in later writers such as Nicomachus and Theon of Smyrna. The 
genuineness of the definition is however supported by the fact that Aristotle 
not only uses opo« in this sense {Eth. Nic. v. 6, 7, 1 131 b 5, 9}, but has a similar 
remark {iHii. 1 131 a 31) that a "proportion is iny^ terms at least" The 
difference from Euclid is only formal ; for Aristotle proceeds : "The distnH 
(Birfptifiiyrf) (proportion) is clearly in four (terms), but so also is the continuous 
{tn)v*-)(rfi). For it uses one as two and mentions it twice, e.g. (in stating) that, 
as a. is to fi, so also is /3 to y ; thus fi is mentioned twice, so that, if /j be twice 
put down, the proportionals are four." The distinction between diserOe and 
eutUmums seems to have been Pythagorean (cf. Nicomachus, 11. 21, 5; 23, 
2, 3 ; where however (rwrtfifiwri is used instead of (twc^'I*) i Euclid does not 
use the words SirjpTj^iyri and awtj^ in this connexion. 

So for as they go, the first words of the next definition (9X "When three 
magnitudes are proportionals," which seemingly refer to Def. 8, also support 
the view that the latter is, at least in substance, genuine. 

9— a 
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Definitions 9, la 

9. 'Otov Si Tpla ft€y(&r} ovaAoyoi' ^ to wfiwrw wpos TO rpiroy ^iwXaauiva 
kayw fX,**y Xcyrrat rjirtp irpin to ^vrtpov. 

10. 'Otov T((T<Tapa fitytOt] dvakoyov 77, to irpiTtTov irp6<; to Tfraprov 
TpixXaviova Kuyov tx*'*' A-cyeroi nircp voos to 6*vT€poy, nai act, c^^s o/AOt<us, ois 

Here, and in connexion with the definitions of duplicate, triplicate, etc. 
ratios, would be the place to expect a definition of "fmpwmi ratio." None 

such is however forthcoming, and the only " definition ** of it that we find is 
that forming vi. Def. 5, which is an interpolation made, perhaps, even before 
1 heon's time. According to the interpolated definition, " A ratio is said to 
be compounded of ratios when the sizes {TnjAtKo'TTyT*?) of the ratios multipKed 
together make some (? ratio)." But the multiplication of the stus (or 
magnitudes) of two ratios of incommensiirahI<-, and even of commensurable, 
magnitudes is an operation unknown to the classical Greek geometers. 
Eutocius (Archimedes, ed, Hciberg, ui. p. 140) is driven to explain the 
definition by making vi|Xuc<m7« mean the numher from whidi the given ratio 
is called, or, in other words, the number which multiplied into the consequent 
of the ratio gives the antecedent. But he is only able to work out his idea with 
reference to ratios between numbers, or between comnunsurabie magnitudes ; 
and indeed the definition is quite out of place in Euclid's theory of 
proportion. 

There is then only one statement in Euclid's text as we have it indicating 
what is meant by compound ratio \ this is in vi. 23, where he says abruptly 
"But the ratio of Kxo Mv& compounded of the ratio of AT to Z and that of 
L to Af" Simson accordingly gives a definition (A of Book v.) of compound 
ratio directly suggested l)y the statement in vi. 23 just quotcfl 

*' When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them the ratio compounded of the ratio which 
the first has to the second, and of the ratio which the second has to the third, 
and of the nitio which the thiid has to the fourth, and so on unto the last 
magnitude. 

For example if C, D be four magnitudes of the same kind, the 

first A is said to have to the last D the ratio compounded of the ratio of 
A to j5, and of the ratio cli B to and of the ratio of C io D ; or the ratio 
of A io D\& said to be compounded of the ratios of ^ to to C, and 
C to Z>. 

And if A has to B the same ratio which E has to and B to C the 
same ratio that G has to // ; and C to £> the same that has to L ; then, 

by this dcfniition, A is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E to /% G to //, and A' to L \ and the 
same thing is to be understood when it is more briefly expressed, by saying, 
^ has to /> the ratio compounded of the ratios tIL E tio G to and 

K to /. 

In like manner, the same things being supposed, if .1/' has to N the 
same ratio which A has to D ; then, for shortness' sake, M is said to have to 
JVthe ratio compounded of the ratios Eta Gta and KtaU* 

De Morgan has some admirable remarks on compound ratiOf which 
not only give a very clear view of what is meant by it but at the same time 
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supply a plausible explanation of the ortgm of the term. "Treat ntto," says 

Dc Morgan, "as an engine of operation. Let that of A \.o B suggest the 
power of altering any magnitude in that ratio." (It is true that it is not yet 
proved that, B being an^ magnitude, and P and Q two magnitudes of the 
same kind, there does exist a magnitude A which is to ^ in the same ntio 
as P to Q. It is not till vi. 1 2 that this is proved, by construction, in the 
particular case where the three magnitudes are straight line.s. The proof in the 
Greek text of v. 18 which assumes the truth of the more general proposition 
is, by reason of that assumption, open to objection ; see the note on that 
proposition.) Now "every alteration of a magnitude is alteration in some 
ratio, two or more successive alterations are jointly equivalent to but one, and 
the ratio of the initial magnitude to the terminal one is as properly said to be 
the compound ratio of alteration as 13 to be the compound addend in lieu of 
8 and 51 or 28 the compound multiple for 7 and 4. Composition is used 
here, as elsewhere, for the process of detecting one single alteration which 
produces the joint effect of two or more. The composition of the ratios of 
P\o R to S, Tio 6^, is performed by assuming A, altering it in the first 
ratio into altering ^ in the second ratio into C, and C in the thiid ratio 
into D. The joint effect turns A into J>, and the ratio of ^ to is the 
compounded ratio." 

Another word for compounded ratio is oT/nj/x/tcVos (crwajn-a)) which is 
common in Archimedes and bter writers. 

It is dear that duplicate ratio, triplicate ratio etc. defined in v. Deff. 9 
and 10 are merely particular rases of compound ratio, being in fact the 
ratios compounded of two, three etc. equal ratios. The use which the Greek 
geometers made of compounded, duplicate, triplicate ratios etc. is well 
illustrated by the discovery of Hippocrates that the problem of the duplication 
of the cube (or, more generally, the construction of a cube which shall be to 
a given cube in any given ratio) reduces to that of finding "two mean 
proportionals in continued proportion." This amounted to seeing that, if 
^ ^ are two mean proportionals in continued proportion between any two 
lines a, h, in other words, if a is to as to^, and .v is tn y as y to then a 
ciibe with side a is to a rube with side .r as a is to ; and this is equivalent 
to saying that a has tu b the triplicate ratio of a to x. 

Euchd is careful to use the forms &irXa<rt«»y, ryMxAofr/wv, etc. to express what 
we translate as dmp^ate, iriplicate etc. ratios ; the Greek mathematicianSi 
however, commonly used <H7r\a<Tio« Xoyo^, "double ratio," TpiirXa<rto? Xoy«K, 
"triple ratio " etc. in the sense of the ratios of 2 to i, 3 to i etc. The effort, 
if sudi it was, to keep the one form for the one signification and the other for 
the othor was only partially successful, as there are several instances of the 
contrary use, e g in Archimedes, Niromarhus and Pappus. 

The expression for having the ratio which is " duplicate (triplicate) of that 
which it has to the second " is curious — SnrAao-toKa (rpiw-Xttinora) \ayo¥ 
If wcp vp^ rft ScvTcpoi' — yflr^^ being used as if StirXatrtova or rpnr\a.cr'iova. were a 
sort of comparative, in the same way as it is used after fitiCova or (Xda-crova. 
Another way of expressing the same thing is to say Aoyos BnrXan-i'iov (rpiTrXaat'o)!') 
Tou, Of €;^<t... the ratio "duplicate of that (ratio) which..." The explanation 
of both constructiomt would seem to be that hnrkamn or BarXaoxm is, as 
Hultsch translates it in his edition of Pappus (cf. p. 59, 17), duplff maWTf 
where the ablative dup/o implies not a dilTerence but a proportion. 

The four magnitudes in Def. 10 must of course be in continuai proportion 
{nmk TO trvv^xi^). The Greek text as it stands does not state this. 
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Definition ii. 

'Ofiokaya futy^ Xcynut ra fihf ^ytMyMW rocs vyov/AcHNC rk Sk hro/ma ton 

It is difficult to express the meaning of the Greek in as few words. A 
translation more literal, but conveying less, would be, "Antecedents are called 
tainespondit^ magnHuies to antecedents, and consequents to consequents.** 

I have preferred to translate o/xoAnyos by "corresponding" rather than by 
" homologous." I do not agree with Max Simon when he says (Euclid, p. 1 1 1 ) 
that the technical term "homologous" is not the adjective ofioAoyo?, and does 
not mean "corresponding" "agreeing" but "like in reflect of the proportion" 
("ahnlich in Bezug auf Sba Verhaltniss"). TIh- definitiOR seems to me to be 
for the purpose of appropriating to a technical use precisely the ordinary 
adjective 6/xoXoyo?, •'agreeing" or "corresponding." 

Antecedents^ T^yovfuvOf are literally ^^leoiiing (terms)," and consequents ^ 
frdyccra, **fifttewimg (terms)." 

Definition 12. 

*EfaAAa^ Xoyot imX tov ifyonyiamr wpio% ^jyu^un^ ihU row iwofUi^ 
upof TO anftMmv. 

We now come to a number of expressions for the transformation of ratios 
or proportions. The first is cVaXAo^, alternately^ which would be better 
described with reference to a proportion of four terms than with reference to 
a ratio. But probably Euclid defined all the terms in Deff. la — 16 widi 
reference to ratios because to define them with referenrc to proportions would 
look like assuming what ought to be proved, naniel) the legitimacy of the 
various transformations of proportions (cf. v. 16, 7 Por., 18, 17, 19 Por.). The 
word IvaXXii^ is of course a common term which has no exdusave reference to 
mathematics. But this same use of it with reference to proportions already 
occurs in Aristotle: Anal. post. i. 5, 74 a iS, »fat to ^va.\oyov ori <VaAXa^, 
"and that a proportion (is true) alternately, or alternando." Used with Aoyos, 
as here, the adverb h/Mni has the sense of an adjective "alternate"; we 
have already had it similarly used of " alternate angia " (at IraXAo^ yviMi in 
the theory of parallels.* 

Definition 13. 

*AvamAir Xtfyot 4oTt X^^cc tov htofUmu «t 9yoii;^«iMOv wpin Tymf^uvov m 

*Avdvakiv, " inversely," ** the other way about," is also a general term with 

no exclusive reference to mathematics. For this use of it with reference to 
proportion cf. Aristotle, Dt^ Cae/o i. 6, 273 b 32 rfjv avakoyiav rjv to. lidpr) <x«i, 
01 xpovot aWiraXu' {^vtru', " the proportion which the weights have, the times 
will have im/fnefy" As here used with Xoyo^ aramJUv is, exceptionally, 
adjectival 

DEnNITION 14. 
Smftfcnc Xuyov iarl Xi^ts rov ijyovfUvov fitri rov hro/Uvov «•$ ivtn vpos avro 

The amtfmiim of a ratio is to be distinguidied firom the eomf»Mnd£iq^ of 
ratios and cmfawided ratio (mTm^tcrof X»y«c} as expUiined above in the note 
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on Dcff. 9, I o. The fact is that awrCOrjfu and what serves for the passive of 
it ((TvyKcifuu) are used for tuMin^ as well as tempounding in the sense of 
compounding ratios. In order to distinguish the two senses, I have always 
used the word componendo where the sense is that of this definition, though 
this requires a slight departure from the literal rendering of some passages. 
Thus the enunciation of v. 17 says, literally, "if nuignttudes compounded be 
in proportion they will also be in proportion separated" {ia.v frvynv^Mm, 
fityiOtf avdkoyov rj^ koi Siaip€6€VTa dvaXoyov itrrai). This practically means 
that, if /I + ^ is to .tf as C + is to Z>, then ^4 is to as C is to Z>. 
I have accordingly translated as follows : " if magnitudes be proportional 
rnmpanendo^ they will also be proportional s^tuwido,** (It will be observed 
that separandfly a term explained in the next note, is here used, not relatively 
to the proportion is to as C is to D, t)ut relatively to the proportion 
componendo^ viz. + ^ is to .5 as C + Z> is to D.) Ihe corresponding 
term for componendo in the Greek mathematicians is otimri, literally **to one 
who has compounded," i.e. " if we compound." (For thb absolute use of the 
dative of the participle cf. Nicomachus i. 8, p iiro /io»'<£So?...»caTa tov %>.rt\axT%w 
koyov vpO)^titpovyT I nf)(pi<i dirctjpov, 6<ro( km ycvwKrat, ovrut. Trui^Tc; opruiKW 

Spndldtnv, A very good instance from Aristotle is Eik. Nie. i. 5, 1097 b is 

iw eKT*l¥9VTi IriTOVS yovft« kcu rovs diroyovov^ koi rtov (fitXujv rovt ^CKoV9 

(l<i dwdpov wpoturiv.) A variation for arvvdivri found in Archimedes is Kara 
<Tvv$t<Tiv. Perhaps the more exclusive use of the form (rvv$(vri by geometers 
later than Euclid to denote the composition of a ratio, as compared with 
Eudid's more general use of frvvBtaw and other parts of the verb ovrniftgyu 
or <TvyKtinai, may point to a desire to get rid of ambiguity of terms and to 
make the terminology of geometry more exact. 

Definition 15. 

Auup«nc \oyov i<rr\ Xrjxlftt v»^^o^^ j vfie*pij(» ifyo^U¥W rw 
iirofityov, irpos airru to ivofitvov. 

As composHion of a ratio means the transformation, e.g., of the ratio of 
AtoB into the ratio of ^4 -i* .9 to so the separatum «f a ratio indicates 
the transformation of it into the ratio o{ A ~ B to B. Thus, as the new 
antecedent is in one case got by add/ ng the original antecedent to the ori<^inal 
consequent, so the antecedent in the other case is obtained by sud/racting the 
ori^nal consequent from the or^nal antecedent (it being assumed that the 
latter is greater than the former). Hence the literal translations of fiMUptmc 
Xoyov, "division of a ratio," and of SuXo'vti (the correspond! nf^ term to 
trvvOirvi) as dividendo^ scarcely give a sutiticiently obvious explanation ot the 
meaning. Heiberg accordingly translates by '*subtiactio rationis," which 
again may be thou^t to depart too for from the Greek. Perhaps *'sepaiation'' 
and stparando may serve as a compromise^ 

D£FINITION 16. 

TO >7yov^€vov TOV errofifvox'. 

Conversion of a ratio means taking, e.g., instead of tlie ratio of A to B, 
the ratio oi A to A — B {^A being again supposed greater than B). As 
&«atYio^ is used for €9iwersiim, so atwrrphfvim is used for miwerUnio 
(coirespondtng to the terms vynAiam, and iuHK&rtC^. 
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Definition 17. 

At* Zcrov Xoyos lorl trXca^rMr jlvr«M' /ytcycMf mu oXAmt «vrot9 Zrvir ro 9k^9ot 
OW^VO XafxPayoftti'tav xal ivr^ avrw Xoyw, otok^ (o* ii' to« wpajroct |Myl9c(ri to 

^1* Tfrov, ex aequali, must apparently mean ex aequali distantM^ at an equal 
clii,Uiiue or interval, i.e. after an equal number of intervening terms. The 
wording of the definition suggests that it is ratlitr a proportion ex (MequaU 
than a ratio ex ae(/ua/i which is being defined (cf. Def. 12), The meaning is 
dear enough. If a, />, d... he one set of magnitudes, and C, D... 

another set of magnitudes, such that 

aisto^as^bto^, 

^isto^asiPistoC, 
and so on, the last proportion being, e.g., 

i is to /, as iT is to X, 
then the inference tx aequali is that 

a b to/as is to Z. 

The fati that this is so, or the truth of the inference from the hypothesis, 
is not proved until v. 22. The definition is therefore merely verbal; it gives 
a convenient name to a certain inference which is of constant application in 
mathematics. But tx o^uaH could not be intdligibly defined excqpt with 
refeienoe to two sets of ratios respectively equal. 

Definition i8. 

ttrapayfiti'i] Si. avaXoyia idjLv^ oTav rpiiav ovtiov fity€$<jiv xal aWmv avrols 
ttrnv TO vXrjdo% yitntjrai (ik /xcv iv rots irpiaroi^ fityiOtaiv :^ovfitvov vpo9 hrofiwoVf 
ovroit Iv TOtc Sfvrljpots fLtyiOtviv ij^ovfttvw wpck inofifvoy, o>s Si iv rots Xfi$intt 
ft/ryiSww hrofunwif wphi aXXo rt, ovtuc ir rote tarripon aXXo rt vpdc Tyovftcror. 

Though the words 8»' 'crov, ex aequali^ are not in this definition, it gives a 
description of a case in which the inference ex aequali is still true, as will be 
hereafter proved in v. 23. A perturbed proportion is an expression for the 
case when, there being three magnitudes <f , c and three others B, C, 

a is to b as B is to C, 

and ^ is to ^" as >4 is to B. 

Another description of this case is found in Archimedes, '^tAe ratios being 
dissimilarly aiwnd** u/xoiiuc Tfrayfi&w tvIv Xoytnv). The fiill description of 
the i^ermee in this case (as proved in v. 23), namely that 

aistoras./tfistoC, 

is ex aequali in perturbed propttriion (St timv iv rrrapayfLevrj dvakoylq.). 
' Archimedes sometimes omits the ivov, first giving the two proportions and 
proceeding thus: "ihcrcfurL-, the proportions being dissimilarly ordered, a has 
to e the same ratio as A has to C." 

The fact that Def. 18 describes a particular case in which the inference 
V taw will be proved true seems to have suggested to some one after 
Theon's time the interpolation of aciothcr d«finitioii between 17 and 18 to 
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describe the ordinary case where the argument ex aequali holds good. Tlic 
interpolated definition runs thus: "an ordered pro/portion (TtTay/x<»^ aVoAoyia) 
arises when, as antecedent is to consequent, so is antecedent to consequent, 
and, as consequent is to something else, so is consequent to something else.** 
This case needed no description after Def. 17 itself; and the supposed 
definition is never used. 

After the deftnitions of Book v. Simson supplies the following tua^fm* 

1. EquiAiultiples of the same or of equal magnitudes ate equal to one 
another. 

2. Those magnitudes of which the same or equal magnitudes are 
equimultiples are equal to one another. 

3. A multiple of a greater magnitude is greater than the same multiple 
of a less. 

4. That magnitude of which a niuhiplc is greater than the same multiple 
of another is greater than that other magnitude. 



BOOK V. PROPOSITIONS. 



Proposition i, 



If there be any mimber of magnitudes whatever wAie/i are, 
respeclivelyt equimultiples of any magnitudes equal in multitude ^ 
then, whatever multiple one of the magnitudes is of one, that 
multiple also will all be of alL 

Let any number of magnitudes whatever AB, CD be 
respectively equimultiples of any magnitudes F equal in 
multitude ; 

I say that, whatever multiple is of E, that multiple will 
AB, CD also be of E, F. 



B 



For, since /IB is the same multiple of R that CD is of /% 

as many maj^nitudes as there are in AB equal to so many 
also are there in CD equal to F. 

Let AB be divided into the magnitudes AG^ GB equal 
to E, 

and CD into CI I, IID equal to F\ 

then the multitude of the magnitudes .76', GB will be equal 
to the multitude of the magnitudes CH, HD, 

Now» since AG is equal to E, and CH to F, 

therefore AG is equal to E, and AG, CH to E, /^ 

For the same reason 

GB is equal to E, and GB, HD to E, F ; 

therefore, as many magnitudes as there are in AB equal to E, 
SO many also are there in AB, CD equal to E, F\ 



PROPOSITIONS X, 2 



therefore, whatever multiple AB is of that multiple will 

AB, CD also be of F, 

Therefore etc. 

Q. E. D. 

Dc Moi^an remarks of v. t — 6 that they are "simple propositions of 
concrete arithmetic, covered in language which makes them unintelligible to 
mcMtem ears. The firat^ for instancy states no more ttuui that ien acres and 
ten roods make Un times as much as one acre and one rood." One aim 
therefore of notes on these as well as the other propositions of Book v, 
should be to make their purp>ort clearer to the learner by setting them side by 
side with the same truths expressed in the much shorter and more familiar 
modem (algebraical) notation. In doing so^ we shall express magnitudes by 
the first letters of the alphabet, a, c etc., adopting small instead of capital 
letters so as to avoid confusion with Euclid's lettering ; and we shall use the 
small letters w, «,/ etc. to represent integral numbers. Thus ma will always 
mean m times a or the m*^ multiple of a (counting x . a as the first, s . a as the 
second multiple, and so on). 

Prop. I then asserts that, if nuh etc. be any equimultiples of a» ^, c 

etc., then 

Proposition 2. 

1/ a first magnitude be the same multiple of a .second 
that a third is of a fourth, and a fifth also be the same multiple 
of the second that a sixth is of the fourth, the sum of the first 
and fifth will a /so be the same multiple of the second thai the 
' sum of the third and sixth is of the fourth* 

Let a first magnitude, AB^ be the same multiple of a 
second, C, that a third, DE^ 

is of a fourth, F, and let a ^ ^ B Q 

fifth, BG, also be the same 

multiple of the second, ( , that c- — ^ ^ 

a sixth, EH, is of the fourth ^ . \ ^ ^ . 

F; F 

I say that the - sum of the 

first and fk{th,AG, will be the same multiple of the second, C, 
that the sum of the third and sixth, DN, is of the fourth, /•'. 

For, since AB is the same multiple of C that DB is of F, 
therefore, as many magnitudes as there are in AB equal to C, 
so many also are there in DE equal to F, 

For the same reason also, 
as many as there are in BG equal to C, so many are there 
also in £ff equal to F; 
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therefore, as many as there are in the whole AG equal to C, 
so many also are there in the whole DH equal to F, 

Therefore, whatever multiple AG is of C, that multiple 
also is DH of F, 

Therefore the sum of the first and fifth, AG, is the same 
multiple of the second, d that the sum of the third and sixth, 
DH, is of the fourth, F, 

Therefore etc. 

Q. E. D. 

To find the corresponding formula for the result of this proposition, we 
may suppose <f to be the second" magnitude and b the "fourth." If now 
the "first" magnitude is »w, the "third" is. by hypothesis, mb\ and, if the 
••fifth " magnitude is the "sixth" is ///'. The proposition then asserts that 
jwa + na is the same multiple of ^^ that vib ^ nb is of A 

More generally, if /«, qa... and y/' .. be any further equimultiples of 
IT, b respectively, ma^ na ^ pa-k-qa^^ ... is the same multiple of a that + 
tib + />b + </(> -y- is of b. This extension is stated in Simson's corollary to 
V. 2 thus : 

" From this it is plain that, if any number of magnitudes AB, BG, GH 
be multiples of another C; and as many DE^ EK, KL be the same 
multiples of eadi of each ; the whole of the first, viz. AH, is the same 
multiple of C that the whole of the last, viz. DL, is of F'' 

The course of the |)roof, which separates nt into its units and also // into 
its units, {)ractically tells us that the multiple of a arrived at by adding the 
two multiples is the (/// ^ «)th multiple ; or practically we are shown that 

or, more generally, that 

ma + m-¥^+ ... = («! + «+/+...)«. 



Proposition 3. 

// a first magnitude be the same multiple of a second 
that a third is of a fourth, and if equimultiples be takm 
of the first and third, then also ex aequali the magnitudes 
taken wiU be equimultiples respectively, the one of Ike second 
and Ike other of the fourth. 

Let a first magnitude A be the same nuiliiple of a second 
B that a third C is of a fourth D, and let equimultiples EF, 
GII be taken of A, C ; 

I say that EF is the same multiple of B that GH is of D. 

For, since EF is the same multiple of A that GH is of C, 
therefore, as many magnitudes as there are in EF equal to 
A^ so many also are there in GH equal to C. 



Digiiized by Google 



V. 3] PROPOSITIONS 2, 3 141 

Let EF be divided into the m^nitudes EK^ KF equal 
to and GH into the magnitudes GL^ LH equal to C ; 

then the multitude of the magnitudes EK^ KFwXi be equal 
to the multitude of the magnitudes GL^ LH. 



B ' 

E S- 



c • 1 ' 

o • 

o 1 



And, since A is the same multiple of B that C is of Z7, 
while EK is equal to A, and GL to C 
therefore EK is the same multiple of B that is of D» 

For the same reason 

KF is the same multiple of B that is of 

Since, then, a first magnitude EK is the same multiple 

of a second B that a third GL is of a fourth 

and a fifth A'/^ is also the same multiple of the second B that 
a sixth LH is of the fourth D, 

therefore the sum of the first and fifth, EF, is also the same 
multiple of the second B that the sum of the .third and sixth, 
GH^ is of the fourth D, [v. 2] 

Therefore etc. 

Q. E. D. 

Hcilxjrg remarks of the use of ^.v aequali in the enuncialion of this propo- 
sition that, strictly speaking, it has no reference to the definition (17) of a 
ratio ex aequali. But the uses of the expression here and in the definition 
are, I think, sufiicienUy paiallel, as may be seen thus. The proposition 
asserts that, if 

na, nb are equiinultiplt s of ^r, 
and if m . na, m . nb arc e(iuimultii)lcs of tU\ 

then /// . na is the same multiple of a that m.nb 'xsoi b. Clearly the proposi- 
tion can be extended by taking further equimultiples of the last equimultiples 
and so on ; and we can prove that 

/.^...M. mis the same multiple of n th8t/.f...M.«^ is of 
where the series of numbers p,q.„m,n is exactly the same in both 
expressions; 

and ex aequali (^t' to-ov) expresses the fart that the eqnimiihiples arc at the 
same distance (rom a, b in the series na^ m . na... and nb^ m .nb... respectively. 
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Here agun the proof breaks /// into its units, and then bieftks n into its 
units ; and we are practically shown that the multiple of a arrived at, viz. 
m . na, is the multiple denoted by the product of the numbers i.e. the 
(M/«)th multiple, or in other words that 



Proposition 4. 

If a first magnitude have to a second the same ratio as a 
third to a fourth, any equimultiples whatever of the first and 
third will also have the same ratio to any equimultiples 
whatever of the second and fourth respectively^ taken in 
corresponding order. 

For let a first magnitude A have to a second /? the same 
ratio as a third C to a fourth D ; and let equimultiples Ii, F 
be taken of A, C, and H other, chance, equimultiples of 

1 say that, as iS* is to so is F to H. 

A 

B 

C • 

Q ' ' ■ 
K ' 

M • 1 

C 

D 

F • 

H ^-T-* 

L 1 

N 1 ' — 

For let equimultiples A' L be taken of F, and other, 
chance, equimultiples M, N of G, //. 

Since E is the same multiple of A that F is of C, 

and equimultiples AT, Loi E^ F have been taken, 

therefore AT is the same multiple of A that L is of C [v. 3] 

For the same reason 

M is the same multiple of B that N is of D, 
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And, since, as A is to so is C to 
and At C equimultiples K, L have been taken, 

and o{ B, D other, chance, equimultiples J/, iV, 
therefore, if A' is in excess of M, L also is in excess of iV, 
if it is equal, equal, and if less, less. [v. Def. 5] 

And K, L are equimultiples of E, F, 
and it/, N other, chance, equimultiples oi H\ 
therefore, as is to tP, so is Flo H, [v. Def. 5] 

Therefore etc. 

Q. E. D. 

This proposition shows that, if a, ^, d are proportionals, then 

in0istoii^asiiiristo nd; 

and the proof is as follows : 

Take ////a, pmc any equimuldides of ma^ mc, and ffib, qnd any equimulti- 
ples of ///', mi. 

Since a •.b = c : d^ M follows [v. Def. 5] that, 

according as />ma > - t/nb, pmo = < qnd. 

But ilie /- and ^-equimultiples are any equimultiples ; 

therefore [v. Def. 5] 

ma : tii=mc : nd. 

It will be observed that Euclid's phrase for taking any equimultiples of 
A, Cand any other e(iuimultiplcs of D is "let there be taken equimulti- 
ples £, F of C, and H other, chance, equimultiples of F 
being called uroxis TroAAaxAdurm simply, and H oAAa, a crvxci', uraxts 
weAAavAdbria. And similarly, when any equimultiples (JT, Z) of F 
come to be taken, and any other etiuimultiples (if/, N) of G, //. But 
later on Euclid uses the samt? plirascs about the neiv equimultiples with 
reference to the original magnitudes, reciting that " there have been taken, of 
At C equimultiples iT, L and of By />, othier, chance, equimultiples N" ; 
whereas N are not any equimultiples wliata'cr of B, D, but are any 
equimultiples of tlie particular multiples (6r, H) which have been taken of 
D respectively, though tfusc latter have been taken at random. Sinison would, 
in the first place, add £ ^fm/w in the passages where any equimultiples E, F 
are taken of A, C and any equimultiples A", L are taken of F, because the 
words arc " wholly necessary ' and, in the second place, would leave them 
out where J/, A'" are called oAXo, a ^Tv^tv, lo-axis Ttokkairkaaia of B, because 
it is not true lliat of B^ D have been taken "any equimultiples whatever (o 
lrvx«)» Mt N.** Simson adds: **And it is strange that neither Mr Bri^s, who 
did right to leave out these words in one place of Prop. 13 of this book, nor 
Dr Gregory, who changed them into the word 'some in three places, and 
left them out in a fourth of that same Prop. 13, did not also leave them out 
in this place of Ftop. 4 and in the second of the two places where they occur 
in Prop. 1 7 of this book, in neither of which they can stand consistent with 
truth : And in none of all these places, even in those which they corrected in 
their Latin translation, have they cancelled the words a ctu^* in the Greek 
text, as they ought to have done; The same words a hv^t are found in 
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four places of Prop, x i of thts book, in the first and last of which they are 
necessary, but in the second and third, though they are true^ they are quite 
superfluous; as they likewise are in the second of the two places in whicli 
they are found in the 12th prop, anci in the like places of Vto\). 22, 23 of this 
book ; but are wanting in the last place of Prop. 25, as also in Prop. 25, 
Book XI/' 

As will be seen, Simson's emendations amount to alterations of the text 
so considerable as to suggest doubt whether we should be justified in making 
them in the absence of MS. authority. The phrase " ' equimultiples of A, C 
and other, chance, equimultiples of B, recurs so constantly as to sugfsest 
that it was for Euclid a quasi-stereotyped phrase, and tfiat it is equally genuine 
wherever it occurs. Is it then absolutely necessary to insert * tTv^c in places 
where it does not occur, and to leave it out in the places where Simson holds 
it to be wrong ? I think the text can be defended as it stands. In the first 
place to say "take equimultiples of A, C" is a fair enough way of sayii^ 
take (iny equimultiples whatn'er of A, C. The other difficulty is greater, but 
may, 1 think, be only due to the adoption of any ivhatn'er as the translation 
of a €Tu;^c. iVs a matter of fact, the words only mean chance equimultiples, 
equimultiples which are the result of random selection. Is it not justifoble 
to describe the product of two chance numbers, numbers selected at random, 
as being a '* chance number," since it is the result of two random selections ? 
1 think so, and I have translated a crux* accordingly as implying, in the case 
in question, "other equimultiple whatever they may happen to be." 

To this proposition Theon added the following : 

" Since then it was proved that, if K is in excess of J/j Z is also in excess 
of if it is equal, (the other is) equal, and if less, less, 

it is clear also that, 

if M '\% in excess of A', N is also in excess of Z, if it is equal, (the other is) 

c(]ual, and if less, less ; 

and for this reason, 

as (r is to J?, so also is ^to F, 

PoRiSM. From this it is manifest that, if four magnitudes be proportional, 

they will also be proportional inversely." 

Simson rightly pointed out that the demonstration of what Theon intended 
to prove, viz. that, if Gy I*] H \iG proportionals, they are proportional 
inversely, i.e. ^ is to as is to ^ does not in the least depend upon this 
4th proposition or the proof of it ; for, when it is said that, "if A* exceeds 
L also exceeds etc.," this is not proved from the fact that Fy H ajQ 

proportionals (which is the conclusion of Prop. 4), but from the fact that 

By C, D are proportionals. 

The proposition that, if Ay B, C, D are proportionals, they are also 
proportionals inversely is not given by Euclid, but Simson supplies the proof 
in his Prop. 13. The fad is really ol)V!ous at once from the 5th definition 
of Book V. (cf. p. 127 above), and L^uclid probably omitted the proposition 
as unnecessary. 

Simson added, in place of Theon's corollary, the following : 
" Likewise, if the first has the same ratio to the second which the third 
has to the fourth, then also any efjuimultiples whatever of the first and third 
have the same ratio to the second and fourth : And, in hke manner, the first 
and the third have the same ratio to any equimultiples whatever of the second 
and fourth." 
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The proof, of course, follows exactly the method of Euclid's propontion 
itsdi^ with the only difference that, instead of one of the two pairs of equi- 
multiples, the magnitudes themselves are taken. In other words, the oondu* 
sion that 

tfta is to nd as mc is to nd 

is equal I) true when either m or m is equal to unity. 

As De Morgan says, Sinison's corollary is only necessary to those who wilt 

not admit J/ into the list .1/, 2.1/', 3.1/etr-: the exclusion is gramniatit-al and 
nothing else. The Siime may be said of Simson's IVop. A to the effect that, 
" If the first of four magnitudes has to the second the same ratio which the 
third has to the fourth : then, if the first be greater than the second, the third 
is also greater than the fourth ; and if equal, equal ; if less, less." This is 
needless to those who believe onre A to be a proper component of the list of 
multiples, in spite of muitus signifying many. 



Proposition 5. 

// a magnitude be the satne multiple of a magnitude that 
a part subtracted is of a part subtracted, the remainder will 
also be the same multiple of the remainder that the whole is of 
the whole. 

S For let the magnitude AB he the .same multiple o( the 
magnitude CI? that the part AJi subtracted is of the part CjF 
subtracted ; 

I say that the remainder £B is also the .same multiple of the 
remainder J*jD that the whole AB isoi the whole C£>, 



Q c F D 

I 1 I I 

10 For, whatever multiple A£ is of let £B be made 
that multiple ot CG. 

Then, since A£ is the same multiple of CF that £B is 
of GQ 

therefore A£ is the same multiple of CF that A£ is of GF. 

[v. l] 

15 But, by the assumption, A£ is the same multiple of CF 
that AB is of C/J. 

Therefore A£ is the same multiple of each of the magni- 
tudes GF, CD ; 

therefore GF is equal to CD. 
» Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 

B. B. II. >0 
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And, since AM is the same multiple of CFthat EB is of 

GC, 

and GC is equal to DF^ 

therefore AB is the same multiple of CF that J£B is of FD» 
But, by hypothesis, 

AB IS the same multiple of CB that AB is o( CD ; 
therefore BB is the same multiple of BD that AB is of CD. 

That is, the remainder BB will be the same multiple of 
the remainder BD that the whole AB is of the whole CD, 

Therefore etc. 

Q. E. D. 

la let BB be made that multiple of CO» ronvmrMmm Tryw^r w rot rft BB ntO 

rH. From this way of stating the construction one might sup|X)se that CC was given and 
£B had to be found equtd to a certain multiple of it. But in fact ££ is what is given and 
C<71iaat«»bef(Nii^ii^. C(7 has to be ooostincted as a eertain Mifaudtiple of 

This proposition corresponds to V. I, with subtraction taking the place of 
addition. It proves the forniula 

ma — mb m (a — b). 

Euclid's construction assumes that, if A£ is any multiple of CF^ and £B 
is any other magnitude, a fourth stn^ght line can be foimd such ^t EB is 
the same multiple of it that AE is of or in other words that, given any 
magnitude, we can divide it into any number of equal parts. I his is however 
not proved, even of straight Unes, much less other magnitudes, until vi. 9. 
Peletarius had already seen this objection to the construction. The difficulty 
is not got over by r^;arding it merely as a hypaikeHeal construction ; for 
hypothetical constructions arc not in Euclid's manner. The remedy is to 
substitute tile alternative construction given by Simson, after Peletarius and 
Campanus' translation from the Arabic, which only requires us to add a 
magnitude to itself a certain number of times. The demonstration follows 
Euclid's line exactly. 

"Take AG the same multiple of FD that AE is of CF; q 

therefore A£ is the same multiple of C^that EG is of CD. 

[v. I] 

But AEf by hypothesis, is the same multiple of CF that a 
AB is of CDi therefore EG is the same multiple of CD that 
AB'n of CI> I 

wherefore EG is equal to /fB. 

Take from them the common magnitude AE the remainder 
is equal to the remainder EB. 

Wherefore, since AE is the same multiple of CEthtA AG is 

of FD, and since AG is equal to EB^ E 

therefore AE is the same multiple of 67^ that EB is of FD. 

But AE is the same multiple of C/'that AB is of CD ; 
therefore EB is the same multiple of FD that AB is of CD." B 

Q. £. D. 



c 

F 
0 



V. S. 



PROPOSITIONS 5, 6 



«47 



Euclid's proof amounts to this. 
Suppose a magnitude x taken such that 

MM-OT^amx, say. 
Add wid to each ade, whence (by v. i) 

ma^m{x + £). 
Therefore or«s«-^, 
so that $na-md^m(a^d), 
Simson's proof, on the other hand, argues thas. 
Take x = m{a-d), the same multiple of {a - b) that mb\M<3Sb, 
Then, by addition of to both sides, we have [v. i] 

or x~ ma — md. 

That is, ma^mb = m{a—b}. 

Proposition 6. 

// two magnitudes be equimultiples of two map^nitudes, and . 
any magnitudes subtracted from them be equimultiples of the 
same, the retnainders also are either equal to the same or equi- 
multiples of them. 

For let two magnitudes AB, CD be equimultiples of two 
magnitudes and let AG, CH 

subtracted from them be equi- a . q B 

multiples of the same two E, F\ ' * ' 

I say that the remainders also, GB^ ^ ^ p 

HD, are either equal to E^ F ov ^ — ^ — • — • — • — 
equimultiples of them. 

For, first, let GB be equal to E \ 
I say that HD is also equal to F, 
For let CK be made equal to F. 

Since .^^7 is the same multiple of E that CJI is of 
while GB is equal to E and KC to F, 
therefore AB the same multiple of E that KH is of F. 

[V. 2] 

But» by hypothesis, AB \s the same multiple of E that 

CD\s ofF; 

therefore AW is the same multiple of F that CD is of F. 

Since then each of the magnitudes K//, CD is the same 
multiple of F^ 

therefore KH is equal to CD, 

lO— 3 
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Let CH be subtracted from each ; 
therefore the remainder KC is equal to the remainder HD. 

But F\s equal to KC \ 

therefore HD is also equal to F. 

Hence, if GB is equal to E, HD is also equal to F. 
Similarly we can prove that, even if GB be a multiple 
oi E, HD is also the same multiple of y^ 
Therefore etc 

Q. E. D. 

This proposition corresponds to v. 2, with subtraction taking the place of 
addition. It asserts namely that, if n is less than m, ma — na is the same 
multiple of a that mb — nb'v^ of b. The enunciation distinguishes the cases in 
which is equal to i and gmter than t respectively. 

Simson observes that, while only the first case (the simpler one) is proved 
in the Greek, both are given in the I^tin translation from the Arabic ; and 
he supplies accordingly the prqof of the second case, which Euclid leaves to 
the r^er. The fact is that it is exactly the same as the other except that, in 
the construction, CK is made the same multiple of /"that GB is of and 
at the end, when it has been proved that KC is equal to HD^ instead of 
concluding that HD is equal to we have to say "Because GB is the same 
muiuple of E that KC is of and KC is equal to HD^ therefore UD is 
the same multiple of /"that GB is of 

Proposition 7. 

Equal magnitudes have to the same the same ratio, as also 
has the satne to equal magnitudes. 

Let y!, B be equal magnitudes and C any other, chance, 
magnitude ; 

I say that each of the magnitudes A, B has the same ratio 
to C, and C has the same ratio to each of the magnitudes 
A,B. 

A 1 i ' • 

B e. 1 ' I 1 

Ci 1 F' ' 1 « 

For let equimultiples D^ E of A, B be taken, and of C 
another, chance, multiple F. 

Then, since D is the same multiple of A that £ is of B, 

while A is equal to 

therefore D is t'.(|ual to E. 

But F is another, chance, magnitude. 
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If therefore D is in excess of /^ E is also in excess of F, 
if equal to it, equal ; and, if less, less. 

And D, E are equimultiples of A, B, 
while F is another, chance, multiple of C ; 

therefore, as A is to C, so is £ to C, [v. Def. 5] 

I say next that C also has the same ratio to each of the 
magnitudes A, B, 

For, with the same construction, we can prove similarly 
that D is equal to £ ; 

and F is some other magnitude. 

If therefore F is in excess of it is also in excess of E, 

if equal, equal; and, if less, less. 

And F \s 3. multiple of C, while D, B wre other, chance, 
equimultiples o{A,B; 

therefore, as C is to A, so is C to B» [v. Def. 5] 

Therefore etc 

PoRisM. From this it is manifest that, if any magnitudes 
are proportional, they will also be proportional inversely. 

Q. E. D, 

In this proposition there is a similar use of ^ trvxfv to that which has 
been discussed under Prop. 4. Anjf multiple ^ of C is taken and then, 
four lines lower down, we are told that ".^is another, duuice, mai^tude.'' 
It is of course not a/iy magnitude whatn'er, and Sinoson leaves out the 
sentence, but this time without calling attention to it. 

Of the Porism to this proposition Heibcrg says that it is properly put here 
in the best ms.; tot, as August had already observed, if it was in its z^t 
place where Theon put it (at the end of v. 4), the second part of the proofof 
this proposition would be unnecessary. But the truth is that the Porism is no 
more in place here. The most that the proposition proves is that, if B 
are equal, and Cany other magnitude^ then two conclusions ara atmultaneously 
established, (i) that A is to C as B is to C and (2) that CvtXo A as C is to 
B. The second conclusion is not established from the first conclusion (as 
it ought to be in order to justify the inference in the Porism), but from a 
hypothesis on which the first conclusion itself depends; and moreover it is 
not a proportion in its general form, i.e. between fmr magnitudes, that is in 
question, but only the jxirticular case in which the consequents arc ecitial. 

Aristotle tacitly assumes inversion (combined with the solution of the 
problem of EucL vi. 11) in Mcteorolo^ica in. 5, 376 a 14 — 16. 

Proposition 8. 

Of unequal magnittides, the greater has to the same a 
greater ratio than the less has; and ike same has to the less 
a greater ratio than it has to the greater. 
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Let AB,C he unequal magnitudes, and let AB be greater ; 
let D be another, chance, 

mag^nitudc ; E B 

I say that AB has to a ^ 

greater ratio than C has to ^ ^ o ^ h 

D, and 77 has to C a greater 

ratio than it has to AB. ^ 

For, since AB Is greater ^ 
than C, let B£ be made equal 
to C; 

then the less of the magni- 
tudes A£, EB, if multiplied, 

will sometime be greater than D. [v. Def. 4] 

\Ca5e I.] 

First, let AE be less than EB ; 

let AE be multiplied, and let JFG be a multiple of it which is 
greater than D \ 

then, .whatever multiple FG is of AE^ let GH be made the 
same multiple of EB and A!* of C; 

and let L be taken double of M triple of it, and successive 
multiples increasing by one, until what is taken is a multiple 
of D and the first that is greater than AT. Let it be taken, 
and let it be N which is quadruple of D and the first 
multiple of it that is greater than A. 

Then, since K is less than N first, 

therefore K is not less than M. 

And, since FG is the same multiple oi AE that GH is of 

EB, 

therefore FG is the same multiple oiAE that FH is of AB. 

[V.I] 

But FG is the same multiple of that AT is of C ; 

therefore FH is the same multiple of AB that AT is of C ; 

therefore FH, K are equimultiples of AB, C, 

Again, since GH is the same multiple of EB that K is 
of C 

and EB is equal to C, 

therefore GH is equal to K. 
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But K is not less than M ; 

therefore neither is GH less than M, 

And FG is greater than D ; 
therefore the whole FH is greater than D, M together. 

But D, M together are equal to A^, inasmuch as M is 
triple of and M, D together are quadruple of while 

is also quadruple of D \ whence D together are equal 
to A^. 

But FH is greater than D ; 

therefore FH is in excess of 
while K is not in excess of N. 

And FHt K are equimultiples of AB^ C, while N is 
another* chance, multiple of D ; 

therefore AB has to Z7 a greater ratio than C has to D, 

[v. Def. 7] 

I say next, that D also has to C a greater ratio than D 

has to AB. 

For, with the same construction, we can prove similarly 
that A^ is in excess of K, while A^ is not in excess of FH, 

And A' is a multiple of 

while FH, K are other, chance, equimultiples of ABt C ; 

therefore D has to C a greater ratio than D has to AB. 

[v. Def. 7] 

[Case 2.] 

Again, let AE hit greater than EB. 

Then the less, EB, if multiplied, will sometime be greater 
than D. [v. Def. 4] 

Let it be multiplied, and e b 

let GH be a multiple of EB ^ ' 

and greater than D ; ® ' q „ 

and, whatever multiple GH is ^ ' ' ' * 

of EB, let FG be made the ^ ^ — ' 
same multiple of AE^ and AT ° ' 

of C L ^ ' 

Then we can prove simi- ^ ' ^ ' 

larly that FH K are equi- « ' ' ' • 

multiples oi AB, C \ 

and, similarly, let N be taken a multiple of D but the first 

that is greater than FG, 

so that FG is again not less than M, 
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But GH is greater than D ; 
therefore the whole FH is in excess of J/, that is, of N. 

Now AT is not in excess of N, inasmuch ^FG also, which 
is greater than GH^ that is, than K, is not in excess of N, 

And in the same manner, by following the above argu- 
ment, we complete the demonstration. 

Therefore etc. 

Q. E. D. 

The two separate cases found in the Greek text of the demonstration can 
practically be compressed into one. Also the expositor of the two cases 
makes them differ more than th^ need. It is necessary in each case to 
select the smaller of the two segments AE, EB o{ AB with a view to taking 
a multiple of it which is greater than D \ in the first case therefore AE is 
taken, in the second EB. But, while m the first case successive multiples of 
p are Uken in order to find the first multiple that is greater than GH (or K\ 
in the second case the multiple is Uken which is the first that is greater than 
FG. This difference is not necessary; the first multiple of D that is greater 
than GH would equally serve in the second case. Lastly, the use of the 
magitttude K might have been dispensed with in both cases ; it is of no 
pracdcal use and only lengthens the proofs. For these reasons Simson 
considers that Theon, or some other unskilful editor, has vitiated the 
proposition. This however seems an unsafe assumption ; for, while it was 
not the habtt of the ^rcat Greek geometers to discuss separately a number of 
different cases (e.g. m i. 7 and 1. 35 Euclid proves one case and leaves the 
others to the reader), there are many cxccptinns tn prove the rule, e.g. Eucl. 
III. 25 and 33 ; and we know that many fundamental propositions, after- 
wards proved generally, were first discovered in relation to particular cases 
and then generalised, so that Book v., presenting a comparatively new 
theory, might fairly be eiqpected to exhibit more instances than the earlier 
books do of unnecessary subdivision. The use of the JIT is no more con- 
clusive against the genuineness of the proofs. 

Nevertheless Simson's version of the proof is certainly shorter, and more- 
over it takes account of the case in which AE is epial to M£t And of the case 
in which AE, EB are both greater than D (though these cases are scarcely 
worth separate mention). 

"If the magnitude which is not the greater of the two AE^ EB be (i) 
not less than A take FG, GH^ doubles of AE, EB. 

Rut if that which is not the greater of the two AE, EB be (r) less than 
D, this magnitude can be multiplied so as to become greater than D whether 
it be AE or EB. 

Let it be multiplied until it becomes greater than and let the other be 
multiplied as often ; let FG be the multiple thus taken of AB and GH the 

same multiple of EB \ 

therefore FG and G If arc rach of them greater than D. 

And, in every one of the cases, take L the double of D, M its triple and 
so on, till the multiple of D be that which first becomes greater than GH, 

Let N be that multiple of D whidi is forst greater than GH^ and iVdie 
multiple of D which is next l«ss thm .A^ 
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Then> because iV is the multiple of D which is the first that becomes 
greater than GH^ 

the next preceding multiple u not greater than GH\ 

that is, GHvi not less than 

And, since FG is the same multiple of AE that GHy& of EB^ 

{riSTis the same multiple of that ^ is of [v. i] 

wherefore FH^ GIfzxe equimultiples of AB, EB, 

And it was shown that GHma not less than iV; 

and, by the construction, FG is greater than Di 

therefore the whole i^is greater than D together. 

But My D together are equal to A^; 

therefore FHvt greater than N, 

But GHvi not greater than N\ 

and FH^ GHajn equimultiples of AB, BE, 

and A^is a multiple of D ; 

therefore AB has to /> a greater ratio than BE (or C) has to V. [v. Def. 7] 

Also D has to BE a greater ratio than it has to A li. 
For, having made the same construction, it may be shown, in like manner, 
that ATis greater than GHXsvX that it is not greater than FH\ 

and ATb a multiple of jP>, 

and GHy FHw equimultiples of EB, AB; 

Therefore D has to EB a. greater ratio than it has to AB,** [v. Def. 7] 

The proof may perhaps be more readily grasped in the more symbolical 

form thus. 

Take the wth equimultiples of C, and of the excess of AB over C (that is, 

of such that each is greater than D ; 

and, of the multiples of Z^, let />l) be the hrst that is greater than rnC, and nD 
the next less multiple of D, 

Then, since mC is not less than nD, 

and, by the copstruction, m{AE) is greater than A 

the sum of «iCand iii{AE^ is greater than the sum of «Z> and D, 

That is, m{AB) is greater than pD. 

And, by the construction, mC h less than pD. 

1 herefore [v. Def. j] AB has to Z> a greater ratio than C has to I?. 

Again, since //> is less than m{AB), 

and /D is greater than mC, 

D has to C a greater ratio than D has to AB, 

Proposition 9. 

MagnUudes which have ihe same ratio to the same are 
eptal to one another; and magnitudes to which the same has 
the same ratio are equal. 
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For let each of the magnitudes A, B have the same 
ratio to C ; 

1 say that A is equal to B. ^ ^ 

For, otherwise, each of the 
magnitudes A, B would not ® 
have had the same ratio to C\ [v. 8] 

but it has ; 

therefore A is equal to B* 

Again, let C have the same ratio to each of the magni- 
tudes B ; 

I say that A is equal to B. 

For, otherwise, C would not have had the same ratio to 
each of the magnitudes A, B; [v. 8] 

but it has ; 

therefore A is equal to B* 

Therefore etc. 

Q. E. D. 

If i< is to Cassis to C, 
or if C is to ^ as C is to then A is equal to S. 

Simson gives a more explicit proof of this proposition which has the 
advantage of referring back to the fundamental 5th and 7th definitions, 
instead of quoting the results of previous propositions, which, as will be seen 
from the next note, may be, in the chfcumstances, unsafe. 

** Let A, B have each of them the same ratio to C; 

A is equal to B. 

For, if they are not equal, one of them is greater than the other ; 

let A be the greater. 

Then, by what was shown in the pren-dini^ proposition, there are some 
equimultiples of A and and some multiple of C, such that the multiple of 
A is greater than the multiple of C, but the multiple of B is not greater than 
that of C, 

Let such multiples be taken, and let D, E he the ccjuimultiples of A, B^ 
and F the multiple of C, so that D may be greater than and E not greater 
than F. 

Bu^ because ^istoCas^istoC» 
and kAA^Bzxk taken equimultiples Z?, and of C is taken a multiple 
and D is greater than 

B must also be greater than F. Def. 5] 

But E is not greater than Fx which is impossiUe. 
Next, let C have the same ratio to each of the magiutudes A and B ; 

A is equal to B. 

For, if not, one of them is greater than the other; 
let be the greater. 
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Therefore, as was shown in Prop. 8, there is some multiple F of C, and 
some equinraltiples E and Do\ B and such that F is greater than R and 

not greater than D. 

But, because C is to ^ as C is to 

and i'^thc multiple of the first is greater than E the multiple of the second, 

y^the multiple of the third is greater than D the multiple of the fourth. 

[v. Def. s] 

But ^is not greater than D : which is impossible; 
Therefore A is equal to i^." 



Proposition 10. 

Of 7nagnitudes ivhich have a ratio to tfie same, that 
which has a greater ratio is greater ; and thai to which the 
same has a greater ratio is less. 

For let A have to C a greater ratio than £ has to C\ 
I say that A is greater than B. 

A B 

0 

For, if not, A is either equal to Bar less. 

Now A is not equal to ^ ; 
for in that case each of the magnitudes A, B would have 
had the same ratio to C ; [v. 7] 

but they have not ; 

therefore A is not equal to B, 

Nor again is A less than B; 
for in that case A would have had to C a less ratio than B 
has to C; [v. 8] 

but it has not ; 

therefore A is not less than B. 

But it was proved not to be equal either ; 
therefore A is ^rr(Mtcr than B. 

Again, let C have to a greater ratio than C has to A ; 
I say that B is less than A. 

For, if not, it is either equal or greater. 

Now B is not equal to A ; 

for in that case C would have had the same ratio to each of 
the magnitudes A, B; [v. 7] 

but it has not ; 

therefore A is not equal to B, 
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Nor again is B greater than A ; 

for in that case C would have had to ^ a less ratio than it 
has X.O A\ [v. 8] 

but it has not ; 

therefore B is not greater than A, 

But it was proved that it is not equal either ; 

therefore B is less than A, 

Therefore etc. q. e. d. 

No b^ter example can, I think, be found of the acuteness which Simson 
brought to bear in his critical examination of the Elements, and of hlS great 

services to the study of Euch'd, than is furnished by the admirable note on 
this proposition where he points out a serious flaw in the proof as given in 
the text. 

For the first time Euclid is arguii^ about greater and less ratios, and it 

wnll bo found by an examination of the steps of the proof that he assumes 
more with regard to the meaninu of the terms than he is entitled to assume, 
having regard to the fact that the deiuiition of greater ratio (Def. 7) is all 
that, as yet, he has to go upon. That we cannot argue, at present, about 
greater and Us$ as applied to ratios in the same way as about the same terms 
in relation to masytitudes is indeed suffiriently indicated by the fact that Euclid 
does not assume for ratios what is in Book i. an axiom, viz. that things which 
are equal to the same thing are equal to one another; on the contiaiy, he 
proves, in Prop, ix, that ratios which are the same with the same ratio are the 
same with one another. 

Let us now examine the steps of the proof in the text First we are told 
that 

**A is greater than B. 

For, if not, it is either equal io B or less than it 

Now A is not ecjual to B ; 

for in that case each of the two magnitudes B would have had the 
same ratio to C: [v- 7] 

but they have not : 

therefore A is not equal to 
As Simson remarks, the force of this reasoning is as foUows. 

If A has to C the same ratio as B has to C, 

then — ^supposing any equimultiples of ^ to be taken and any multiple 

of C— 

by Def. 5, if the multiple of ^ be greater than the multiple of C, the multiple 
of ^ is also greater than that of C, 

But it follows from the hypothesis (that ^ has a greater ratio to Cthan B 
has to Othat, 

by Def. 7, there must be some equimultiples of B and some multiple of 
C such that the multiple of A is greater than the multiple of C, but the 

multiple of B is not greater than the same multiple of C. 

And this directly contradicts the preceding deduction from the supposition 
that i< has to C the same ratio as i9 has to C; 

therefore that supposition is impossible. 
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The proof now goes on thus : 

**Nor again is A less than Bi 
for, in that case, A would have had to C a less ratio than B has to C ; 

[v. 8] 

but it has not ; 

therefore ^ is not less than B/* 
It is here that the difficulty arises. As before, we must use Def. 7. **A 

would have had to C a less ratio than B has to C" or the equivalent state- 
ment that B would have had to C a greater ratio than has to C, means 
that there would have been some equimultiples of A and some multiple of 
Csuch that 

(i) the multiple of B is greater than the multiple of C« but 
(a) the multiple of ^ is not greater than the multiple of <7, 
and it ought to have been proved that this can never happen if the hypothesis 

of the proposition is true, viz. that A has to C a greater ratio than B has to 
C: that is, it should have been proved that, in the latter case, the multiple of 
A is always greater than the multiple of C whenever the multiple of B is 
greater than the multiple of C (for, when this is demonstrated, it will be 
evident that B cannot have a greater ratio to C than A has to C). But this 
is not proved (cf. tht- rt-mark of De NTorgan quoted in the note on v. Def. 7, 
p. 130), and hence it is not proved that the above inference from the supposi- 
tion that A is less than B is inconsistent with the hypothesis in the enunciation* 
The proof therefore fails. 

Simson suggests that the proof is not Euclid's, hut the work of some one 
who apparently "has been deceived in applying what is manifest, when 
understood of magnitudes, unto ratios, viz. that a magnitude cannot be both 
greater and less than another." 

The proof substituted by Simson is satisfactory and simple. 

" I,et A have to C a greater ratio than B has to C; 
A is greater than B. 

For, because A has a greater ratio to C than B has to C, there are some 
equimultiples kAA^B and some multiple of Csuch that 

the multiple of i4 is greater than the multiple of but the multiple of B 
is not greater than it. [v, Def. 7] 

Let them hQ taken, and let Z?, be equimultiples of A^ B, and F a 
multiple of C, such that 

D is greater than 
but is not greater than F. 

Therefore D b greater than E. 

.A.nd, because D and E are equimultiples of A and B^ and D is greater 

than £^ 

therefore A is greater than B. [Simson's 4tb Ax.] 
Next, let C have a greater ratio to B than it has to A ; 
B is leas than A, 

For there is some multiple Fo( C and some equimultiples £ and Dtj/S B 
and A such that 

F is greater than E but not greater than D, [v. De£ 7J 

Therefore E is less than D ; 
and, because £ and D are equimultiples of B and A, 

therefore B is less than A." 
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Proposition ii. 

Ratios which are th$ same with the same ratio are also 
the same with one anot/ier. 

For, as ^ is to so let C be to Z>, 
andt as C is to A so let ^ be to 
I say that, as ^ is to i?, so is to 



A o E 

B D F 

Q H K 

L M H. 



For of C ^ let equimultiples Gt K be taken, and 
of By Dt F other, chance, equimultiples Z, N, 
Then since, as ^ is to so is C to D, 

and oi A, C equimultiples G, H have been taken, 
and of B, D other, chance, equimultiples Z,, M, 
therefore, if G is in excess of Z,, H is also in excess of 
if equal, equal, 
and if less, less. 

Again, since, as C is to A so is ^ to 
and of C E equimultiples K have been taken, 
and of Z7, F other, chance, equimultiples M, N, 
therefore, if // is in excess of i)/, K is also in excess of 
if equal, equal, 
and if less, less. 

But we saw that, if // was in excess of M, G was also 
in excess of Z, ; if equal, equal ; and if less, less ; 

so that, in addition, if 6^ is in excess of Zr, K is also in excess 
of -AT, 

if equal, equal, 
and if less, less. 

And G, Kzxe equimultiples o{ A^ 
while Z, iVare other, chance, equimultiples of B, F\ 

therefore, as A is to B^ so is E to F. 
Therefore etc. 

Q. E. D. 
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Algebnically, if ait^cid, 
and cid^$\ft 

then a \b-e \f. 



The idiomatic use of the imperfect in quoting a result previously obtained 
is noteworthy. Instead of saying " But it was proi^d that, if // is in excess 
of G is also in excess of Z," the Greek text has " But if H was in excess 
^ Mt G was also in excess of Z," <UAA A ^nn^xi t& 9 tow M, iv^x* 
r& H rov A. 

This proposition is tacitly used in combination with v 16 and v. 24 in the 
geometrical passage in Aristotle, Meitorolo^ica iii. 5, 376 a 22 — 26. 



Proposition i2. 

If any mimber of magnitudes be proportional, as one of 
the antecedents is to one of the consequents, so will all the 
OMiecedefUs be to all the consequents. 

Let any number of magnitudes A, B, C, D, E, F 
proportionsu, so that, as ^ is to so is C to and E 
to F \ 

I say that, as ^ is to iff, so are A, C, E to B, D, F, 



A B c — 

D c F — 

0 L 

II M 

K N 



For of Af C, E let equimultiples G, /f, Khe taken, 
and of Bt D, .Mother, chance, equimultiples Z, N, 

Then since, as A is to /?, so is C to D, and E to F, 

and of A, C, E equimultiples G, H, K have been taken, 

and of B, D, F other, chance, equimultiples Z, M, N, 

therefore, if 6^ is in excess of Z, H is also in excess of 
and K of 

if equal, equal, 

and if less, less ; 

so that, in addition, 

if 6^ IS in excess of then K are in excess of Z, 

if equal, equal, 
and if less, less. 



^ kj i^Lo l v Google 



i6o BOOK V [v. 12, ij 

Now G and G, K are equimultiples of A and C 
since, if any number of magnitudes whatever are respec- 
tivdy equimultiples of any magnitudes equal in multitude, 
whatever multiple one of the magnitudes is of one, that 
multiple also will all be of all. [v. i] 

For the same reason 

L and L, My N are also equimultiples of B and B, D, F\ 

therefore, as ^ is to so are £ to B, D, F. 

\y. Dcf. 5j 

Therefore etc. 

Q. E. D. 

Algebraically, \{ a : a = b : b' =( i etc, each ratio is equal to the ratio 
(a + + tf + ...) : (a' + ^' + ^' + ...). 

This theorem is quoted by Aristotle, Etk, Nit. v. 7, 1131 b i4f in the 
shortened form "the whole is to the whole what each part is to each part 
(respectively)." 

Proposition 13. 

If a first maf^nitude have to a second the same ratio as a 
third to a fourth, and the third have to the fourth a greater 
ratio than a fifth has to a sixth, the first wilt also have to the 
second a greater ratio than the fifth to the sixth. 

For let a first magnitude A have to a second B the 
same ratio as a third C has to a fourth D, 

and let the third C have to the fourth D a greater ratio than 
a fifth E has to a sixth F ; 

I say that the first A will also have to the second B a greater 
ratio than the fifth E to the sixth F. 

A c M G 

B D N K 

E 

F 

H 

L 

For, since there are some equimultiples of C E^ 

and of D, F other, chance, equimultiples, such that the 
multiple of C is in excess of the multiple of Z>, 
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while the multiple of E is not in excess of the multiple of F, 

[v. DeC 7] 

let them be taken, 

and let G, H ho. equimultiples of C E, 

and L other, chance, equimultiples of /% 

so that G is in excess of but H b not in excess of L ; 

and, whatever multiple G is of C, let M be also that multiple 
of ^, 

and, whatever multiple K is of let N be also that multiple 
of^. 

Now, since, as ^ is to ^, so is C to Z>, 
and of C equimultiples G have been taken, 
and of B, D other, chance, equimultiples A'', K, 
therefore, if M is in excess of N, G is also in excess of A', 
if equal, equal, 

and if les% less. [v. Def. 5] 

But G is in excess of K\ 
therefore M is also in excess of 

But // is not in excess of L ; 

and M, 1/ are equimultiples of E^ 

and L other, chance, equimultiples oi B^F\ 

therefore A has to ^ a greater ratio than E has to F. 

[v. DeC 7] 

Therefore etc. 

Q. B* D» 

Algebnucally, if a\b^e\d^ 
and eid>ex/^ 

then a\b> e \f. 

After the words " for, since " in the first line of the proof, Theon added 
*' C has to Z> a greater ratio than E has to so that " there are some 
equimultiples" began, with him, the principal sentence. 

The Greek text has, after " of Z>, F other, chance, equimultiples," *• and 
the multiple of C is in excess of the multiple of D..." The meaning bei^g 
"such that," I have substituted this for "and," after Simson. 

The following will show the method of Euclid's proof. 
Since c : d> e 

there will Ix- some equimultiples mc^meol and some equimulti[des nd, nf 
oi dt/t such that 

mond, while mel^t^, 

H. £. II. II 
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But, since • aid^eid, 

therefor^ aooording as MM >ss<«^, m>^<nd. 

And tnc > nd ; 
therefore ma > tib^ while (from above) me^nf. 
Therefore a : b> e :/. 

Simson adds as a corollar>' the following : 

" If the first have a greater ratio to the second than the third has to the 
fourth, but the third the same ratio to the fourth which the fifth has to the 
sixth, it may be demonstrated in like manner that the first has a greater ratio 

to the second than the fifth has to the sixth," 

This however scarcely seems to be worth separate statement, since it only 
amounts to changing the order of the two parts of the hypothesis. 



Proposition 14. 

If a first magnUude have to a seamd the same ratw as a 
tkiru has to a fourth, and the first be greater than the thirdy 
the second will also be greater than the fourth; if equal, equal; 
and if less, less. 

For let a first magnitude A have the same ratio to a 
second as a third C has to a fourth D ; and let yl be 
greater than C\ 

I say that B is also greater than D. 

A 0 

B O 

For, since A is greater than C, 
and B is another, chance, magnitude, 

therefore A has to ^ a greater ratio than C has to B. [v. 8] 
But, as ^ is to so is C to Z7 ; 

therefore C has also toD a, greater ratio than C has to B, 

[V. 13] 

But that to which the same has a greater ratio is less ; 

[v. 10] 

therefore D is less than B ; 
so that B is greater than Z>. 

Similarly we can prove that, if A be equal to C, B will 
also be equal to D ; 

and, if A be less than C, B will also be less than D, 
Therefore etc 

Q. E. D. 
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Algebraically, if a.b^c 

then, according as a > = < r, h> = <d. 

Simson adds the specific proof of ttic second and third parts of this 
proposition, which Euclid dismisses with "Similarly we can prove...." 
"Secondly, if ^ be equal to C, ^ is equal to Z>; for ^4 is to ^ as C, that 

is is to D ; 

therefore B is equal to D. [v. 9J 

Thirdly, if ^ be less than C, B shall be less than Z>. 
For C is greater than A ; 
and, because C is to Z) as ^ is to B^ 

D is greater than B^ by the first case. 
Wherefore B is leas than D!* 

Aristotle, Meteorol, iii. 5, 376 a 11 — 14, quotes the equivalent piopositioa 
that, if a>^, €>d. 



Proposition 15. 

Parts have the same ratio as the same muUifUs of ikem 
taken in corre^onding order. 

For let AB be the same multiple of C that DE is of 

I say that, as C is to so is AB to DE. 



Oi • * -E F« • 

For, since AB is the same muhiple of C that DB is of 
as many magnitudes as there are in AB equal to C, so many 
are there also in DB equal to 

Let AB ha divided into the magnitudes AG, G//, HE 
equal to C, 

and DE into the magnitudes DK, KE, LE equal to F ; 

then the multitude of the magnitudes AG, GH, //^ will be 
equal to the multitude of the magnitudes DK, KL, LB. 

And, since A G, GH, HB are equal to one another, 

and DKt KL^ LB are also equal to one another, 

therefore, as is to DK^ so is GH to KL, and HB to LB. 

[v. 7j 

Therefore, as one of the antecedents is to one of the 
consequents, so will all the antecedents be to all the 
consequents ; [v. laj 

therefore, as is to VK^ so\s AE xo DE. 
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But AG IS equal lo C and DA' to P; 

therefore, as C is to so is AJ^ to DJS, 
Therefore etc. .. Q. E. D. 

Algebcaically, a : uni : mA. 

Proposition 16. 

// four magnitudes be proportianai, they will also 6e 
proporHofuU aUenuUefy, 

Let A, B, C, D h(t four proportional magnitudes, 
so that, as A is to B, so is C to D \ 

I say that they will also be so alternately, that is, as ^ is 
to C, so is ^ to D, 

A C 

B O 

El I 1 I Q( ' 

f, 1 1 1 Hi I 



For of A, B let equimultiples £, F be taken, 

and of C, D other, chance, equimultiples G, H. 

Then, since E is the same multiple of A that Fv&tJL 

and parts have the same ratio as the same multiples of 
them, [v. 15] 

therefore, as ^ is to i?, so is iS" to F* 

But as is to B^ so is C to Z? ; 
therefore also, as C is to D, so is E to F. [v. 11] 

Again, since G, H are equimultiples of C, Z?, 
therefore, as C is to so is 6^ to H, [v. 15] 

But, as C is to A so is TT to F\ 
therefore also, as if is to so is 6r to [v. n] 

But, if four magnitudes be proportional, and the first be 
greater than the third, 

the second will also be greater than the fourth ; 
if equal, equal ; 

and if less, less. fv. 14] 

Therefore, if E is in excess of G^ F is also in excess of //, 
if equal, equal, 
and if less, less. 
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Now /*are equimultiples of 

and Gt H other, chance, equimultiples of C, D\ 

therefore, as ^ is to C, so is ^ to Z^. [v. DeC 5] 

Therefore etc. 

Q> E. D. 

3. " Let A, B, C, D be four proportional magnitudes, so that, as A Is to B, to Is 

C to D." In a nunilK-r of expressions likt." ihis ii i> absolutely neTcs'^ary, when translating 
into English, to interpolate words which are not in the Greek. Thus the Greek here is : 
nBtfTw r^affopa t»«y40n ifiXoyw tA A» B, F, A, ri A wpot ri B, ttrm t6 F rpos r6 A, 
literally " I,ct .'}, fi, C, Dbe four proportional magnitudes, as J to B, so C In The 
same remark applies to the corresponding expressions in the next propositions, v. 17, 18, 
and to other forms of expression in v. i<y—9i and later propositions : e.g. in v. 70 we have 
a phrHe meaninff literally " I^t there be magnitiiHes. . . which taken two and two are in the 
same ratio, as X^to ^, so Z> to E,** etc.: in v. 41 " (magnitudes)... whidi taken two and 
two are in the same ratio, and lot the proportion of them be perturbed, as ^ to so 
£ to etc. In all such cases (where the Greek is so terse as to lie almost ungnummatical) 
I shall insert the words neoeasarf in English, without finther lenark. 

Algebraically, if a \ b-c 

then a \ c = b \ d. 

Taking equimultiples ma, mb of a, and equimultiples nc^ nd of d^ we 
hav^ by v. 1 5, 

And,8tnoe aik^tiit 
we have [v. 11] ma : mb^m: nd. 

Therefore [v. 14], according Mmt>^<iu, md>^<Md, 
sothat aic-bid. 

Aristotle tacitly uses the theorem in Mtimrol^gka iii. 5, 376 a 22—24. 
The four magnitudes in this proposition must all be ^ ike same Aind, and 
Simaon inserts " of the same kind " in the enunciation. 

This is the first of the propositions of Eucl. v. which Smith and Bryant 
{Euc/id's Elements of Geometry, 1901, pp. 298 sfirj.) prove hy means of VI. I 
so far as the only geometrical magnitudes in question are straight lines or 
reeiUmeai areas; and certainly the proofe are more easy to follow than 
Euclid's. The proof of this proposition is as follows. 

To prove that, // Jour mairnitudes of the same kind [straight lines or 
rectilineal areas] be proportionals ^ they will be proportionals when taken 
aUemalefy, 

LttP, ^ J?, 5 be the four magnitudes of the same kind such that 
then tt is required to prove that 

FSrstf let all the magnitudes be areas. 

Construct a rectangle abed equal to the area and to be apply the 

rectangle beef equal to Q. 

Also xo abfbf apply rectangles bk equal to S respectively. 
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Then, tinoe the lectoQgles «^ Ae have the same height, they ue to one 

another as their bases. [vi. i] 

Hence P:Q^ah;bf. 

. But P'.Q^R'.S, 

Therefore R \ S = ab\bf, [v. 1 1] 

Le. rect. ag : rect. hk = ab : bf. 

Hence (by the converse of vi. i) the rect- 
angles agf bk have the same height, so that k 
is on the line hg. 

Hence the rectangles ac, ag have the same 
height, namely ab; aJso bf^ bk have the same 
height, namely //. 

Thetefore rect «r : rect ^^^t 

and rect be : rect bk^bcibg. 

Therefore rect ae : rect ag^ rect be : rect M. 

That is, PiJl^QiS, 

Seamifyt let the magnitudes be straight lines AB, BC, CD, DE, 
Construct the rectangles Ab, Bc^ Cd, JDe with the same height 



[vt«] 

[V. IX] 



Then 



and 



Ab 
Cd 

AB'. 



:Bc~-AB 
De=CD 
BC= CD 



DE. 
DE. 



But 

Therefore Ab \Bc =-Cd \ De, 

Hence, by the first case, 

Ab : Cd=Bc '.De, 
and, since these rectangles have the same height, 

ABxCD^BCiDE. 



[VI. I] 
[V.II] 



Pkofosition 17. 

If magnitudes b$ proporlumal componendo, they will also 
be propornonal seporando. 

Let ABt BEt CD^ DF be magnitudes proportional com" 
ponendo, so that, as AB is to BE, so is CD to DF ; 

I sav that they will also be proportional sepanmdo, that is^ 
as AE is to EB, so is CF to DF^ 

For of AE, EB, CF, FD let equimultiples GH, HK, 
LM, MN be taken, 

and of EB, FD other, chance, equimultiples, KO, NP^ 
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Then, since GH is the same multiple oi AE that HK is 
therefore GH is the same multiple of AE that GK is of AB. 

[V. I] 

But GH is the same multiple AE that LM is of €F ; 
therefore GK is the same multiple of AB that LM is of CF, 



Again, since LM is the same multiple of CF that Jl/^ 
is of FD, 

therefore LM is the same multiple of CF that LN is of CD. 

[v. i] 

But ZA/ was the same multiple of C/^that GK is of 

therefore GK is the same multiple o{ AB that ZA'' is of CD, 

Therefore GK^ LN are equimultiples of AB^ CD, 

Again, since HK is the same multiple of EB that MN is 
fAFD, 

and is also the same multiple of EB that NP is of FD^ 

therefore the sum HO is also the same multiple of EB that 
MP is of FD. [v. 2] 

And, since, as AB is to BE, so is 6/^ to DF, 

and of CD equimultiples GK, LN have been taken, 

and of EB^ FD equimultiples HO^ MP, 

therefore, if GK is in excess of HO, LN is also in excess of 
MP, 

if equal, equal, 

and if less, less. 

Let GK be in excess of HO \ 

then, if HK be subtracted from each, 

GH is also in excess of KO, 

But we saw that, if GK was in excess of HO, LN was 
also in excess of MP ; 

. therefore LN is also in excess of MP, 
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and, if MN be subtracted from each, 

LM b also in excess of NP ; 
so that, if GH is in excess of KO^ LM is also in excess of 
NP. 

Similarly we can prove that, 
if GH be equal to KO^ LM will also be equal to NP^ 
and if less, less. 

And GH, LM are equimultiples of AE, CF, 
while KOt NP are other, chance, equimultiples of EB^ FD \ 
therefore, as AE is to EB^ so is CF to FD. 

Therefore etc. 

Q. E. D. 

Algebraically, if a\b-t\i^ 

then {fl-b)'.b = {c-d)'.i. 

I have already noted the somewhat strange use of the participles of 

crvyKcto-^at and &a^Mur08u to convey the sense of the technical trvvBttrvi and 
Suupcori; Xoyov, or what we denote by componendo and separatido. iav 
ovyKtififva fi-eytOrj dvakoyov Kai Siaipf^cVra dydXoyov <(mu is, literally, "if 

mi^gnitudes compounded be proportional, they will also be proportional 
separated," by which is meant " if one magnitude made up of two ports is to 
one of its parts as another magnitude made up of two parts is to one of its 
parts, the remainder of tlic first whole is to the part of it first taken as the 
remainder of the second whole is to the part of it first taken." In the 
algebraical fonnida above «, ^ are the wholes and b, a-b and ^, e—d are the 
parts and remainden respectively. The formula might also be stated thus : 

If u-^b ',b^C'¥did^ 

then aib^eidt 

in which case a-¥b, c^-d are the wholes and a, b and ^ d the parts and 
remainders respectively. Looking at the last formula, we observe that 
"separated," Siai^^cWo, is used with reference not to the magnitudes a, ^, d 
but to the tmpmmdtd magnitudes a-¥b, b, c + d/d. 

As the proof is somewhat long, it will be useful to give a conspectus of it 
in the more symbolical form. To avmd minuses^ we will take for the 
hypothesis the form 

+ /ns to as <r + is to d. 
Take any equimultiples of the four magnitudes a, b, c, d, viz. 

ma, Mb, mc, md, 
and any other equimultiples of the consequents, viz. 

nb and nd. 

Then, by v. i, w (a + b\ m {c -f d) are equimultiples of « + + d, 
and, by v. 2, {m + n) b, {m + ti) d are equimultiples of b, d. 
Therefore, by Def. 5, since a + is to <J as f + </ is to 

according as m (a + ^) > = + /f) ^, m (c d)> = <{m ■¥ n) d. 
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Subtract from m{a + f^ (m-hm)^ the oommoa pait and from 
m{f'¥d}, {M + n)d the oommon part md; and we have^ 

aocording as ma>sm<mt, me> » < idl 

But imi, are any equimultiples of 4^ and 11^ any cqdmultiples of 

bt d y 

therefore^ by v. Def. 5, 

is to ^ as ^" is to d. 

Smith and Bryant's proof follows, mutatis mutandis^ their alternative proof 
of the next imposition (see pp. 1 73 — 4 below). 



Proposition 18. 

J/ magnitudds be proporHomU sqMurando, ikiy will also be 
proportional componenda 

Let AE^ EB^ CF^ FD be magnitudes proportional 
siparandOt so that* as AE is 
to EB,so]sCFtoFD\ A__S_8 
I say that they will also be ' ^ 

proportional co»^OHHub^ that e 5 

is» as AB is to BE, so is 
CD to FD, 

For, if CD be not to DF 3ls AB to BE, 

then, as AB is to BE, so will CD be either to some 
magnitude less than DF or to a greater. 

First, let it be in that ratio to a less magnitude DG, 

Then, since, as is to B£t so is CD to DG^ 

they are magnitudes proportional componendo ; 

so that they will also be proportional separando, [v. 17] 

Therefore, as ^-fi" is to EB^ so is CG to GD, 

But also, by hypothesis, 

as AE is to EB, so is CF to FD. 

Therefore also, as CG is to GD^ so is CF to FD, [v. 11] 

But the first CG is greater than the third CF\ 

therefore the second GD is also greater than the fourth 
FD, [v. 14] 

But it is also less : which is impossible. 
Therefore, as AB is to BE^ so is not CD to a less 
magnitude than FD. 
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Similarly we can prove that neither is it in that ratio to 

a greater; 

it is therefore in that r&tio to FD itself. 

Therefore etc. ) 

Q. E. D. 

Algebraically, if a : b~c \ 

then {a^b)\b = {f'>ed):d. 

In the enunciation of this proposition there is the same special use of 
3c]|pijlft«Va and avKTcdcrra as there was uf crvyKci/Mt'a and Siaipc^cWa in the 
last enunciation. PiacticaUy, as the algebraical form shows, SijiprjfUm might 
have been left out 

The following is the method of proof employed by Euclid. 

Given that at-d^etd, 

suppose, if possible, that 

Therefore, se^arando [v. 17], 

whence by v. 11, (^?^) : {d±x)^ei d. 

But (^~«)<^ while (d'¥x)>df 

and {f-¥x)>e^ while {d^x)<d, 

which relations reqiectivdy contradict v. 14. 

Simson pointed out (as Saccheri befoie him saw) that Eudid's demonstra- 
tion is not legitimate, because it assumes without proof that io any three 
mn^Uudes, two of ivhich, at least, are of the same kind, there exists a fourth 
pf^wiional. Ciavius and, according to him, other editors made this an 
axiom. But it is .liur from axiomatic ; it is not till VL is that BucKd shows, 
b^ construction, that it is true even in the particular case where the three 
given magnitudes are all straight lines. 

In order to remove the defect it is necessary either (i) to prove beforehand 
the proposition thus assumed by Euclid or (2) to prove v. 18 independently 
of it 

Saccheri ingeniously proposed that the assumed proposition should be 
proved, for areas and straight lines, by means of Euclid vi. t, 2 and 12. As 
he says, there was nothing to prevent Euclid from interposing these proposi- 
tions immediately after v. 17 and then provii^ v. 18 by means of them. 
VI. 12 enables uS io construti ^ fourth proportional when the three given 
magnitudes are straight lines; and vi. T2 depends only on vi. i and 2. 
"Now," says Saccheri, " when we have once found the means of constructing 
a straight line -which is a fourth proportional to three given straight lines, we 
obviously have the solution of the general problem • To construct a straight 
line which shall have to a given -straight line the same ratio which two poly^ns 
have (to one anotherV" I'or it is sufficient to transform the polygons into 
two triangles of equal height and then to construct a straight hne which shall 
be a fourth proportional to the bases of the triangles and the given straight 
line 

The method of Saccheri is, as will be seen, similar to that adopted by 
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Smith and Bryant {lec. at) in proving the theorems of Eodid v. 16, 17, tB, 3», 

so far as straight lines and rectilineal areas arc concerned, by means of vi. i. 

De Morgan gives a sketch of a general proof of the assumed proposition 
that, £ being any magnitude, and F and Q two magnitudes of the same kind, 
there does exist a magnitude A which is to j9 in the same ratio 9a Pxo Q. 

"The right to reason upon any aliquot part of any ms^rnitude is assumed; 
though, in truth, aliquot parts obtained by continual bisection would suffice : 
and it is taken as previously proved that the tests of greater and of less ratio 
are never both presented in any one scale of relation as compared with 
another" (see note on v. Def. 7 ad fin.). 

" (i) If Mhe \o B in a p^reater ratio than P to Q, so is every magnitude 
greater than and so are some less magnitudes ; and if M be to B in 
a less ratio than P xo so is every magnitude less than J/, and so are 
sfinu gntOer mt^inUudes. Part of this is in every system : the rest is proved 
thus. If M be to .5 in a greater ratio than Pio say, for instance, we find 
that 15J/ lies between 22^5 and 23^, while is/'lies before t2Q. Let i^M 
exceed 22B by Z; then, if A'' be less than M by anything less than the 15th 
part of Z, 15^ is between asil and 33^: or less than Af, is in a greater 
ratio to B than J^to Q. And similarly for the other case. 

(2) Af can certainly be taken so small as to be in a less ratio to B than 
P to Qf and so large as to be in a greater ; and since we can never pass from 
the greater ratio back again to the smaller by increasing it follows that, 
while we pass from the first designated value to the second, we come upon an 
intermediate magnitude such that every smaller is in a less ratio to B than 
P to Q, and every greater in a greater ratio. Now /I cannot be in a less ratio 
to B than P to Q, for then some greater magnitudes would also be in a less 
ratio ; nor in a greater ration for then some less magnitudes would be in a 
greater ratio; therefore ^ is in the same ratio toB&sPto Q. The previously 
proved proposition above mentioned shows the three alternatives to be the 
only ones." 

Alternative proofs of V. 18. 

Simson bases his alternative on v. 5, 6. As the i8th proposition is the 
converse of the 17th, and the latter is proved by means of v. 1 and 2, of 
which V. 5 and 6 are converses, the proof of v. 18 by v. 5 and 6 would be 
natural; and Simson holds that Euclid must have proved v. 18 in this way 
because "the 5th and 6th do not enter into the demonstration of any 
proposition in this book as we Ixave it, nor can tiiey be of any use in any 
proposition of the Elements," and "the 5th and 6th have undoubtedly been 
put into the 5th book for the sake of some propositions in it, as all the other 
propositions about equimultiples have been." 

Simson's proof is however, as it seems to me, intolerably long and dithcult 
to follow unless it be put in the symbolical form as follows. 

Suppose that a is to ^ as <r is to d ; 
it is required to prove that a + d k to i> js c -i- d is to d. 

Take any equimultiples of the last four magnitudes, say 

m{a+^), inb, m{t-¥d), md^ 
and any equimultiples of ^, ^ as 

nd 
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Qearly, if niis greater than m^, 

is greater than «N^; 
if equal, equal; and If less, less. 

I. Suppose ff^ not greaterlhaniw^ 80 that is also not greater than m/, 
Now «i (0-1-^) is greater than M^: 

therefore jw (a + ^) is greater than 

Similarly m -i* ^ is greater than mH 

II. Si^ipose greater than m^. 

Smce m{a + d), mbt m{e-¥d\ md are equimultiples of {a + b\ d, 
ma is the same multiple of a that m {a ^ fi) is of (a + fi), 
and ffiv is the same multiple of ^ that m + </) is of -t- 4), 

so that nu7, tnr are equimultiples of rz, c. [v. 5] 

Again nby tid are equimultiples of ^, 
and so are mb^ md ; 

therefore {n-m)b^ {H-m)d are equimultiples of b^ d and, whether n — m 
is equal to unity or to any other integer [v. 6\ it follows, by Def. 5, that, 
since «, ^, 4/ are proportionals, 
if ma is greater than (« - m) 

then is greater than (<i-s»)i/; 

if equal, equal ; and if less, less. 

(i) If now M (a ^) is greater than jv^, subtracting wib from each, we have 

Ma is greater than («- m) 3 J 
therefore me is greater than (jv-iw)4 

and, if we add md to each, 

m{t-¥4)vt greater than nd, 

(a) Similarly it may be proved that, 

if M (« -f ^) is equal to 

then M (^-i- if) is equal to 

and (3) that, if m(a'¥ b) is less than nb, 

then m{(-¥d)vi less than luL 

But (under I. above) it was proved that, in the case where is not 
greater than mb^ 

m (a + fi) is always greater than frfi, 
and m (£" + </) is always greater than nd. 

Hence, whatever be the vaUies of /// and //, w (r f (/) is always greater than, 
equal to, or less than nd according as m{a d) is greater than, equal to, or 
leas than n^. 

Therefore, by Def. 5, 

a-f^isto^as^4-^istOi& 

Todhunter gives the following short demonstration from Austin {Exami- 
nation 0/ the first six books of Euclid's ElenutUs), 

"Let be to as CF\& to FD : 

A£ shall be to ^£ as CZ? is to DR 
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For, becanae AB is to MB as CF\a lo FD^ 
theiefofe^ alternately, 

ia to C^aa EB ia to FD. t6] 

And, as one of the antecedents is to its consequent, so is the sum of the 

antecedents to the sum of the consequents ; [v. 1 2] 

therefore, as EB is to FD^ so are AE^ EB together to 67^ 

FD together ; 

that is, AB is to CD as EB is to FD. 

Therefore, alternately, 

18 to ir^as C2> is to FDr 

The obiection to this proof is that it is onlj^ valid in the case 
where the proposition v. 16 used in it is valid, Le. where all four 

magnitudes are of the same kind. 

Smith and Bryant's proof avails where all four magnitudes 
are straight lines, where all four magnitudes are rectilineal areas, 
or where one antecedent and its conseauent aie straight lines iuid the other 
antecedent and its oomequent rectilineal areas. 

Suppose that AiB^CiD. 
Flrsif let all the magnitudes be areas. 

Construct a rectangle aiied equal to vf, and to apply the rectangle Setf 

equal to B. 

Also to a^, bf apply the rectangles bk 
equal to C, D respectively. 

Then, since the lectangws ac, be have equal 
heights At, they are to one another as their 
bases. [vi. ij 

Hence ab\bf ~ rect. ac : rect be 

= A: B 

= C .D 

= rect. I rect. hk. 

Therefore [vi. i, converse] the rectangles ag^ bk have the same height, so 
that A is on the straight line kg. 

Hence A-^BiB^wcX, aextticx^he 

s rect ah : rect Nk 
= C+I>:I>, 

Setvmlfyt let the magnitudes A, Bhe straight lines and the nu^itudes 

C, D areas. 

Let ab, hf he equal to the straight lines A^ B^ and to ab, bf apply the 
rectangles ag^ bk equal to 6\ D respectively. 

Tlwn, as before the rectangles ag^ M have the same height 

Now A^B\B^af'.bf 

srect al:rect hk 

HUrdfyf let all die magnitudes be straight lines. 

Apply to the straight Imes C, D rectangles Q having the same height 
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Then PiQ^CiD, [vi. i] 

Hence, by the second case, 

Also P-¥QiQ^C-¥D\D, 
Therefore A^-BiB^C^DiD* 

Proposition 19. 

y/l as a whole is to a whole, so is a part subtracted to a 
part subtracted, the remainder wUl also be to the remainder 
as whole to whole. 

For, as the whole AB is to the whole CD, so let the 
part AE subtracted be to the part CF 
subtracted ; 

I say that the remainder EB will also be ^ — 5 ? 

to the remainder FD as the whole AB to o y o 
the whole CD. 

For since, as AB is to CD, so is AE 
to CF, 

alternately also, as BA is to AE, so is DC to CF. [v. 16] 

And, since the magnitudes are proportional componendo, 
they will also be proportional separando, [v. 17] 

that is, as BE is to EA, so is DF to CF, 

and, alternately, 

as BE is to DF, so is EA to FC. [%'. 16] 

But, 2is AE is to CF, so by hypothesis is the whole AB 
to the whole CD. 

Therefore also the remainder EB will be to the remainder 
FD as the whole AB is to the whole CD, [v. iil 

Therefore etc. 

[PoRiSM. From this it is manifest that, if magnitudes be 
proportional con^onendo, they will also be proportional 
cotwertendoJ] 

Q, s. D. 

Algebraically, \(a:b = e:d (where c <a and d < d), then 

{a-c)'.{d-d)=ttlb. 

The " Porism ** at the end of this propondon is led up to by a few lines 
which Heiberg brackets because it is not Euclid's habit to explain a 
Porism, and indeed a Porisni, from its very nature^ should not n^ any 
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don, being a sort of by-product appearing without eflfort or trouble, 

airpayfmTfvTw^ (Proclus, p. 303, 6). But Hcibcrg thinks that Simson does 
wrong in finding fault with the argument leading to the " Porism," and that 
it does contain the true demonstration of conversion of a ratio. In this it 
appears to me that Heibeig is clearly mistaken, the supposed proof on the 
basis of Prop. 19 being no more correct than the similar attempt to prove the 
inversion of a ratio from Prop. 4. The wofds aie': "And since it was 
proved that, as j4B is to CD, so is £B to /X), • • ' 

alternately also, as is to /tE, so is Cf> to FD: 

therefore magnitudes when compounded are proportional. 

But it was proved that, as £A is to A£, so is DC to CF^ and this is 

It will be seen that this amounts to proving /ram ike hypothtsis a\b^€xd 
that the following transformations are simultaneously true, viz. : 

and fiic^bid. : 

The former is not proved from the latter as'it ou^tto be. tf it were! intended 
to jwrove com^rrsion. 

The inevitable conclusion is that both the "l^orism" and the argument 
leading up to it are interpolations, though no doubt made, as Heiberg says, 
before Theon's time. 

The conversion of ratios does not depend upon v. 19 at all but, as Simson 
shows in his Proposition E (containing a proof already given by Clavius), on 
Props. 17 and 18. Prop. E is as follows. 

If four magnitudes he proporiiouah, thry are also proportionals cotitKTsion^ 
that iSf the first is to its excess above the second as the third is to 
its exeeu above the fourth* 

then BAlsto AE as DC va CR ' , 

Because AB is to BE as CD to DF, 
by division \separanib\ : . « . . 

^^is to ^^as CFto FD^ < [v. 17] • 

and, by invecsbn, 

BE is to EA as Z?^to FC. 

[Simson's Prop. B directly obtained from v. Def. 5] 
Wherefore by composition \compotundo\ 

BA is to AE as DC to CF. [v. 18] 



C 
F 



Proposition 20. ' ' 

// there be three magnitude Sy and ot Iters equal to them in 
multitude, which taken two and tivo arc in the same ratio, and 
if ex acquali the first be greater than the third, the fourth will 
also be greater than the sixth; if equals nqual; and^ if Uss, less. 
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Let there be three magnitudes A, B, C, and others 
Z>, F eaual to them in multitude, which taken two and 
two are in tiie same ratio, so that, 

as A is to so is D to 

and as B Is to C so is E to F\ 

and let A be greater than C ex aequali \ 

I say that D will also be greater than 7^; if ^ is equal to C, 
equal ; and, if less, less. 



A — D- 

B e- 

C F- 



For, since A is greater than C, 
and B is some other magnitude, 

and the greater has to the same a greater ratio than the less 
has, [v. 8] 

therefore A has to ^ a greater ratio than C has to B, 

But, as -<4 is to so is to E, 
and, as C is to B, inversely, so is to ^ ; 
therefore D has also to i^* a greater ratio than F has to E, [v. 13] 

But, of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater ; [v. 10] 

therefore D is greater than F. 

Similarly we can prove that, if ^ be equal to C, D will 
also be equal to F ; and if less, less. 
Theitsfore etc. 

<2> E. D. 

Though, as already remarked, Euclid has not yet given us any definition 
of compounded ratios^ Props. 20 — 23 contain an important part of the theory 
of sud) ratios. The term "compounded ratio" is not used, but the fnopositions 
connect themselves with the definitions of ex aequali in its two forms, the 
ordinary form defined in Def. 17 and that called perturbed proportion in 
Def. 18. The compounded ratios dealt with in these propositions are those 
oompounded of siiooenive latios in which the consequent of one is the 
antecedent of the neit, or the antecedent of one is the consequent of 
the next 

Prop. 23 states the fundamental proposition about the ratio ex aequeUi in 
its onfinaiy foim, to the effect that, 

if aisto^as^is to«^ 

and ^isto^asrssto/ 

then aiato^as^isto/ 
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with the extension to any number of nidi ntios; Prop. 23 gives the 
oonDespondmg theorem for the case of perhirM pr^miion^ namely that, 

if a is to ^ as r is to/ 

and ^isto^asi/isto/» 

then a is to ^ as 1/ is to/ 

Each depends on a preliminary proposition, Prop. 22 on Prop. 20 and 
Prop. 23 on Prop. 21. The course of the proof will be made most clear by 
using the algebraic notation. 

The prdiminaiy Propw so asserts that, 

if a\h-dity 
and b\e-€\f^ 

then, according as tf>s<^ d>-</. 

For, according as « b greater than, equal to, or less than r, 
the latio a :^ is greater than, equal to^ or less than the ratio f:^, [v. 8 or v. 7] 
or (since d\e = a\ by 

and c\b ~ f \e) 

the ratio d\i\& greater than, equal to, or less than the ratio /: e, 

[by aid of v. 13 and v, 1 1] 

and therefore d is greater than, equal to, or less than / [v. 10 or v. 9] 

It is next proved in Prop, as that, by v. 4, the given proportions can be 
transformed into 

ma\nb=t md : «f, 
and nb xpc^mipf, 

whence, by v. 20, 

according as ma is greater than, equal to, or less than /V, 
md is greater than, equal to, or less than^ 

so that, by Def. $, 

a\e»d',f. 

Prop. 23 depends on Prop. 21 in the same way as Prop. 22 on Prc^ 20^ 
but the tnuttformation of the ratios in Prop. 33 is to the following: 

(1) ma'.Mb^ne.nf 

(by a double application of v. 15 and by v. x i), 

(2) mb\nc^md\m 
(by V. 4, or equivalent steps), 

and Prop. 21 is then used. 

Simson makes the proof of Prop. 20 slightly more explicit, but the main 
difference from the te.xt is in the addition of the two other cases which Euclid 
dismisses with " Similarly we can prove." These cases are : 

" Secondly, let A be equal to C; then shall D be equal to R 
Because A and C are equal to one another, 

AviXoB^ACv^ViB* [v. 7] 

But is to as i7 is to 

and Cisto.ffasJ^isto.fi, 
wherefore is to J? as .^'to E'y 1 1] 

and therefore D is equal to F, [v. 9] 

H. & iL sa 
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Next, let ^ be less than C; then shall i> be less than JR 
For Cis greater than A, 
and, as was shown in the first case^ 

Cisto^as^to^, 

and, in like manner, 

B IS lo A ii6 £ to D ; 

therefore F is greater than by the first case; and therefore is less 
than^" 

Proposition 21. 

// there be three magnitudes, and others equal to tkem in 
muUUude, which taken two and two together are in the same 
raiio^ and the proportion of them be perturbed, then, if ex 
aequali the first magnitude is greater than the third, the 
fourth tvill also be greater than the sixth; if equals equal; 
and if less, less. 

Let there be three magnitudes A, B, C, and others Z>, F 
equal to them in multitude, which taken two and two are in 
the same ratio, and let the proportion of them be perturbed, 
so that, 

as A is to B, so is E to F, 

and, as ^ is to C so is to iS*, 

and let be greater than C ex aequali ; 

I say that D will also be greater than F\ if A is equal to 
Cy equal ; and if less, less. 

A D 

B • E 

0 F 

For, since A is greater than C, 
and B is some other ms^itude, 

therefore A has to B a greater ratio than C lias to B. [v. 8] 

But, as A is to so is B to F, 
and, as C is to B, inversely, so is £ to D, 
Therefore also E has to a greater ratio than E has to D. 

[v. 13J 

But that to which the same has a greater ratio is less ; 

[v. 10] 

therefore F is less than D ; 
therefore D is greater than F, 
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Similarly we can prove that, 

if A be equal to C, I? will also be equal to 

and if less, less. 

Therefore etc. q. e. D. 

Algebraically, if ai^-e:/, 
and b'.€=d\e, 

then, according asa> = <^, d-> = <f. 

Simson's alterations correspond to those which he makes in Prop. 20. After 
the first case he proceeds thus. 

** Secondly, let i# be equal to C\ then shall D be equal to R 
Because A and Care equal, 

is to as C is to ^. [v- 7] 

But ^istoiffasj^isto^ 
and Cisto^as.£istoZ>: 

wherefore E is to /"as E to Z>, [v. 1 1] 

and therefore D is equal to F. [v. 9] 

Next, let A be less than C; then shall D be less than K 

For C is greater than A^ 

and, as was shown, 

C is to i? as £ to A 

and, in like manner, 

^ is to ^ as Z'' to ; 
therefore F 'v& greater than i7, by the fint cas^ 
and therefore D is less than /^" 
The proof may be shown thus. 

According as a> = <r, a : d> = <C',d. 
But a\b~c:fy and, by inversion, c:b ^e:d. 

Therefore, according as a > - < f, e: /> = <e'.d^ 
and therefore d>-</. 

Proposition 22. 

If titer e be any number of ntagniludes whatever, and others 
equal to them in multitude, which taken tzoo and tiuo together 
are in ike sanie ralio^ they will also be in the same ratio ex 
aequali. 

Let there be any number of magnitudes A, C, and 
others E, equal to them in multitude, which taken two 
and two together are in the same ratio, so that, 

as A is to B, so is D to Zf, 

and, as B is to so is ^ to F\ 

I say that they will also be in the same ratio ex aequali, 

< that is, as ^ is to C, so is /> to ^> . 

IS— a 
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For of A, D let equimultiples Hhe taken, 

and of B, E other, chance, equimultiples K, L ; 

and, further, of C, F other, chance, equimultiples J/, N. 



A D C- 

D E F- 



H- 



Then, since, as A is to B, so is D to E, 
and of A, D equimultiples G, H have been taken, 
and of E other, chance, equimultiples K, 

therefore, as is to AT, so is H to L, [v. 4] 

For the same reason also, 

as IS to so is Z to N, 

Since, then, there are three magnitudes 6\ A', M, and 
others H, L, N equal to them in multitude, which taken two 
and two together are in the same ratio, 

therefore, ex aequali^ if G is in excess of H is also in excess 
of iV; 

if equal, equal ; and if less, less. (v. ao] 

And H are equimultiples of Z>, 

and N other, chance, equimultiples of C, F. 

Therefore, as ^ is to C, so is Z7 to F. [v. Def. 5] 

Therefore etc, 

Q. E. D. 

Euclid enunciates this proposition as true of any number of magnitudes 
whatei'cr forming two sets connected in the manner described, but his proof is 
confined to the case where each set consists of three magnitudes only. The 
extension to any number of magnitudes is, however, easy, as shown by 

Sinison. 

"Next Id there be four magnitudes Ay C,^, and Other four^,.^ 
which two and two have the same ratio, viz. : 

as A is to so is J? to 
and as B is to C, so is /' to 
and as C is to Z>, so is ^ to ; 

^ shall be to 27 as to 

Because Ay B, C three magnitudes, and G other three, which 
taken two and two have the same ratio^ 

by the forcing case^ 

^ isto Cas^to G, 



A 


B 


0 


0 


E 


F 


0 


H 



v^oogie 
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But C is to Z) as is to If; 
wherefore again, by the first case, 

^ is to ZP as £ to //. 
And so on, whstever be the number of magnitudes." 



Proposition 23. 

// there be three magniiudeSt and others equal to them in 
multUude, whuh taken two and tivo together are in the same 
ratio, and the proportion of them be perturbed^ they will also 
be in the same ratio ex aequali. 

Let there be three magnitudes A, B, C, and others equal 
to them in multitude, whicn, taken two and two together, are 
in the same proportion, namely D^E^F; and let the propor- 
tion of them be perturbed, so that, 

as is to so is ^ to 
and, as B is to C, so is to ^ ; 

I say that, as A is to C, so is D to F. 



A B C 

0 e F 

O 1 1 H 1 1 U > 

^ , , M > M« V 



Oi A, By D let equimultiples G, //, A' be taken, 
and of C F other, chance, equimultiples L, N. 
Then, since H are equimultiples o{ A,Bt 

and parts have the same ratio as the same multiples of 
them, [v. 15] 

therefore, as ^ is to ^, so is 6^ to 
For the same reason also, 

as iS* is to so is il/ to iV. 
And, as is to B, so is ^ to 

therefore also, as G is to //, so is M to ^V. [v. 11] 

Next, since, as B is to C, so is D to E, 
alternately, also, as B is to D, so is C to /r'. [v. 16] 

And, since K are equimultiples ol B, D, 
and parts have the same ratio as their equimultiples, 

therefore, as ^ is to />, so is to AT. [v. 15] 
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But, as B is to D, so is C to ; 

therefore also, as H is to A' so is C to E. [v. 11] 

Again, since M are equimultiples of C, 

therefore, as C is to so is L to M, [v. 15] 

But, as C is to so is to K\ 
therefore also, as is to A', so is Z to il/, [v. ti] 

and, alternately, as is to X, so b A!' to [v. 16] 

But it was also proved that, 

as 6r is to //, so is M to A^. 
Since, then, there are three magnitudes G, H, L, and 
others equal to them in multitude K, M, N, which taken two 
and two together are in the same ratio, 
and the proportion of them is perturljed, 

therefore, ex aeqtiali^ if G is in excess of Z, K is also in excess 

of iV; 

if equal, equal ; and if less. less. [v. 21] 

And K are equimultiples of 

Therefore, as v4 is to C so is Z7 to F. 
Therefore etc. 

Q. B. D. 

There is an important diflTcrcnrc iKtween the version given by Simson of 
one part of the proof of this proposition and that found in the Greek text of 
Hdberg. Peyrard's ms. has the version given by Heibetg, but Simson's 
version has the authority of other mss. The Basel editio primeps gwes both 
versions (Simson's being the first). After it has been proved by means of 
V. 15 and V. 1 1 that, 

as{risto^, soisJiftoA^ 
or, with the notation used in the note on Prop. 20^ 

it has to be proved further that, 

as /Tis to Z, so is iTto 

or mb'.nt^md-.ne^ 

and it is clear that the latter result may he directly inferred from V. 4. The 
reading translated by Sinison makes this inference : 

" And because, as ^ is to C, so is D to 
and Hy K are equimultiples of D, 
and Z, M of C, 

therefore^ as JST is to Z, so is ^ to [v- 4] 

The version in Heibeig's text is not only much logger (it adopts the 
roundabout method of using each of three Propositioiis v. ti, 15, 16 twice 
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over), but it is open to the objection that it uses v. 1 6 which is only applicable 
if the four magnitudes are of the same kind ; whereas V. 23, the proposition 
now in question, is not subject to this restriction. 

Simson rightly obierves that in the last step of the proof it should be 
stated that "6^, A' are tfifjf equiiniilti|des wkaUmr of and Z, N any 
whatevfr of C, F." 

He also gives the extension of the proposition to any number of magnitudeSy 
enunciating it thus : 

"If there be any number of magnitudes, and as many others, which, taken 

two and two, in a cross order, have the same ratio ; the first shall have to the 
last of the first magnitudes the same ratio which the first of the others has to 

the last " ; 

and adding to the iHXX>f as follows : 

"Next, let tiiere be four magnitudes A, B, C, D, and other four Ey F, G, H, 
which, taken two and two in a cross order, have the same ratio^ via. : 

^ to ^ as ^ to 

B \Q C 2& F \.o G, 
and CtoZ>as^to^; 
then ^ is to Z> as ^5" to H. 

Because B^ C are three magnitudes, and F, G, H other three whichi 
taken two and two in a cross order, have the same ratio, 

by the first case, A is to C as F to H. 

But C is to as j£ is to i 

wherefore again, by the first case, 

^ is to 2> as £ to 

And 80 00, whatever be the number of magnitudes." 



A 


B 


C 


0 


E 


F 


Q 


H 



Proposition 24. 

If a first magnitiuie have to a second the same ratio as a 
third has to a fourth^ and also a fifth have to t/te second i/ie 
same ratio as a sixth to the fourth, the first and fifth added 
together will ham to the second the same ratio as the third and 
stxth have to the fourth. 

Let a first magnitude AB have to a second C the same 
ratio as a third DE has to a 

fourth F] A 5 Q 

and let also a fifth BG have to o 

the second C the same ratio as d ^ H 

a sixth EH has to the fourth f 

I say that the first and fifth added together, AG, will have 
to the second C the same ratio as the third and sixth, DH, 
has to the fourth F, 
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For since* as BG is to C, so is EH to 
inversely, as C is to BG^ so is ^ to EH. 
Since, then, as is to C so is DE to 

and, as C is to BG, so is F to EH, 
therefore, ex aequali, as AB is to BG, so is DE to EH. [v. 22] 
And, since the magnitudes are proportional separandoy they 
will also be proportional componendo ; [v. 18] 

therefore, as is to GB^ so is DH to 
But also, as BG is to C so is ^5*// to F ; 
therefore, £r aequalU as 6^ is to C so is DH to /^ [v. aa] 



Therefore etc. Q. b. d. 

Algebraically, if a :c 

and t *.€ = €'. ft 

then (a + i>) :c = {d+e) :/. 



This propontion is of the same character as those which precede Ae 
propositions relating to compounded ratios ; but it could not be placed earlier 
than it is because v. 22 is used in the proof of it 

Inverting the second proportion to 

it follows, by v. 23, that a:d = d:e, 

whence, by v. 18, {a + d) : d ~ {d + ^) : 

and firom this and the second of the two given proportions we obtain, by a 
fresh application of v. aa, 

The first use of v. 22 is imjwriunt as showing that the opposite process to 
compounding ratios, or what we should now call division of one ratio by 
another, does not require any new and separate propositions. 

Aristotle tacitly uses v. a4 in comlnnation with v. 1 1 and v. 16, Metearolegua 
III. 5, 376 a 22 — 26. 

Simson adds two corollaries, one of which (Cor. 2) notes the extension to 
any number of magnitudes. 

" The proposition holds true of two ranks of magnitudes whatever be tiieir 
number, of which each of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank has to a fourth magnitude; 
as is manifest." 

Simson's Cor. z states the corresponding jpfoposation to the above with 
separandfl taking the place of wmpanendo^ viz., that corresponding to the 
algebraical form 

{a-b).c^ {d-e):f. 

"Cor. I. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second as the excess of the third 
and sixth to the fourth. The demonstration of this is the same with that fA 
the proposition if division be used instead of composition." That is, we USe 
V. 17 instead of v. 18, and conclude that 
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Proposition 25. 

If four magmludes he proportional, the greatest and the 
least are greater than the remai^iing ttvo. 

Let the four magnitudes AB, CDt £, he proportional 

so that, sis AB IS to CD, so is E to 
F, and let ABhe the greatest of them 

and F the least ; ^ ^ S 

I say that AB, F are greater than e 

For let AG he made equal to iff, 

and C// equal to 

Since, bs AB is to CD, so is ^ 
to /^ 

and ^ is equal to ^6^, and F to C^, 

therefore, as AB is to CD, so is to C/T. 

And since, as the whole AB is to the whole CD, so is 
the part AG subtracted to the part CN subtracted, 

^e remainder GB will also be to the remainder //D as 
the whole AB \sto the whole CD, [v. 19] 

But AB is greater than CD; 

therefore GB is also greater than //D. 

And, since AG h equal to £, and C// to /% 
therefore ^ (7, F are equal to C//, £, 

And if, 6^i^, being unequal, and GB greater, AG^ F 
be added to GB and CH, £ be added to HD, 

it follows that AB, F are greater than £, 

Therefore etc. 

Q. E. D. 

Algebraically, if a -.b ^ c -.d, 

and a is the greatest of the four magnitudes and d the least, 

<7 + </ > ^ + i". 

Simson is right in inserting a word in the setting-out, " let AB he the 
greatest of them and <e0ttsefuemtfy> ^the least** This follows from the 
particular case, really included in Dcf. 5, which Simson makes the subject of 
his proposition A, the case namely where the equimultiples taken are ofM the 

several magnitudes. 

The proof is as follows. 

Since aib-c.d. 
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Bat ii> ^; therefore {a-c)> {d-d). [v. i6 and 14] 

Add to each (e+d); 
therefore {a-¥d}>{S+^ 

There is an important particular case of this proposition, which is, 

however, not mentioned hen-, viz. thi* case where /> ^ c. The result shows, in 
this case, that the anthmetic mean hettv^tn two ma^itudes is greater than 
their geometric mean. The truth of this is proved for straight lines in vi. 27 
by "geometrical algebra," and the theorem forms the tuo^yM for equations 
of the second degree. 

Simson add.s at the end of Book v. four propositions, F, i\, H, K, which, 
however, do not seem to be of sufficient practical use to justify their inclusion 
here. Bot he adds at the end of his notes to the Book the following 
paragraph which deserves quotation word for word. 

"The 5th book being thus corrected, I most readily agree to what the 
learned Ur Barrow says, 'that there is nothing in the whole body of the 
elements of a more subtile invention, nothing more solidly established, and 
more accurately handled than the doctrine of proportionals.' And there is 
some ground to hope that ^t-ometers will think that this could not have been 
said with as good reason, siiu Theon's time till the present." 

Simson's claim herein will readily be admitted by all readers who are 
competent to form a judgment upon his criticisms and elucidations of Book v. 
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INTRODUCTORY NOTE. 

The theory of proportions has been established in book v. in a perfectly 
geneml form applicable to alt kinds of magnitudes (although the reprewntation 
of magnitudes by straight lines gives it a f^omeiriccU appearance) ; it is now 

necessaiy to apply tlic theory to the particular case o\ (geometrical investigation. 
The only thing still required in order that this may be done is a proof of the 
existence of such a magnitude as bears to any given finite magnitude any 
given finite ratio ; and this proof is supplied, so far as rq^ards the subject 
matter of geometry, by vi. i 2 which shows how tO construct a fourth pro- 
portional to three given straight lines. 

A few remarks on the enormous usefulness of the theory of proportions 
to geometry will not be out of place. We have already in Booln 1. and 11. 
made acquaintance with one important part of what has been well called 
geometrical algebra, the method, namely, of tipplication of areas. We have 
seen that this method, working by the representation of products of two 
quantities as rectangles, enables us to solve some particular quadratic equations. 
But the limitations of such a method are obvious. So long as general 
quantities are represented by strati^ht lines only, we cannot, if our geometry 
is plane^ deal with products of more than two such quantities ; and, even 
by the use of three dimensions, we cannot work with products of more 
than three quantities, since no geometrical meaning could be attached to 
such a product. This limitation disappears so soon as we can represent any 
general quantity, corresponding to what we denote by a letter in algebra, by 
a ratio ; and this we can do because, on the general theory of proportion 
established in Book v., a ratio may be a ratio of two incommensurable 
quantities as well as of commensurables. Ratios can tx ton^^ndid ad 
infinitum^ and the division of one ratio by another is ecjually easy, since it is 
the same thing as compounding the lirst ratio with the inverse of the second. 
Thus e.g. it is seen at once that the ioegUknis in a quadratic <tf the most 
general form can be represented by ratios between Straight lines, and the 
solution by means of Bonks r. anrl 11. of problems corresponding to quadratie 
equations with particular coetticients can now be extended to cover any 
quadratic with real roots. As indicated, we can perform, by composition of 
ratios, the operation corresponding to multiplying algebraioil quantities, and 
this to any extent We can divide quantities by compounding a ratio with 
the inverse of the ratio representing the divisor. For the addition and 
subtraction of quantities we have only to use the geometrical eouivalent of 
bringing to a common denominatoVt which is effected by means of tiie fourth 
proportional. 



x88 



BOOK VI 



[VI. OfiFF. 



DEFINITIONS. 

I. Similar rectilineal figures are such as have their 
angles severally equal and the sides about the equal angles 
proportiona]. 

[2. Reciprocally related figures. See noie.'\ 

3. A straight line is said to have been cut in extreme 
and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less. 

4. The height of any figure is the perpendicular drawn 
from the vertex to the base. 

Definition i. 

*OfiOMi v\rffkaTa tvOvypafifui iariVf Sn Tac r< ywv^K urac Kara /mov mu 
rot wtfA ras Ura.9 ywruK wXtvpiut AvdKayw, 

This definition is quoted by Arirtotle, jifiai. post, il 17, 99 a 13, where 

be says that similarity (to o/xoioi') in the case of figures **consists, let us say 
(mtok), in their having their sides proportional and their angles equal." The 
use of the word ur«i»s may surest thatj in Aristotle's time, this dehnition had 
not quite established itself in the text-books (Heiberg, MtUkmaitKhes mh 
AristoteltSf p. 9)* 

It was pointed out in Van Swinden's Elements of Geometry (Jacobi's 
edition, 1834, pp. 114 — 5) that Kudid omits to state an essential j)art of the 
definition, namely that "the corresponding sides must be opposite to equal 
angles," which is necessary in order that the corresponding sides may follow 
in the same order in both figures. 

At the same time the definition states more than is absolutely necessary, 
for it is true to say that two polygons are similar wlun^ if the sides and angles 
an taken in the sam* orders the angles are eqmU and the sides aboeU the equai 
angles are ^np^tional^ amittit^ 

(i) three eonseeutive angles^ 

w (2) two eotueaitive angles and the side eommon to tlUm, 

or (3) two eoHseeutive sides and the angle ineluded 6y them, 

and making no assumption with regard to the omitted sides and angles. 

Austin objected to this definition on the ground that it is not obvious that 
the properties (i) of having their angles respectively equal and (2) of having 
the sides about the equal angles proportional can eO'Oxist in two figures ; but, 
a definition not being concerned to prove the existence of the thing defined, 
the objection falls to the ground. We are properly left to satisfy ourselves as 
to the existence of similar figures in the course of the exposition in Book vi., 
where we learn how to construct on any given straight line a rectilineal fipire 
similar to a given one (vl 18;. 
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Definition 2. 

The Greek text gives here a definition of rtcipnfcaify related figures 
(dKriTTtTToi'^oTa <T)(riyjiTa). " [Two] figures are reciprocally related when there 

are in each of the two figures an t( -cedent and consequent ratios" ( \vriiTnTiwB6rQ. 
hk. iTj^iffiard co'Ttf, orav iv ckutc^ riov (T^ijfJMTuiv ifyovfi€voi rt kui ivufitvoi \6yoi 

Arof). No intdl^(ible meanti^ can be attached to "antecedent and con- 
sequent ratios" here; the sense would require rather "an antecedent and a 
consequent of (two equal) ratios in each figure." Hence Candalla and 
Peyrard read Xoyiov opoi terms of ratios") instead of Xoyot. Camerer reads 
AoywK without opo(. But the objection to the definition h'es deoier. It is 
never used; when we come, in vi. 14, 15, xi. 54 etc. to parallelograms, 
triangles etc. having the property indicated, they are not called "reciprocal" 
parallelograms etc., but parallelograms etc. "tAe sides of tuhich are reciprocally 
proportional," uxv dyrivtwov&aaiv ai vXcvpcu. Hence Simson appears to be 
right in condemning the definition ; it may have been interpolated from Heron, 
who has it. 

Simson proposes in his note to substitute the following definition. "Two 
magnitudes are said to be reciprocally proportional to two others when one 
of the first is to one of the other magnitudes as the remaining one of the last 
two is to the remaining one of the first." This definition requires that the 
magnitudes shall be all of the same kind. 



Dbpinition 3. 

'Axpov Koi fjLfaov Xoyoy tvOfia Tcr/A^a^Oi Ac'y«Tut, oray g uiS i}' oX.rj WfHts to 
fUtCw rfirjijuxt tSnn TO fitt^oy wpo^ t6 IXarroK, 



Definition 4. 

The definition of "height" is not found in Campanus and is perhaps 
rightly suspected, since it does not apply in terms to paralleloj^rams, parallele- 
pipeds, cylinders and prisms, though it is used in the Elements with reference 
to these latter figures. Aristotle does not appear to know altitude (v^o«) in 
the mathematical sense; he uses Ka^croc of triangles {^fe^eorologica itl. 3, 
373 a 11). The term is however readily understood, and scarcely requires 
definition. 

[Definition 5. 

AoyfK Ik Xoyo)!' o-cyKftfT^ai XrycTcu, OToy ol 1W A«>y«M> vifXiiionfrtc 4^* iavraf 

'* A ratio is said to be compounded of ratios when the sizes (s^Xucotttcs) of 
the ratios multiplied tq^ether make some (? ratio, or sise)."J 

As already remarked (pp. 116, 132), it is beyond doubt that this definition 
of ratio is interpolated. It has little MS. authority. The best MS. (P) only has 
it in the margin; it is omitted altogether in Campanus* translation from the 
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Arabic ; and the other hss. which contain it do not agree in the posidon 

which they give to it. There is no reference to the definition in the place 
where compound ratio is mentioned for the first time (vi. 23), nor anywhere 
else in Euclid ; neither is it ever referred to by the other great geometers, 
Archimedes, Apollonius and the rest It appears to be only twice mentioned 
al all, ^i) in the passage of Eutocius referred to above (p. 116) and (2) by 
'I'hcon in his commentary on Ptolemy's awra^ts. Moreover the content of 
the definition is in itself suspicious. It speaks of the "sizes of ratios being 
multiplied together (literally, into themselvesX" an operation unknown to 
geometry. Inere is no wonder that Eutocius, and apparently Theon also, in 
their efforts to explain it, had to give the word m^Xntorr;? a meaning which has 
no application except in the case of such ratios as can be expressed by 
numbers (Eutocius eg. making it the "number by which the ratio is called"). 
Nor is it surprising that WaUis should have found it neoessaiy to subfidtute 
for the '* quantitas" of Cwnmandinus a different translation, " quantuplidty," 
which he said was represented by the '"exponent of the ratio^' (rationis 
exponens), what Peletarius had described as "denominatio ipsae proportionis" 
and Clavius as "denominator." The fact is that the definidon is ungeometrical 
and useless, as was already seen by Savile, in whose view it was one of the 
two blemishes in the body of geometxy (the other bei{)g of course Postulate 5). 
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Proposition i. ■ 

Triangles and parallelograms which are under the same 
height are to one another as their hoses. 

Let ABC, ACD be triangles and EC^ CT^ parallelograms 
under the same height ; 

5 I say that, as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD^ and the parallelogram 
EC to the parallelogram CF, 



E A F 




For let BD be produced in both directions to the points 
H, L and let [any number of straight lines] BG, GH be 
lo made equal to the base BC, and any number of straight lines 
DK, KL equal to the base CD ; 

let AG, AHt AK, AL be joined. 

Then, since CB, BG, GH are equal to one another, 

the triangles ABC^ AGB, AHG are also equal to one 
15 another. [i. 3^] 

Therefore, whatever multiple the base /TC is of the base 
BC, that multiple also is the triangle AHC of the triangle 
ABC, 

For the same reason, 

JO whatever multiple the base LC is of the base CD, tliat 
multiple also is the triangle ALC of the triangle ACD; 

and, if the base HC is equal to the base CL, the triangle 
AHC is also equal to the triangle ACL, [}- 3S] 
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if the base IfC is in excess of the base CJL, the triangle AHC 
as is also in excess of the triangle A CL, 
and, if less, less. 

Thus, there being four magnitudes, two bases CD 
and two triangles .^^C, ACDy 

e((|uimultiples have been taken of the base BC and the 
90 triangle ABC^ namely the base HC and the triangle AHC, 

and of the base CD and the triangle ^Z^C other, chance, equi> 
multiples, namely the base LC and the triangle ALC; 

and it has been proved that, 

if the base //C is in excess of the base CX, the triangle 
35 is also in excess of the triangle ALC \ 

if equal, equal ; and, if less, less. 

Therefore, as the base BC is to the base CD, so is the 
triangle ABC to the triangle A CD. [v Def. 5] 

Next, since the parallelogram £C is double of the triangle 
¥>ABC, L»-4i] 
and the parallelogram FC is double of the triangle A CD, 

while parts have the same ratio as the same multiples of 

them, [v. is] 

therefore, as the triangle ABC is to the triangle ACD, so is 
4S the parallelogram EC to the parallelogram FC. 

Since, then, it was proved that, as the base BC is to CZ>, 
so is the triangle ABC to the triangle ACD, 

and, as the triangle ABC is to the triangle ACD^ so is the 
parallelogram EC to the parallelogram CF, 
50 therefore also, as the base BC is to the base CD, so is the 
parallelogram EC to the parallelogram FC, [v. 1 1] 

Therefore etc. 

Q. B. D. 



4. Under the same height. The (ircck text has "under the same height AC,^' with 
a figure in which the side AC common to the two triao^cs is perpendiciilar to the base and 
is therefore itself the "height." But, even if the two triangles are placed contiguously so as 
to have a common snlc AC, it is quite jjratuitous to require it to be perpendicular to the base. 
Theon, on this occasion making an improvement, altered to "which ore (jrra) under the 
aune height, (namelv) the perpendicular drawn from A to BD.* I have ventured to alter so 
far as to nmit AC ' and to (Iraw the ftgiiro in the usual way. 

14. ABC, AGB, AHG. Kuclul, mdiftcrcnl to exact order, writes "A//G,AGB, ABC" 
46. Since then it was proved that, as the base BC is to CD, so is the triangle 
ABC to the triangle ACD. Here again words have to be supplied in trandating the 
extremety terse Greek iwA efr i9*tx8ii, wt (tip rj ^dait BP ir^t t^v FA. oOmi ri ABT 
T/>/-,uiio»' 7r/.os rb AFA Tftiyuvov, literally "since was proved, as the hue BC U> CD, SO the 
triangle AJiC to the triangle ACD." Cf. note on V. l6, p. 165. 
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The proof assumes — what is however an obvious deduction from i. 38 — 
that, of triangles ur parallclugranis on umqual bases and between the same 
parallels, the greater is that which has the greater base. 

It is of course not necessary that the two given triangles should have a 
common side, as in the figure ; the proof is just as easy if they have not. 
The proposition being equally true of triangles and parallelograms of equal 
heights, Simson states this fact in a corollary thus: 

" From this it is plain that triangles and parallelograms that have equal 
altitudes are to one another as their bases. 

Let the figures be so placed as to have their bases in the same straight 
line ; and, if we draw perpendiculars from the vertices of the triangles to the 
bases, the straight line which joins the vertices is parallel to that in which 
their bases are, because the perpendiculars are both equal and parallel to one 
another [i. 33]. Then, if the saiDc ( onstruction be made as in the proposition, 
the demonstration will be liie same," 

The object of placing the bases in one straight line is to get the triangles 
and parallelograms within the same parallels. Cf. Proclus' remark on i. 38 
(p. 405, 17) that having the same height is the same thing as beiiig in the 

same parallels. 

Rectangles, or right-angled triangles, which have one of the sides about 
the right angle of the same length can be placed so that the equal ndes 
coincide and the others are in a straight line If then we call the common 
side the base, the rectangles or the right-angled triangles are to one another 
as their heights, by vi. i. Now, instead of each right-angled triangle or 
rectangle, we can take any other triangle or parallelogram respectivdy with an 
equal base and between the same parallels. Thus 

Trifuiglts and pdraUdep%t$HS havmg tqual bam art tff om anther as their 
heights. 

Ix:gendre and those authors of modem text-books who follow him in 
basing their treatment of proportion on the algebraical definition are obliged 
to divide their proofs of propositions like this into two parts, the first of 

which proves the particular theorem in the case where the magnitudes are 
commensurable, and the second extends it to the case where they are 
incommensurable. 

Legendre {iklimenis de Gfomkritt iii. 3) uses for this extension a r^rous 

method by reductio ad absurdum similar to that 
used by Archimedes in his treatise On the 
equilibrium of planes^ \. 7. The following is 
Legendre's proof of die extension of vi. i to in- 
commensurable parallelograms and bases. 

The proposition having been proved for 
commensurable bases, let there be two rectangles 
ABCDt AEFD as in the figure, on bases AB^ 

which are incommensurable with one another. 

To prove that rect ABCD : rect AEFD -AB\ AE, 

For, if not, let rect ABCD : rect AEFD « AB : AO, (i) 

where A0 \^ (for instance) greater than AE. 

Divide AB into equal parts each of which is less than EO^ and mark off 
on AO lengths equal to one of the parts; then there will be at least one point 
of division between E and O. 

Let it be /, and draw /^parallel to EF, 

H. K. u. 13 
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Then the rectangles ABCD^ AlKD are in the ratio of the bases AB^ Ai^ 
since the latter are commensunble. 
Therefore, inverting the proportion, 

rect. AIKD : rect ABCD = AI,AB (2). 

From this and {\\ex atquali, 

rect. AIKD : rect. AEFD = A/:AO, 
But AO>AI] therefore rect. AEFD > rect. AIKD. 

But this is impossible, for the rectangle AEFD is less than the recungle 
AIKD, 

Similarly an impossibility can be proved if AO < A£. 

Therefore ted. A BCD itedL AEFD AB : A£* 

Some modern American and German text-books adopt the less rigorous 
method of appealing to the theory of lim'is. 

Proposition 2. 

//a straight line be drawn parallel to one of the sides of a 
triangle, it will cut the sides of the triangle proportionally ; 
and, if the sides of t/ie triangle be cut proportionally, the line 
joining the points of section- wUl be parcUUl to the remaining 
side of the triangle. 

For let DE be drawn parallel to BC^ one of the sides of 
the triangle ABC; 

I say that, as BD is to DA, so is C£ to a 

£A. K 

For let B£, CD be joined. / \ 

Therefore the triangle BD£ is equal to p / \ e 
the triangle CD£ ; r^>><A. 

for they are on the same base D£ and in 
the same pai^lels DE^ BC. [1. 38] 

And the triangle ADE is another area. 

But equals have the same ratio to the same ; [v. 7] 

therefore, as the triangle BDE is to the triangle AD£j so 
is the triangle CDE to the triangle ADE, 

But, as the triangle BDE is to ADE, so is BD to DA ; 

for, being under the same height, the perpendicular drawn 
from £ to AB, they are to one another as their base& [vi. i] 

For the same reason also, 

as the triangle CDE is to ADE, so is CE to EA. 

Therefore also, as BD is to DA, so is CE to EA. [v. nj 



Digitized by Google 



VI. a, 3] PROPOSITIONS 1—3 195 

Again, let the sides AB, AC o( the triangle ABC be cut 
proportionally, so that, as BD is to DA, so is Cl^ to £A ; 
and let D£ be joined. 

I say that ^£ is parallel to BC, 

For, with the same construction, 

since, as BD is to £>A, so is CE to /SA, 

but, as BD is to DA, so is the triangle BDE to the triangle 
ADE, 

and, as CE is to EA^ so is the triangle CDE to the triangle 
ADE, [VI. i] 

therefore also, 

as the triangle BDE is to the triangle ADE, so Is the 
triangle CDE to the triangle ADE. [v. 11] 

Therefore each of the triangles BDE^ CDE has the same 
ratio to ADE. 

Therefore the triangle BDE is equal to the triangle CDE \ 

Lv.9] 

and they are on the same base DE. 

But equal triangles which are on the same base are also 

in the same parallels. [1, 39] 

Therefore DE is parallel to BC. 
Therefore etc. 

Q. E. D. 

Ettdid evidently did not think it worth while to distinguish in the 

enunciation, or in the figure, the cases in which the parallel to the base cuts 
the other two sides produced (a) beyond the point in which they intersect, 
{p) in the other direction. Simson gives the three figures and iruiert^ words 
in the enunciation, reading "it shall cut the other sides, wt ^ose sides produced, 
proportionally" and "if the sides, or tki sides produced, be cut piopoitionally." 

Todhunter observes that the second part of the enunciation ought to 
make it clear which s^ments in the proportion correspond to which. Thus 
e.g., if wlZ> were double of DB, and CB double of EA, the sides wouM be 
cut proportionally, but DE would not be parallel to BC. The omissi<m 
could be supplied by saying "and if the sides of the triangle be cut 
proportionally so that the seigments adjacent to the third side are corresponding 
terms in the proportion.'' 



PkOPosniON 3. 

If an angie of a triangle be bisected and the straight line 
cutting the angle cut the base ais0, the segments of the base 
will have the same ratio as the remaining sides of the triangle: 
and, if the segments of the base have the same ratio as the 

13—8 
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remainhig sides of the triangle, the straight line joined from 
the vertex to the point of section will Atseci the angle of the 
triangle. 

Let ABC be a triangle, and let the angle BACbe bisected 
by the straight line AD ; 

I say that, as BD is to CD, so 
is BA to A C. 

For IgiCB be drawn through 
C parallel to DA, and let BA 
be carried through and meet it 
at ^. 

Then, since the straight line 
A C falls upon the parallels ADt 

the angle AC/i is equal to the angle CAD, [i. 29] 

But the angle CAD is by hypothesis equal to the angle 

BAD; 

therefore the angle BAD is also equal to the angle ACE, 

Again, since the straight line BAB falls upon the parallels 
AD, EC, 

the exterior angle BAD is equal to the interior angle 
ABC, [I. ap] 

But the angle ACE was also proved equal to the angle 

BAD- 

therefore the angle ACE is also equal to the angle y^jfi'C, 
so that the side AE 'x'^ also equal to the side AC. [i. 6) 

And, since AD has been drawn parallel to EC, one of 
the sides of the triangle BCE, 

therefore, proportionally, as BD is to DC, so is BA to AE. 

But AB is equal to AC; l^- *1 

therefore, as BD is to DC, so is BA to A C. 

Again, let BA be to ACasBD to DC, and let AD be 
joined ; 

I say that the angle BA C has been bisected by the straight 
line AD. 

For, with the same construction, 
since, as BD is to DC, so Is BA to AC, 
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and also, as BD is to DC, so is BA to A /* : {or A D has 
been drawn parallel to EC, one of the sides of the triangle 
BCE\ [VI. 2] 

therefore also, as BA is to AC so is BA to AE, [v. n] 

Therefore is equal to AE, [v. 9] 

so that the angle A EC is also equal to the angle ACE. [\. 5] 

But the angle A EC is equal to the exterior angle BAD, 

[i. 29] 

and the angle ACE is equal to the alternate angle CAD \ \id.\ 

therefore the angle BAD is also equal to the angle CAD, 

Therefore the angle BA C has been bisected by the straight 
line AD. 

Therefore etc. 

Q. E. D. 

The demonstradon assumes that CE will meet BA produced in some 
point E. This is proved in the same way as it is proved in vi. 4 that BA, ED 
will meet if produced- The angles ABD, BDA in the figure of vi. 3 are 
together less than two right angles, and the angle BDA is equal to the angle 
BCE^ since DA^ CE vtt paialleL Therefore the angles ABC, BCE are 
together less than two right angles ; and BA, CE must meet, by i. Post 5. 

The corresponding proposition about the segments into which BC is 
divided txtemally by the bisector of the external angU at A when that 
bisector meets BC produced (i.e. when the sides AB^ AC are not equal) is 
important Simson gives it as a separate proposition, A, noting the fiict that 
Pappus assumes the result without proof (Pappus, vii. p. 730, 24). 

The bt'st plan is however, as Ue Morgan says, to combine Props. 3 and A 
in one proposition, which may be enunciated thus : 1/ an angle of a triangle 
be HseeUd iniemalfy or txUmally by a straigM tine whiek tuh the o^wte side 
or the opposite side produced, the segments of that side will have the same ratio 
as the other sides of the triangle ; and, if a side of a triant^le be divided internally 
or externally so that Us segments have the same rat to as the other sides of the 
triangle, the etraigkt li$u dmnm from the point of i^tien to the angular point 
whkh is opposite to the first menttoned side wU bisect the interior or exterior em^ 
at that eu^^letr point. 




Let AC the smaller of the two sides AB, AC, so that the bisector AD 
of the exterior angle at A may meet BC produced beyond C. Draw CE 
through C parallel to DA^ meeting BA in E. 

Then, if FAC is the exterior angle bisected by v^Z> in the case of external 
bisection, and if a point F is talien on AB in the figure of vi. 3, the proof of 
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VI. 3 can be used almost word for word for the other case. We have only to 

speak of the angle FAC" for the angle BAC," and of the angle *\FAD** 
for the angle " BAD " wherever they occur, to say "let BA, or BA produced, 
meet CE in and to substitute " BA or BA produced " for '' BA£" 
lower down. 




If AD, AE be the internal and external bisectors of the angle A in a 
triangle of which the sides AB, AC an unequal, AC being the smaller, and 
if AD^ AE meet BC and BC produced in />, E respectively, 

the ratios of BD to DCmA of BE to i(C are alike equal to the mtio of 

BA to AC. 

Therefore BE is to EC as BD to DC, 

that is, BE is to EC as the difference between BE and ED is to the 

difference between ED and EC, 

whence BE, ED, are in harmonic progression, or DE is a harmonic mean 
between BE and EC, or again B, D, C, E is & karmome nange. 

Since the angle DAC is half of the angle BAC, 

and the angle CAE half of the angle CAF^ 

while the angles BAC, CAF are equal to two right angles, 

the angle DA £ is a right angle. 

Hence the circle described on DE as dmmeter passes through A. 

Now, if the ratio of BA to is given, and if BC is given, the points 

D, E on BC and BC produced are given, and therefore sn is the circle on 
D, E as diameter. Hence the /ocus of a point such that its distances from two 
given points are in a given ratio {not being a ratio of equality) is a circle. 

This locus was discussed by Apollonius in his Pktne Loei, Book ii., as we 
know from Pappus (vn. p. 666), who says that the book contained the 
theorem that, if from two given points straight lines inflected to another 
point are in a given ratio, the point in which they meet will lie on either a 
straight line or a circumfeienoe of a circle. The straight line is of course the 
locus when the ratio is one of equality. The other case is quoted in the 
following form by Eiitoriiis (Apollonius, ed. Heil)erg, ii. pp. i8o — 4). 

Given tivo points in a plane and a proportion betweai unequal straight lines, 
ii it possible ta desert a drHe m ike /mm so thai the straight Hmts fi^UOed 
from the given points io the dmm^enntt ef the dnle shaU have a ratio the 
same as (he given one. 

Apollonius' construction, as given by Eutocius, is remarkable because he 
makes no use of either of the points D, E. He finds O, the centre of the 
required circle, and the length of its radius directly from the data BCvaA the 
given ratio which we will call h : k. But the construction was not discovered 
by Apollonius ; it belongs to a much earlier date, since it appears in exactly 
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the same form in Aristotle, Mek&rohgica iii. 5, 376 a 3 sqq. The 
analysis leading up lo the construction is, as usual, not given either by 
Aristotle or Eutocius. We are told to take three straight lines v, CO (a 
length measured along £C produced beyond C. where C are the points at 
which the greater and smaUer of the inflected lines lespectivdy terminate^ 
and r, such that, if be the given ratio and il>i, 

kxh^kxk'^x^ (a) 




This determines the position of 0^ and the length of r, the radius of the 
re()uired circle. The circle is then dmwn, any point P is taken on it and 
joined to 3^ C respectively, and it is proved that 

We may conjecture that the analysis proceeded somewhat as follows. 

It would be seen that i), C are "conjugate points" with reference to the 
circle on DE as diameter. (Cf. ApoHonius, Conies^ i. 36, where it is proved, 
in terms, for a circle as well as for an ellipse and a hyperboh^ that, if the 
polar of B meets the diameter DE in C then EC: CD^BBiBD.) 

If O be the middle point of DE^ and therefore the centre o£ the circle, 

E may be eliminated, as in the Conies^ i- 37i thus. 

Since EC CD EB : BD, 

it foUows that £C^ CD.EC^CD^EB-^BDiEB-^ BD^ 
or tOD : %0C- 2OB : tOD^ 

that is, BO . OC^ 0£^ • z', say. 

If therefore P be any point on the circle with centre O and radius r, 

BOxOP^OPxOC, 
so that BOP^ POC are similar triangles. 
In addition, h-.k^^BD'. DC- BE : EC 

^BD^ BE'.DE^BO ; r. 
Hence we require that 

BO'.r^r :0C= BP :PC=h:k (8) 

Therefore, alternately, 

kiCO^hir, 
which is the second relation in 0) above. 

Now assume a length x such that each of the last ratios is equal to x : BC, 
asin(/3). 
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Then x\BC^ k . CO ^h\r. 

Therefore x + k : BO = h -.r^ 

and, alternately, x-^k:h = BO:r 

=^A:k, from (5) above j 
and this is the relation (a) which remained to be found. 

Apollonius' proof of the construction is given by Eutocius, who begins by 
saying that it is manifest that r is a mean proportional between BO and OC. 
This IS seen as follows : 
From (^) we derive 

xiBC^M:CO^Jktr = {k + x):BO, 
whence £0 :r={k^x).A 

= h:k, by (a), 
- r : CO, by (yS), 
and therefore r* ^ BO . CO. 

But the triangles BOP, POC have the angle at O common, and, since 
BO \OP^ OP . OC, the triangles are similar and the angles OPC, OBP 
are equaL 

[Up to this point Aristotle's proof is exactly the same ; ttom this point it 

diverges slightly.] 

If now CL be drawn parallel to BP meeting OP in the angles BPC 
LCP are equal alsa 

Therefore the triangles BPC, PCL are similar, and 

whence BP* : PO^BP : CL 

^B0\ OC, by parallels, 

^BO^ : OP^ (since ^t? : <7/»- OP\ OC). 

Therefore BP : PC" BO : OP 

^A:i {for OP^r), 

[Aristotle infers this more directly from the rimilar triangles POB, COP, 
Since these triangles are similar, 

OPiCP^OBiBP, 

whence BP : PC^ BO : OP 

Apollonius proves lastly, by redktiHa ad absurdum, that the last equation 
cannot be true with reference to any point P which is not on the circle so 
described. 



Proposition 4. 

In equiangular iriangUs ike sides abtmi the equal angles 
are profMniional^ and those ar€ corresponding sides which 
subtend the equal angles* 
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Let ABC, DCE be equiangular triangles having the 
angle ABC equal to the angle 
DCE, the angle BAC to the 
angle CDE^ and further the angle 
ACB to the angle CED \ 

I say that in the triangles ABC, 
DCE the sides about the equal 
angles are proportional, and those 
are corresponding sides which 
subtend the equal angles. 

For Jet BC he placed in a 
straight line with CE. 

Then, since the angles ABC, ACB are less than two right 
angles, (1. 17] 

and the angle ACB is equal to the angle DEC, 

therefore the angles ABC, DEC are less than two right 
angles ; 

therefore BA, ED^ when produced, will meet [i. Post 5] 
Let them be produced and meet at F, 

Now, since the angle DCE is equal to the angle ABC, 

BF is parallel to CD. [1. 28] 

Again, since the angle ACB is equal to the angle DEC^ 

AC is parallel to FE, [i. a8] 

Therefore FA CD is a parallelogram ; 
therefore FA is equal to DC, and AC to FD. [i. 34] 

And, since A C has been drawn parallel to FE, one side 
of the triangle FBE, 

therefore, as BA is to AF, so is BC to CE. [vi. «] 

But AF is equal to CD ; 

therefore, as BA is to CD, so is BC to CE^ 
and alternately, as is to BC, so is DC to CE, f^. 16] 

Again, since CD is parallel to BF, 
therefore, as BC is to CE, so is FD to DE, [vi. a] 

But FD is equal to ; 

therefore, as BC is to CE, so is to DE, 
and alternately, as is to CA, so is CE to ED* [v. 16] 
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Since then it was proved that, 

as is to BCf so is DC to 
and, as BC is to C.^, so is to £D ; 

therefore, ex aeptalh as BA is to AC, so is CD to D£, [v. aa] 
Therefore etc 

Q. E. D. 

Todhunter remarks that " the manner in which the two triangles are to be 
placed is very imperfectly described; their bases are to be in the same stra^ht 

line and contiguous, their vertices are to be on the same side of the Ixise, and 
each of the two angles which have a common vertex is to be equal to the 
remote angle of the other triangle." But surely Euclid's description is 
sufficient, except for not saying that B and J) must be on the same side 
of BCE. 

VI. 4 can be immediately deduced from vi. 2 if we superpose one triangle 
on the other three times in succession, so that each angle successively 
coincides w{th its equal, the triangles being similarly situated, e.g. if {A, By C 
and Dy E, F being the equal angles respectively) we apply the angle DEF\o 
the angle ABC so that D lies on AB (produced if necessary) and ^on BC 
(produced if necessary). De Morgan prefers this method. *' Abandon," he 
says, " the peculiar mode of construction by which Euclid proves two cases at 
once i make an angle coincide with its equal, and suppose this process repeated 
three times, one mr each ai^^^" 



Proposition 5. 

If two triangles have their sides proportional, the triangles 
will be equiangular and will have those angles equal which the 
corresponding sides subtend. 

Let ABC, DBF be two triangles having their sides 
proportional, so that, 

as AB is to BC, so is DE to EF, 

as BC is to 7, so is EJ'^ to FD, 

and further, as BA is to AC, so is ED to PF\ 

I say that the triani^lti ABC is equiangular with the triangle 
DEF, and they will have those angles equal which the corre- 
sponding^ sides subtend, namely the angle ABC to the angle 
DEF, the angle BCA to the angle £FD, and further the 
angle BA C to the angle EDF. 

For on the straight line EE, and at the points E, F on 
it, let there be constructed the angle EEC equal to the angle 
ABCt and the angle EFG equal to the angle ACB \ [l 33] 



i.y v^oogie 
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therefore the remaining angle at A is equal lu the remaining 
angle at G. [i. 32] 

Therefore the triangle ABC is equiangular with the 
triangle G£F, 




Therefore in the trianj^les ABC, GEF the sides about 
the equal angles are proportional, and those are corresponding 
sides which subtend the equal angles ; [vi. 4] 

therefore, as AB \?>X.o BC, so is GE to EF. 

But, as A£ is to BC^ so by hypothesis is D£ to £F ; 

therefore, as DE is to EF, so is GE to EF, [v. n] 

Therefore each of the straight lines DE^ GE has the 
same ratio to EF \ 

therefore D£ is equal to G£, [v. 9] 

For the same reason 

DF is also equal to GF, 
Since then D£ is equal to EGt 
and £F is common, 

the two sides DE^ EF^xe equal to the two sides GE, EF\ 

and the base DF is equal to the base FG ; 

therefore the angle DEF is equal to the angle GEF, [i. 8] 

and the triangle DEF is equal to the triangle GEF, 

and the remaining angles are equal to the remaining angles, 
namely those which the equal sides subtend. [i- 4] 

Therefore the angle DFE is also equal 10 the angle GFE, 

and the angle £DF to the angle £GF, 

And, since the angle FED is equal to the angle GEF, 

while the angle GEF\s> equal to the angle ABC, 
therefore the angle ABC is also equal to the angle DEF, 
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For the same reason 

the angle A CB is also equal to the angle DFE^ 
and further, the angle at A to the angle at D \ 

therefore the triangle ABC is equiangular with the triangle 

Therefore etc 

Q. E. D. 

This proposition is the complete converse, vi. 6 a partial converse, of vi. 4. 

Todhuntcr, after Walker, remarks that the enunciation should make it 
clear that the sides of the triangles taken in onfer are proportional. It is quite 
possible that there should be two triangles ABC, I) A J'' such that 

AB is to BCas DE to EF, 

and BC it Id C4 as DF\m to ED (instead of BFXk^ FD\ 

so that ABhtnACt&DFtoBF 

{ex MfuaU in perturM pfvporHmi^ \ 

in this case the sides of the triangles are proportional, but not in the same 
order, and the triangles are not necessarily equiangular to one another. For a 
numerical illustration we may suppose the sides of one triangle to be 3, 4 and 
5 feet respectively, and those of anothn to be 12, 15 and so feet respectively. 

In VI. 5 there » the same apparent avoidance of indiiect demonstration 
which has been noticed on t. 48. 



Proposition 6. 

If tivo triangles have one angle equal to one angle and the 
sides about the equal angles proportional the triangles ivill be 
equiangular and will have tJwse angles equal which the corre^ 
iponding sides subtend. 

Let ABC, DEFhti two triangles having one angle BAC 
equal to one angle FDF 2Lnd the sides about the equal angles 
proportional, so that, 

as BA is to A C, so is ED to DF\ 
I say that the triangle ABC is equiangular with the triangle 
DEF, and will have the angle ABC equal to the angle /?^/% 
and the angle ACB to the angle DFE. 

For on the straight line DF, and at the points F oii it, 
let there be constructed the angle FDG equal to either of the 
angles BAC, EOF, and the angle DFG equal to the angle 
ACB\ [1.231 

therefore the remaining angle at^ is equal to the remaining 
angle at G. [i. js] 
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Therc^fore the triangle ABC is equiangular with the 
triangle DGF, 

Therefore, proportionally, as BA is to /^C,- so is GD to 
DF. [VI. 4] 

But, by hypothesis, as BA is to ^C, so also is £D to DF\ 

therefore also, as ED is to DF, so is GD to DF. [v. ir] 





Therefore ED is equal to DG ; [v. 9] 

and DF is common ; 

therefore the two sides ED, DF^xvn ecjual to the two sides 
GDy DF\ and the angle EDF is equal to the angle GDF\ 

therefore the base EF is equal to the base GF, 

and the triangfle DBF is equal to the triangle DGF, 

and the remaining angles will be ecjual to the remaining angles, 
namely those which the equal sides subtend. [i. 4] 

Therefore the angle DFG is equal to the angle DFE^ 

and the angle DGF io the angle DEF. 
But the angle DFG is equal to the angle ACB ; 
therefore the angle A CB is also equal to the angle DFE, 

And, by hypothesis, the angle BAG is also equal to the 
angle EDF\ 

therefore the remaining angle at B is also equal to the 
remaining angle at E \ [1. st] 

therefore the triangle ABC is equiangular with the triangle 
DEF. 

Therefore etc. 

Q. E. D. 



Digitized by Google 




tQ6 BOOK VI [vi. 7 

Proposition 7. 

If two triangles have one angle equal to one angU^ the 
sides about other angles proportional, and tht remaining angles 
either both less or both not less than a right angle^ tlie triangles 
will be equiangular and will have those angles egual, the Sdes 
adont which are proportioned. 

Let ABCt DBF be two triangles having one angle equal 
to one angle, the angle BAC to 
the angle EDF, the sides about 
other angles ABC^ DBF propor- 
tional, so that, as AB is to BC^ 
so is DE to EF^ and, first, each 
of the remaining angles at C, F 
less than a right angle ; 

I say that the triangle ABC is 
equiangular with the triangle 
DEF, the angle ABC will be 
equal to the angle DEF^ and the remaining Single, namely 
the angle at C, equal to the remaining angle» the angle 
at F. 

For, if the angle ABC is unequal to the angle DEF, one 
of them is greater. 

Let the angle ABC be greater ; 

and on the straight line AB, and at the point B on it, let the 
angle ABG be constructed equal to the angle DEF, [i. 23] 

Then, since the angle A is equal to 
and the angle ABG to the angle DBF, 

therefore the remaining angle ^(7-5 is equal to the remaining 
angle DFE. [i. 32] 

Therefore the triangle ABG is equiangular with the 

triangle DEF. 

Therefore, as AB is to BG, so is DE to EF. [vi. 4] 

But, as DE is to EF^ so by hypothesis is to BC\ 

therefore AB has the same ratio to each of the straight 
lines BC^ BG ; [v. 11] 

therefore BC is ecjual to BG, [v. 9] 

so that the angle at C is also equal to the angle BGC, [i. 5] 
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But, by hypothesis, the angle at C is less than a right 
angle ; 

therefore the angle BGC is also less than a right angle ; 

so that the angle AGB adjacent to it is greater than a right 
angle. [1. 13] 

And it was proved equal to the angle . at F ; 

therefore the angle at F is also greater than a right angle. 

But it is by hypothesis less than a right angle : which is 
absurd 

Therefore the angle ABC is not unequal to the angle 
DEF\ 

therefore it is equal to it. 

But the angle at A is also equal to the angle at D ; 

therefore the remaining angle at C is equal to the remaining 
angle at /^ . [i. 33] 

Therefore the triangle ABC is equiangularwith the triangle 
DBF. 

But, again, let each of the angles at C, Z*' be supposed not 

less than a right angle ; 

I say again that, in this case too, the 
triangle ABC is equiangular with the 
triangle DEF. 

For, with the same construction, 
we can prove similarly that 

BC is equal to BG \ 

so that the an^e at C is also equal to 
the angle BgC, [1. 5] 

But the angle at C is not less than a right angle ; 
therefore neither is the angle BGC less than a right angle. 

Thus in the triangle BGC the two angles are not less 
than two right angles: which is impossible. [i. 17] 

Therefore, once more, the angle ABC is not unequal to 
the angle DEF\ 

therefore it is equal to it. 

But the angle at A is also equal to the angle at ; 

therefore the remaining angle at C is equal to the remaining 
angle at F. [i. 3s] 
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Therefore the triangle ABC is equiangular with the triangle 



DER 



Therefore etc. 



Q. E. D. 



Todhunter points out, after Walker, that some more words are necessary 
to make the enunciation precise : " If two triangles have one angle equal to one 
angle, the sides about other angles proportional <S0 ikai the sides suHemUng 
the equal angles are hamologous>.. ." 

This pro^sition is the extension to similar triangles of the amin^tous case 
already mentioned as omitted by Euclid in ndation to equaUiy of tnanf^es in 
all respects (cf. note following i. 26, Vol. i. p. 306). The enunciation of vi. 7 
has suggested the ordinary method of enunciating the ambi^ous case where 
equality and not similarity is in question. Cf. Todhunter's note on i. 26. 
Another possible way of presenting this proposition is given by Todhunter. 



]^ two triangles have two sides of the one proportional to two sides of the 
other^ and the angles opposite to one pair of corresponding sides equal, the angles 
which art opposite to the other pair of corresponding sides shall either be equeU or 
be together equal to tw right angles. 

For the angles included by the proportional sides must be either equal or 

unequal. 

If they are equal, then, since the triangles have two angles of the one 
equal to two angles of the other, respectively, they are equiangular to one 
another. 

We have therefore only to consider the case in which the angles included 

by the proportional sides are unequal. 

The proof is, except at the end, like that of vi. 7. 

Let the triangles ABC, DE/' ha.vc the angle at A equal to the angle at Z?; • 



The angles ACB, DFE shall be together equal to two right angles. 

For one of the angles ABC, DEFmvtA be the greater. 

Let ABC be the greater ; and make the angle ABG equal to the angle 



Then we prove, as in vi. 7, that the triangles ABG^ DEFzx^ equiangular, 




let AB be to /^Cas DE to EF, 
but let the angle ABC be not equal to the angle DEF. 




DEF. 
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Now, since the triangles ABGy DEFdse equiangular, 

the angle BGA is equal to the angle EFD. 

Add to them respectively the equal angles BGC^ BCA ; therefore the 
angles BCA^ EFD are together equal to the angles BGAt BGC^ ie. to two 
light angks. 

It follows theiefoie that the angles BCA^ EFD must be either equal or 
supplementary. 

But (i), if each of them is less than a right anglei they cannot be 

supplementary, and they must therefore be equal ; 

(2) if each of them is greater than a right angle, they cannot be 
supplementary and roust tiier^Dre be equal; 

(3) if one of them is a right angle, they are supplementary and also equal 

Simson distinguishes the last case (3) in his enunciation: "then, if each of 
the remaining angles be either less or not less than a right ai^le, «r ifom pf 
them he a ri if/it ani^/e. ..." 

The change is right, on the [)rinciple of restricting the conditions to the 
minimum necessary to enable the conclusion to be inferred. Simson adds a 
separate proof of the case in which one of the remaining angles is a right 
angle. 

" Lastly, let one of the angles at C, F^ vis. the ai^le at C, be a rig^t angle; 
in this case likewise the triangle ABC 
is equian^^ular to the triangle DEF. 

For, if they be not equiangular, 
make, at the point B of the straight 
line A By the angle ABG equal to the 
angle DEF ; then it may be proved, 
as in the first case, that BG is equal 
to BC. 

But the angle BCG is a right 

angle ; 

therefore the angle BGC is also a 
rq^t angle; 

whence two of the angles of the tri- 
angle BGC are together not less than 
two right angles : which is impossible. 
Therefore the triangle ABC is equiangular to the triangle DEFJ 




Proposition 8,' 

If in a right^ngled triangle a perpendicular be draion 
from the right angle to the base, the triangles adjoining the 
perpendicular are similar both to the whole and to one another. 

Let ABC be a right-angled triangle having the angle 
BAC right, and let AD be diawn from A perpendicular 
V>BC\ 

I say that each of the triangles ABD, ADC is similar to 
the whole ABC and, further, they are similar to one another. 



M. K. 11. 



14 
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For, since the angle BAC is equal to the angle A£>B, 

for each is right, 

and the angle at B is common to the 
two triangles ABC and ABD, 

therefore the remaining angle ACB 
is equal to the remaining angle 
BAD) [1.32] 
therefore the triangle ABC is equi- 
angular with the triangle ABD. 

Therefore, as BC which subtends the right angle in the 
triangle ABC is to BA which subtends the right angle in 
the triangle ABD, so is AB itself which subtends the angle 
at C in the triangle ABC to BD which subtends the equal 
angle BAD in the triangle ABD^ and so also is AC to AD 
which subtends the angle at B common to the two triangles. 

[VI. 4] 

Therefore the triangle ABC is both equiangular to the 
triangle ABD and has the sides about the equal angles 
proportional. 

Therefore the triangle ABC is similar to the triangle 
ABD. [VI, Def. i] 

Similarly we can prove that 

the triangle ABC is also similar to the triangle ADC\ 

therefore each of the triangles ABD, ADC is similar to the 
whole ABC. 

I say next that the triangles ABD, ADC are also similar 
to one another. 

For, since the right angle BDA is equal to the right angle 

ADC, 

and moreover the angle BAD was also proved equal to the 

angle at C, 

therefore the remaining angle at ^ is also equal to the 
remaining angle DAC ; 3*] 

therefore the triangle ABD is equiangular with the triangle 
ADC, 

Therefore, as BD which subtends the angle BAD in the 
triangle ABD is to DA which subtends the angle at C in the 
triangle ADC equal to the angle BAD, so i& AD itself 
which subtends the angle at B in the triangle ABD to DC 
which subtends the angle DAC in the triangle ADC fsqual 
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to the angle at B, and so also is BA to AC^ these sides 
subtending the right angles ; [vi. 4] 

therefore the triangle ABD is similar to the triangle ADC. 

[vi. Def. i] 

Therefore etc. 

PoRiSM. From this it is clear that, if in a right-angled 

triangle a perpendicular be drawn from the right angle to the 

base, the straight line so drawn is a mean proportional 

between the segments of the base. q. e. d. 

Simson remarks on this proposition : ** It seems plain that some editor 
has changed the demonstration that Euclid gave of this proposition: For, 
after he has demonstrated that the trianj^ are equiangular to one another, 
he particularly shows that their sides about tfie equal anj^ are proportionals, 

as if this had not been done in the demonstration of prop. 4 of this book : 
this superfluous part is not found in the translation from the Arabic, and is 
now left out." 

This seems a little hypercritical, for the "particular showing" that the 

sides about the equal angles are proportionals is really nothing more than 
a somewhat full citation of vi. 4. Moreover to shorten his [jroof still 
more, Simson says, after proving that each of the triangles ABD^ ADC is 
similar to the whole triangle ABQ '*And the triangles ABD, ADC being 
both equiangular and similar to ABC are equiangular and similar to one 
another," thus assuming a particular case of vi. 21, which might well be 
proved herc^ as Euclid proves it, with somewhat more detail 

We observe that, heie as generally, Euclid seems to disdain to give the 
reader such small help as might be afforded by arranging the letters used to 
denote the triangles so as to show the corresponding angular points in the 
same order for each pair of triangles ; ^ is the first letter throughout, and the 
other two for each triangle are in the order of the figure from left to righL It 
nuy be in compensation for this that he states at such length which side 
corresponds to which when he comes to the proportions. 

In the Greek texts there is an addition to the Porism inserted after 
"(Being) what it was required to prove," viz. "and further that between the 
base and any one of the segments the side adjacent to the segment is a mean 
proportional." Heiberg concludes that these words are an interpolation 
( I ) because they come after the words ovtp *Sei SeJ^ai which as a rule follow the 
Porism, (2) they are absent from the best I'heonine mss., though P and 
Campanus have them without the iw^^ I8ti Heiberg's view seems to 

he confirmed by the fact noted by Austin, that, whereas the first part of the 
Porism is quoted later in vi. 13, in the lemma before x. 33 and in the lemma 
after xin. 13, the second part is proved in the former lemma, and elsewhere, 
as also in Pappus (lit. p. 72, 9 — 23). 

Proposition 9. 

From a given straight line to cut off a prescribed part, 
'. Let AB be the given straight line ; 
thus it is required to cut off from AB a prescribed part. 

14— a 
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Let the third part be that prescribed. 

5 Let a straight line be drawn through from A con- 
taining with AB any angle ; 

let a point D be taken at random on 
AC, and let DE, EC be made equal 
to AD. [l 3] 

to Let BC be joined, and through D 
let be drawn parallel to it. [1-31] 
Then, since FD has been drawn 
parallel to BC, one of the sides of the triangle ABC 

therefore, proportionally, as CD is to DA, so is BF to FA. 

[VI. 2] 

'S But CD is double of DA ; 

therefore BF is also double of FA ; 
therefore BA is triple of AF. 

Therefore from the given straight line AB the prescribed 
third part AF has been cut off. 

Q. E. F. 

6. any angle. The expression here and in the two following pn^MMitiont is rvxoSoa 
ywvla, corres]>onding exactly to tvxw ffrffittow which I have translated as "a point (taken) 
eU ranc/i'm"; hut "an angle (taken) at random" would not be so appropriate where it is a 
question, not of taking any angle at all, but of drawing a straight line casually so as to make 
any angle with another straight line. 

Simson observes that '*this is demonstrated in a particular case, viz. that 
in which the third part of a straight line is required to be ctit off ; which is 

not at all like Euclid's manner. Resides, the author of that demonstration, 
from four magnitudes being proportionals, concludes that the third of them is 
the same multiple of the fourth which the hrst is of the second ; now this is 
nowlvere demonstrated in the 5th book, as we now have it ; but the editor 
assumes it from the confused notion which the vulgar have of proportionals.*' 
The truth of the assumption referred to is proved by Simson in his 
proposition D given above (p. 128); hence he is 
able to supply a general and legitimate proof 
of the present proposition. 

"Let AB be the given straight line; it is 
required to cut off any part from it. 

From the point A draw a straight line AC 
making any angle with AB; in AC take any 
point Dt and take i^C the same multiple of AD 
that AB is of the part which is to be cut off 
from it ; 

join BCt and draw DM parallel to it : 

then AE is the part required to be cut off. 
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Because ED is parallel to one of the sides of the triangle ABQ viz. to BC^ 
as CD is to DA^ so is BE to EA, [vt. s] 

and, compmmio^ 

CA is to AD, as BA to AE. [v. 18] 

But C€ is a multiple of AD ; 
therefore BA is the same multiple of AE. [Prop. D] 

Whatever part therefore AJ? is of A C, AE is the same part of AB ; 
wherefore from the straight line AB the part required is ciU ofr." 

The use of Simson's Prop. D can be avoided, as noted by Camerer after 
Baermann, in the following way. We first prove, as above, that 

CA is to AD as BA is to AE, 

Then we infer that, alternately, 

CA is to BA as to AE. [v. 16] 

But is to AE as n . AD to n . AE 

(where n is the number of times that AD is contained in AC); [v. 15] 

whence is to as « . .^^Z? is to « . ^ • ] 

In this proportion the first term is equal to the third ; therefore [v. 14] 
the second is equal to the fourth, 

so that AB is equal to h times AE. 

Ptop. 9 is of coune only a particular case €i Ptop. la 



Proposition io. 

To cut a given uncut strayrkt One similarly to a given cut 
stra^ki line. 

Let AB be the given uncut straight line, and AC the 
straight line cut at the points D, 
E\ and let them be so placed as 
to contain any angle ; 

let CB be joined, and through 
E let DF, EG be drawn {mllel 
to BC^ and through D let DHK 
be drawn parallel to AB, [i. 31] 

Therefore each of the figures 
FHy HB is a parallelogram ; 

therefore DH is equal to FG and //A' to GB. [i. 34] 

Now, since the straight line H R has been drawn parallel 
to KC, one of the sides of the triangle DKC, 

therefore, proportionally, as C£ is to ED, so is KH to HD. 

[VI. a] 
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But KH is equal to BG, and HD to GF\ 

therefore, as CE is to ED, so is BG to GF. 

Again, since FD has been drawn parallel to GE^ one of 
the sides of the triangle A GE, 

therefore, proportionally, as ED is to DA^ so is GFxo FA. 

[VI. 2] 

But it was also proved that, 

as CE is to EDf so is BG to GF ; 
therefore, as CE is to ED, so is BG to GF^ 

and, as ED is to DA^ so is GF to FA. 

Therefore the given uncut straight line AB has been cut 
similarly to the given cut straight line AC» 

Q. B. F. 

Proposition 11. 

To two given straight lines to find a third proportional. 

Let BA, AC he the two given straight lines, and let 
them be placed so as to contain any 
angle ; 

thus it is required to find a third pro* 
portional to BA, AC, 

For let them be produced to the 
points £, and let BD be made equal 
to AC; [1.3] 

let BC be joine4 ^nd through D let DE 
be drawn parallel to it. [l si] 

Since, then, BC has been drawn 
parallel to DE, one of the sides of the triangle ADE, 

proportionally, as is to BD, so is -^C to CE, [vi. a] 

But BD is equal to AC ; 

therefore, as AB is to AC, so is AC to CE. 

Therefore to two given straight lines AB, AC B, third 
proportional to them, CE, has been found 

Q. E. F. 

X. to find. The Greek word, hoe and in the next two propodtkmi, is vpttmfA, 
literally " to find m addition. " 

• 

This proposition is again a particular case of the succeeding Prop. 12. 
Given a ratio between straight lines, VI. II enables us to find the ratio 
which is its duplicate. 
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Proposition 12. 

To three given straight lines to find a fourth proportional. 

Let B, C be the three given straight lines ; 
thus it is required to And a fourth proportional to B, C. 




Let two straight lines DE, DF be set out containing any 
angle EDF\ 

let DG be made equal to A^ GE equal to B, and further DH 
equal to C \ 

let GH be joined, and let EF be drawn through E parallel 
to it [i. 31] 

Since, then, GH has been drawn parallel to EF^ one of 
the sides of the triangle DEF^ 

therefore, as DG is to GE, so is DH to HF, [vi. 2] 

But DG is equal to A, GE lo />', and DII to C \ 

therefore, as A is to so is C to HF. 

Therefore to the three given straight lines A^ B^ C a fourth 
proportional HF has been found. 

Q. E. F. 

We have here the geometrical equivalent of the •* rule of three." 

It is of course immaterial whether, as in Euclid's proof, the first and 
second straight lines are measured on one of the lines forming the angle and 
the third on tbe other, or the first and third are measured on one and the 
second on the other. 

If it should be desire d that the first and the required fourth be measured 
on one of the lines, and the second and third on 
the other, ive can use the fottowing construction. 
Measure DE on one strai|^t line equal to Ay and 
on any other straight line making an angle wnth 
the first at the point D measure DF equal to B, 
and DG equal to C. Join EF, and through G 
draw GH anti-parallel X.0 EF, i.e. make the angle 
DGH equal to the angle DEF\ let GH meet 
DE (produced if necessary) in H, 
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DH\% then the fourth proportional. 

For the triangles EDF^ GDH are similar, and the sides about the equal 
angles are proportional, so that 

DE is to DFdi^ DG to DH^ 

or ^ is to ^ as C to DH, 




Proposition 13. 

To huo given straight lines to find a mean proportional. 

Let AB^ BC be the two given straight lines ; 
thus it is required to find a mean 
proportional to AB^ BC. 

Let them be placed in a straight 
line, and let the semicircle ADC be 
described on AC; 

let BD be drawn from the point B at 
right angles to the straight line AC, 

and let AD, DC be joined. 

Since the angle ADC is an angle in a semicircle, it is 
right. [ill. 31] 

And, since, in the riirht-angled triangle ADC, DB has 
been drawn from the right angle perpendicular to the base, 

therefore DB is a mean proportional between the segments of 
the base, AB, BC. [vi. 8, Por.] 

Therefore to the two given straight lines AB, BC a mean 
proportional DB has been found. 

Q. E. F. 

This proposition, the Book vi. version of it. 14, is equivalent to the 

extraction of the square root. It further enables us, given a ratio between 
straight lines, to find the ratio which is its sub-duplicate, or the ratio of which 
it is duplicate. 



Proposition 14. 

In equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional ; and equiangular 
parallelograms in which the sides about the egual angles are 
reciprocally proportional are equal. 
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Let ABy BC be equal and equiangular parallelograms 
having the angles at B equal, and 
let DB, BE be placed in a straight 
line; 

therefore FB^ BG are also in 
a straight line. [1. 14] 

I say that, in AB, BQ the 
sides abiout the equal angles^ are 
reciprocally proportional, that is to 
say, that, as DB is to BE, so is 
GB to BF, 

For let the parallelogram F£ be completed. 

Since, then, the paiaUelogram AB is equal to the parallelo- 
gram BC, 

and FE is another area, 
therefore, as AB is to FE, so is BC to FE. [v. 7] 

But. as AB is to FE, so is DB to BE, [vi. i] 

and, as BC is to FE^ so is GB to BF. [id.] 
therefore also, as DB is to BE, so is GB to BF. [v. n] 

Therefore in the parallelograms AB, BC the sides about 
the equal angles are reciprocally proportional. 

Next, let GB be to BF as DBxoBE; 
I say that the parallelogram AB is equal to the parallelogram 
BC. 

For since, as DB is to BE, so is GB to BF, 

while, as DB is to BE, so is the parallelogram AB to the 
parallelogram FE, [vi. t] 

and, as GB is to BF^ so is the parallelogram BC to the 
parallelogram FE^ [vi. i] 

therefore also, 2ls AB is to FE, so is J)C to FE ; [v. 1 1] 

therefore the parallelogram AB is equal to the parallelogram 
BC, [v. 9] 

Therefore etc, 

Q. E. D. 

De Morgan says upon this proposition : "Owing to the disjointed manner 
in which Euclid treats compound ratio, this proposition is strangely out of 
place. It is a particular case of vi. 23, being that in which the ratio of the 
rides, compounded, gives a ratio of equality. The proper ddinition of four 
ma^itudes being reciprocally proportional is that the ratio oompounded of 
their ratios is that of equality." 
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It is true that vi. 14 is a particular case of vi. 23, but, if either is out of 
place, it is rather the latter that should be placed before vi. 14, since most of 
the propositions between vi. 15 and vi. 23 depend upon vi. 14 and 15. But 
it is perfectly consistent with Euclid's manner to give a particular case first 
and its extension later, and such an arrangement often has great advantages 
in that it enables the more difficult parts of a subject to be led up to more 
easily and gradually. Now, if De Morgan's view were here followed, we 
should, as it seems to me, be committing the mistake of explaining what is 
relativdy easy to understand, viz. two ratios of which one is the inverse of 
the other, by a more complicated conception, that of compound ratio. In 
other words, it is easier for a learner to realise the relation indicated by the 
statement that the sides of equal and equiangular parallelograms are "recipro* 
cally proportional" than to form a oonoeiition of paiallelogiams sndi that 
" the latio compounded of the ratio of tbar sides is one of equality." For 
this reason I would adhere to Euclid's arrangement. 

The conclusion that, since D£, BE are placed in a straight line, FB^ BG 
are also in a straight line is referred to 1. 14. The deduction is made clearer 
by the following steps. 

The ai^e DBFvi equal to the angle GBE ; 
add to each the angle FBE ; 

therefore the angles DBF^ FBE are together equal to the angles GBE, FBE. 

[C N. a] 

But the angles DBF^ FBE are together equal to two right angles, [i. 13] 

therefore the angles GBE, FBE are together equal to two right angles, 

[C N. i] 

and hence F£^ BG are in one straight line. [i. 14] 

The result is also obvious from the converse of i. 15 given by Frodus 

(see note on L 15). 

The proposition vi. 14 contains a theorem and one partial converse of it; 
so also does vi. 15. To each proposition may be added the other partial 
converse, which may be enunciated as follows, the words in square brackets 
applying to die case of triangles (vi. 15). 

c 




EfMol ^mraUilograms [triaMglesI whuh Aave iAe sides ahui om in 
tath reciprocally proportional are tquiai^lar [Amv ih» (Mgles induded by Ume 
sides either equal or supplettttfUiuy.^ 

Let AB, BC be equal parallelograms, or let FBD, EBG be equal 



Digitized by Google 



VL 14, 15] PROPOSITIONS 14. IS >i9 

triangles, such diat sides about the angles at ^ am re d procally propor- 
tional, i.e. such that 

DB : BE - GB : BF. 

\N'e shall prove that the angles FBD^ EBG are either equal or supple- 
mentary. 

Place the figures so that DB^ BE are in one straight line. 

Then FB, BG are either in a straight line, or not in a straight line. 

(i) If FB^ BG are in a straight line, the figure of the proposition 
(with the diagonab FD^ EG drawn) represents the facts, and 

the anc^ FBD is equal to the angle EBG. [1. 15I 

(a) If FB^ BG are not in a straight line^ 
produce FB to ^so that BffmAy be equal to BG. 

Join and complete the parallelogram EBHK. 

Now, since DB . BE ^ GB . BF 

and GB^ HB, 

DBiBE^HBi BF, 
and therefore, by vi. 14 or 15, 

the parallelograms AB^ ^A'are ecjual, or the triangles FBD, EBH are equal. 

But the parallelograms AB^ BCdxt, equal, and the triangles FBD^ EBG 
are equal ; 

therefore the parallelograins BC^ BK are equal, and the triangles EBH^ 
EBGaieeqfsaL 

Therefore these parallelograms or triangles are within the same parallels : 
that is, G, C, K are in a straight line which is parallel to DE, [1. 39] 
Now, since BG, BH axe equal, 

the angles BGH, BUG are equal. 

By parallels, it follows that 

the angle EBG is equal to the angle DBH^ 

whence the ang^ EBG is supplementary to the ai^ FBD, 



Proposition 15. 

In equal triangles ivhich have one angle equal to one angle 
the sides about the equal angles are reciprocally proportional ; 
and those triangles which have one angle equal to one angle, 
and in which the sides about the equal angles are reciprocally 
proportional, are equal. 

Let ABC, ADE be eqiial triangles having one angle 
equal to one angle, namely the angle BAC to the angle 
DAE\ 

I say that in the triangles ABC, ADE the sides about the 
equal angles are reciprocally proportional, that is to say, that, 
as CA is to AD^ so is EA to AB, 
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For let them be placed so that CA is in a straight 
line with AD; 

therefore £A is also in a straight line with 
AB. [i. 14] 

Let BD be joined. 

Since then the triangle A BC is equal to 
the triangle ADE^ and BAD is another 
area, 

therefore, as the triangle CAB b to the 
triangle BAD, so is the triangle BAD to 
the triangle BAD, [v. 7] 

But, as CAB is to BAD, so is CA to AD^ [vl i] 

and, as EAD is to BAD, so is EA to AB. 

Therefore also, as CA is to ^Z?, so is EA to [v. n] 
Therefore in the triangles ABC^ ADE the sides about 
the equal angles are reciprocally proportional. 

Next, let the sides of the triangles ABC, ADE be reci- 
procally proportional, that is to say, let EA be to AB as CA 
to AD ; 

I say that the triangle ABC is equal to the triangle ADE, 

For, if BD be again joined, 

since, as CA is to AD, so is EA to AB, 

while, as CA is to AD, so is the triangle ABC to the triangle 
BAD, 

and, as EA is to AB, so is the triangle EAD to the triangle 
BAD, [VL i] 

therefore, as the triangle ABC is to the triangle BAD, so is 
the triangle EAD to the triangle BAD, [v. n] 

Therefore each of the triangles ABC, EAD has the same 
ratio to BAD, 

Therefore the triangle ABC is equal to the triangle EAD, 

[V. 9] 

Therefore etc 

Q. E. D. 

As indicated in the partial converse given in the last note, this proposition 
is equally true if the angle included by the two sides in one triangle is 
supplementary, instead of being equal, to the an^^e included by the two 
in the other. 
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Let ABC^ ADE be two triangles such that the angles BAC^ DAE are 
supplementary, and also 

CAiAD^EAi AB. 

In this case we can place the triangles so that 
CA is in a straight line with AD, and AB lies 
along AE (since the angle £AC, being supple- 
mentaiy to the angle EAD, is equal to the angle 
BAQ. 

If we join BD, the proof given by Euclid 
applies to this case also. 

It is true that vt. 15 can be immediatdy inferred from vi. 14, since a 
triangle is half of a parallelogram with the same base and height. But, 

Euclid's object Ix^ing to give the student a grasp of nutJwds rather than 
results, there seems to be no advantage in deducing one proposition from the 
other instead of using the same method un each. 




Proposition 16. 

// four straight lines be proportional, the recta?igle con- 
tained by the extreiJies is equal to the rectangle contained by 
the means ; and^ if the rectangle contained by the extremes be 
e^ftuU to ike rectangU contained by the means^ the four sirmglU 
lines will he proporiioneU. 

Let the four straight lines AB, CD, £,I'^be. proportional, 
so that, as AB is to CD, so is to 

I say that the rectangle contained by AB, J*' is equal to the 
rectangle contained by CD, B. 




C F 

Let AG, CH be drawn from the points A, C at right 
angles to the straight lines AB^ CD, and \<t\. AG be made 
equal to /% and CH equal to E. 

Let the parallelograms BG, DH be completed. 

Then since, as AB is to CD, so is E to F, 

while E is equal to CH, and F io A G^ 

therefore, as is to CD, so is CH to AG. 

Therefore in the parallelograms BG, DH the sides about 
the equal angles are reciprocally proportional. 
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But those equiangular 




in which the sides 



about the equal angles are reciprocally proportional are equal ; 



therefore the parallelogram BG is equal to the parallelogram 
DH, 

And BG is the rectangle AB, F,{qc AG is equal to F\ 

and DH is the rectangle CD, E, for E is equal to CH ; 

therefore the rectangle contained hy AB, F is equal to the 
rectangle contained by CD, E, 

Next, let the rectangle contained by ABt F be equal to 
the rectangle contained by CD^ E ; 

I say that the four straight lines will be proportional, so that, 
as AB is to CZ>, so is ^ to F. 

For, with the same construction, 

since the rectangle AB^ F is equal to the rectangle CZ>, E^ 

and the rectangle AB^ F is BG^ for AG\s equal to F^ 

and the rectangle CD, E is DH, for CH is equal to E^ 

therefore J^G is equal to DJ/. 
And they are equiangular. 

But in equal and equiangular paralleloL,^rams the sides about 
the equal angles are reciprocally proportional. [vi. 14] 

Therefore, as AB is to CD, so is CH to AG. 
But CH is equal to J£, and . IG to F\ 

therefore, as is to CD^ so is E to F» 

Therefore etc. q. e. d. 

This proposition is a particular case of vi. 14, but one which is on all 
accounts worth separate sutement It may also bie enunciated in the follow- 
ing form : 

JtutangUs whiek have their 6am ndpreaiUy proparikmit to their heights 
are equal in arm; and equal re^u^ee hewe their bases reei^^eeaify fra p er U emtU 

to their heights. 

Since any parallelogram is c(|ual to a rectangle of the same height and 
on the same base, and any triangle with the same height and on the same 
base is equal to half the paiallelQgfam or rectangle^ it follows that Efual 
parallelograms or triangles hope their bases redpreiatify p roperUemi to their 
heights and vice versa. 

The present place is suitable for giving certain important propositions, 
including those which Simson adds to Book vi. as Props. B, C and D, which 
are proved directly by means of vt. 16. 

I. Proposition B is a particular case of the following theorem. 
^a circle be circumscriht'd about a triangle ABC and there be drawn through 
A 09^ two siraig^ Urns either bath within or both without the angle B AQ or a. 



[VI. 14] 
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AD meeting BC {produced if ftecessary) in D and AE meeting the circle again 
im E» iMfil Mo/ /Ae oi^^ DAB» EAC an eguait ikm the nOat^k AD, AE it 
epiaH9ikerteUmt^^K AC 




Join CE. 

The angles BAD, EAC arc equal, by hypothesis; 

and the angles ABD, A EC are equal. [lu. 21, 22] 

Therefore the triangles ABD, A EC are equiangular. 

Hence BA is to AD as is to AC, 

' and therefore the rectangle BA^ AC \& equal to the rectangle AD^ AE. 

[vi. 16] 

There are now two particular cases to be considered 

(a) Suppose that AD^ AE coincide ; 

ADE will then bisect the angle BAC, 

{b) Suppose that AD, AE are in one straight line but that D, E are on 
opposite ndes of A \ 

AD will then bisect the external angle at A, 




In the first case (a) we have 

the rectangle BAy ACta^aSi to the rectangle EA^ AD \ 

and the rectangle EA^ AD is equal to the rectangle ED^ DA together with 
the square on AD^ [11. 3] 

i.e. to the rectangle BD, DC together with the square on AD. [iii. 35] 

Therefore the rertan^li BA^ AC is equal to the rectangle BD, DC 
together with the square on AD. [This is Simson's Prop. B] 

In case {b) the rectangle EA, AD is equal to the excess of the rectangle 
ED, DA over the square on AD; 

therefore the rectangle BA, AC equal to the excess of the rectangle BD, 
DC over the square on AD. 
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The following converse of Stinson's Prop. B may be given: If a sira^;ki 
line AD he drawn from the vertex A of a trian\^le to mm/ tke boH^ so that the 

square on AD together with the rectangle BD, DC is equa! to the rectangle HA, 
AC, the line AD will bisect tlie angle BAC except when the sides AB, AC are 
equals in which case every line drawn to the base will have the property men- 
Henetl, 

Ivct the circumscribed drde be dmwn, and let AD produced meet it in 

£'f join CE. 

The rectangle BD, DC is equal to the rectangle EDf DA, [iii. 35] 

Add to each the square on AD ; 

therefore the rectangle BA^ AC is equal to the rectangle EA^ AD. 

[hyp. and 11. 3] 

Hence AB is to AD as AE to AC. [vu 16] 

But the angle ABD is equal to the angle AEC. [ill. ai) 

Therefore Sie angles BDA^ EGA are either equal or supplementary. 

[vi. 7 and note] 

(a) If they are equal, the angles £AD^ EAC 
are also equal, and AD bisects the angle BAC, 

{b) If they are supplementary, the angle ADC 

must be equal to the angle A CE. 

Therefore the angles BAD, ABD are together 
equal to the angles ACB^ BCE^ i.e. to the angles 
A CD, BAD, 

Take away the common angle BAD^ and 
the angles ABD^ ACD are equal, or 
AB is equal \o AC* 

Euclid himself assumes, in Prop. 67 of the Data, the result so much of 
this proposition as relates to the case where BA ^ AC. He assumes namely, 
without proof, that, if BA = A C, and if be any point on BC, the rectangle 
BD, />C together with the square on AD is equal lo the square on AB, 




Proposition C. 

Iffimn any angle of a triangle a Uraight tine he perpendieular to the 
e^asite side, the wetUtngle contained hy the other two sides of the triemgle is e^uai 
to the rectangle contained />y the pfffpendknlor and the diameter if the tirde 

tircumscribed about the triangle. 

Ix^t ABC be a triangle and AD the perpendicular on AB. Draw the 
diameter AE of the circle circumscribed about the triangle ABC. 




Then shall the rectangle BA, AC be equal to the rectangle EA, AD. 
Join £C 
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circle* 



Since the right angle BDA is equal to the right angle EC A in a semi- 



[iiL 31] 
[ill. 81] 



and the angles ABD^ AEC in the same segment are equal, 
the triangles ABD, AECue equiangular. 
Therefore, as BA is to AD, so is EA to AC, [vi. 4] 

whence the rectangle BA, AC is equal to the rectangle /lA, AD. [vi. 16] 

This result corresponds to the trigonometrical formula fur the radius of 
the circumscribed circle, 

4A 

Proposition D. 

This is the highly important lemma given hy Ptolemy (ed. Heibeig, Vol. 1, 

pp. 36 — 7) which is the basis of his calculation of the table of chords in the 
section of Book i. of the ntyaXr) owro^t? entitled "concerning the size of the 
straight lines [i.e. chords] in the circle " (Tcpi 7-175 htjAikoVt^tos rutv «v kvkA^ 

The theorem may be enunciated thus. 

T^g redani^le conlained by the diagonals of any quadrilateral inscribed in a 
circle is equal to the sum of the rectangles contained by^ the pairs of opposite sides. 

I shall give the proof in Ptomny's words, with the addition only, in 
brackets, of two words applying to a second figure not given by Ptolemy. 

" Let tlK-re be a circle with any quadrilateral ABCD inscribed in it, and 
let AC^ BD be joined. 

It is to be proved that the rectangle contained by y:^6'and BD is equal 
to the sum of the rectangles ABy DC and AD, BC, 

For let the angle ABE be made equal to the anj^ contained by DB, BC, 





[ill. 21] 



If then we add [or subtract] the angle EBD, 
the angle ABD will also be equal to the angle EBC 

But the angle BDA is also equal to the angle BCE, 
for they subtend the same segment ; 

therefore the triangle ABD is equiangular with the triangle EBCm 
Hence, proportionally, 

as BC is to CE, so is BD to DA. [vi. 4] 

Therefore the rectangle BC, AD is equal to the rectangle BD^ CE. 

[vi. 16] 

Again, since the angle ABE is equal to the angle DBC, 
and the angle BAE is also equal to the angle BDC, [ill. aij 

the triangle ABE is equiangular with the triangle DBC. 
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Therefore, proportUmaUy, 

as BA is to AE^ so is BD to DC-, [vl 4] 

therefore the rectangle BA, DC is equal to the rectangle BD^ A£. [vi. 16] 

But it was also proved that 

the rectangle BC, AD is equal to the rectangle BD, CE ; 

therefore the rectangle AC, BD as a whole is equal to the sum of the 
rectangles AB, DC and AD, BC: 

(being) what it was required to prove " 

Another proof of this proposition, and of its converse, is indicated by 
Dr Lachlan {Ekmmis c/ pp. 273 — ^4). It depends on two pveliminary 

prop<3sitions. 

(1) If two circles be divided^ by a chord in auh, into segments which are 
similar respectively, the chords are proportional to the corresponding diameters. 

The proof is instantaneous if we join the ends of eadi diord to the centre 
of the circle which it divides, when we obtain two similar triangles. 

(2) If D be any point on the circle circumscribed about a triangle ABC, and 
DX, DY, DZ be perpendicular to the sides BC, CA, AB of the triangle 
respectively, then X, Y, Z lie in one straight line; and, conversely, if the feet of 
the perpMtUeuiars from any point D m Mr sides of a triai^k Hemmu straight 
tine, DUesontke etrdt cireumscribed aioitt the triangte' 

The proof depending on iii. 21, 22 is well known. 

Now suppose that D is any point in the plane of a triangle ABC, and 
that DX, D Y, DZ are perpendicular to the sides 
BC, CA, AS respectively. 

Juin VZ, DA. 

Then, since the angles at Y, Z are right, 
A, Y, D, Z lie on a circle of which DA is the 
diameter. 

And YZ divides this circle into segments which 

are similar respectively to the segments into which 
BC divides the circle circumscribing ABC, since 
the angles ZA Y, BA C coincide, and their supple- 
ments are equal. 

Therefore, if d be the diameter of the circle 
circumscribing ABCt 

BC 'xsio d as YZ is to DA ; 
and therefore the rectangle AD, BC is equal to the rectangle d, YZ. 

Similarly the rectangle BD, CA is equal to the rectangle d, ZX, and the 
rectangle CD, AB is equal to the rectangle d, XY. 

Hence, in a quadrilateral in general, the rectangle /'"""'ni^^^^^rnZ 
contained by the diagonals is less than the sura of the ' ' "/N^ 

rectangles contained the pairs of opposite sides. / \ y^;^^^^^'\V 

Next, suppose that D lies on the circle drcum- / \^^^ 1 1 
scribed about ABC, but so thai Bt C, D follow I IJ 

each other on the circle in this order, as in the figure <— Jfe 

annexed. v f 

Let DX, DY,DZ\nt perpendicular to BC, CA, 

respectively, so that X, Y, Zaie in a straight line. 

Then, since the rectangles AD, I>C ; BD, CA; CD, AB are equal to the 
rectangles d, YZ -, d, ZX\ d, A^K respectively, and XZ is equal to the sum of 
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XV, YZ, so that the rectangle d, XZ is equal to the sum of the rectangles 

d, XKand d, YZ, it follows that 

the rectangle A C, BD is equal to the sum of the rectangles AD^ BC and 
AB, CD, 

C0mftntfy^ if the latter statement is true^ while we are supposed to know 
nothing about the position of />, it follows that 

XZ roust be equal to the sum of ATK, YZ^ 

so that X, K, Z must be in a straight line. 

Hence, from the tlieorem (2) above, it follows that D must lie on the 
circle circums< rilx cl about ABC, i.e. that ABCD is a quadrilateral about 
which a circle can be described. 

All the above propositions can be proved on the basis of Book iii. and 
without using Book vi., since it is possible 1^ the aid of iii. 21 and 35 alone 
to prove that in equiangular triangles the rtctan^ks eontained by the non- 

correspondiri'^ sides about equal articles are equal to one another (a result arrived 
at by combining vi. 4 and vi. 16). This is the method adopted by Casey, 
H. M. Taylor, and Lachlan ; but I fail to see any particular advantage in it. 

Lastly, the following proposition may be given which Flayfair added as 
VI. £. It appears in the Data of Euclid, Prop. 93, and may be thus 
enunciated. 

If the angle BAG of a triangle ABC be bisected by the straight line AD 
mnting the eirde eiraimserided aAmt the triemgle m D, and if BD be fmnedf 
then 

tht sum of BA, AC is to AD as BC is to BD. 

Join CD, Then, since AD bisects the angle BAC^ the subtended arcs 
BD^ DCy and therefore the chords BD^ DC^ are 
equal 

(1) The result can now be easily deduced from 

Ptolemy's theorem. 

For the rectangle AD, BC is equal to the sum of 
the rectangles AB^ DC and AC, BD, i.e. (since 
BDt CD,ute equal) to the rectangle contained by 
BA + ^Cand BD 

Therefore the sum of BA, .^C is to AD as BC 
is to BD. [vi. 16] 

(2) Euchd proves it diflerently in Data^ Prop. 93. 
Let AD meet in 
Then, since A£ bisects the angle BAC, 

BAh to AC as BE to BC, [vi. 3] 

or, altematdy, 

AB is to B£sa AC to C£. [v. 16] 

Therefore also 

BA + AC is to BCts AC to C£, [v- 12] 

, Again, since the angles BAD, EA C are equal, and the angles ADB, A CE 
are also equal, [in. si] 

the triangles ABD, ABCtxt equiangular. 

Therefore AC is to as AD to BD. [vi. 4] 

15—2 
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Hence £A + ACisto BCsiS AD to £D, [v. 1 1] 

and, alternately, 

BA-^^ACh to ADzuBCvi to BD. [v. 16] 

Euclid concludes that, if the circle ABC is given in magnitude, and the 
chord BC cuts off a segment of it containing a given angle (so that, by Ikittt 
Prop. 87, ^Canti also BD are given in magnitude), 

the ratio of /)V/ + to is given, 

and further that (since, by similar triangles, BD is to DE as AC \s to C£, 
' while BA AC IB to BC9» AC is to CE), 

the rectangle {BA + AC)t DE^ being equal to the rectangle BC^ BD^ is 
also given. 

Proposition 17. 

If three siraiglit lines be proportional, the rectangle con- 
tained by the extremes is equal to the square on the mean ; 
and, if the rectangle contained by the exh cmcs be equal to the 
square on the mean, the three siraigJil lines will be proportional. 

Let the three straight Hnes Ay C be proportional, so 
that, as A is to so is to C ; 

I say that the rectangle contained by C is equal to the 
square on B, 

B D 

C 

Let D be made equal to B, 

Then, since, as A is to so is ^ to C, 

and B is equal to D, 

therefore, as A is to B, so is D to C. 

But, if four straight Hnes be proportional, the rectangle 
contained by the extremes is equal to the rectangle contained 
by the means. [vi. 16] 

Therefore the rectangle A, C is equal to the rectangle 
B, D. 

But the rectangle B^ D is the square on B, for B is 

equal to D ; 

therefore the rectangle contained by A^ C is equal to the 
square on B. 

Next, let the rectangle A, C be equal to the square on B \ 
I say that, 2& A is to B^ so is ^ to C 
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For, with the same construction, 

since the rectangle A, C is equal to the square on B, 

while the square on B is the rectangle i>', for B is equal 

to D, 

therefore the rectangle A, C Is equal to the rectangle B, D. 

But, if the rectangle contained by the extremes be equal 
to that contained by the means, the four straight lines are 
proportional. [vi. i6j 

Therefore, as A is to B, so is D to C, 

But /> is equal to D ; 

therefore, as ^ is to so is B to C, 
Therefore etc. q. e. d. 

VI. 17 is, of oourae^ a particular case of vi. 16. 

Proposition 18. 

On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 

Let AB he the given straight line and C£ the given 
rectiHneal figure ; 

thus it is required to describe on the straight line AB a 
rectilineal hgure similar and similarly situated to the recti- 
lineal hgure C£, 





Let DF l)c joined, and on the straight line AB, and at 
the points A, B on it, let the angle GAB be constructed 
equal to the angle at C\ and the angle ABG equal to the 
angle CDF. [i. 23] 

Therefore the remaining angle CFD is equal to the angle 
AGB ; [I. 32] 

therefore the triangle FCD is equiangular with the triangle 

GAB. 

Therefore, proportionally, as FD is to GB^ so is FC to 
GA, and CD to AB. 
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Again, on the straight line BG, and at the points B, G on 
it, let the angle BGHht constructed equal to the angle DFE^ 
and the angle GBH equal to the angle FDE, [i. 33] 

Therefore the remaining angle at E is equal to the re- 
maining angle at H ; [>• 3>] 

therefore the triangle FDE is equiangular with the triangle 
GBHi 

therefore, proportionally, as FD is to GB^ so is FE to 
GH, and ED to HB, [vi. 4] 

But it was also proved that, as FD is to GB^ so is FC to 

GA, and CD to AB ; 

therefore also, as FC is to AG, so is CD to AB, and F£ 
to GH, and further -^"/^ to //B. 

And, since the angle CFD is equal to the angle AGB, 

and the an|^e DFE to the angle i?^/^, 

therefore the whole angle CFE is equal to the whole angle 
AG/f, 

For the same reason 

the angle CDF is also equal to the angle ABH. 
And the angle at C is also equal to the angle at A, 

and the angle at E to the angle at H. 

Therefore A His equiangular with CE ; 

and they have the sides about their equal angles proportional ; 

therefore the rectilineal figure A// is similar to the 
rectilineal figure CF. [vi. Def. i] 

Therefore on the given straight line AB the rectilineal 
figure A// has been described similar and similarly situated 
to the given rectilineal figure CE. 

Q. E. F. 

Simson thinks the proof of this proposition has hvcn vitiated, his grounds 
for this view being (i) that it is demonstrated only with reference to 
quadrilaterals, and does not show how it may be extended to figures of five or 
more sides, (2) that Euclid infers, from the fact of two triangles being 
equiangular, that a side of the one is to the corresponding side of the other as 
another side of the first is to the side corresponding to it in the other, i.e. he 
permutes, without mentioning the fact that he does so, the proportions 
obtained in vi. 4, whereas the proof of the very next proposition gives, in a 
similar case, the intermediate step of permutation. I think this is hyper- 
criticism. As regards (2) it should be noted that the permuted form of the 
proportion is arrived at first in the of vi. 4 ; and the omission of the 
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intermediate step of altertuindo^ whether accidental or not, is ol no importance. 
On the other hand, the use of this form of the proportion certainly amplifies 

the proof of the proposition, since it makes unnecessary the subsequent 
ex aequali steps of Simson's proof, their place being taken by the inference 
[v. 1 1 j that ratios which are the same with a third ratio are the same with one 
another. 

Nor is the fint objection of any importance. We have only to take as the 




given polygon a polygon of five sides at least, as CDEFG^ join one extremity 
of CDy say to each of the angular points other than C and and then 
use the same mode of construction as Euclid's for any number of successive 
triangles as ABL, LBK, etc., that may have to he made. Euclid's con- 
struction and proof for a quadrilateral are quite sutlicient to show how to deal 
widi the case of a figure five or any greater number of sides. 

Clavius has a construction which, given the power of moving a figure 
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bodily from one position to any other, is easier. CDEFG being the given 
polygon, join C£, CF. Place AB on CD so that A falls on and let B 
fall on ix, which may either lie on CD or on C/> produced. 

Now draw DE parallel to DE, meeting CE^ produced if necessary, in 

E F' parallel to EF, meeting CF, produced if necessary, in and so on. 

\xx the parallel to the last side but one, FG^ meet CG^ produced if 
necessary, in Gr. 

Then CEfEFG is similar and similarly situated to CDEFG, and it is 

constructed on C//, a straight line equal to AE. 

The proof of this is obvious. 

A more general construction is indicated in the subjoined figure. If 
CDEFG be the given polygon, suppose its angular points all joined to a^ 
point O and tihe connecting straight lines produced both ways. Then, if CZ/, 
a straight line equal to AB, be placed so that it is parallel to CD, and C\ D 
lie respectively on OC^ OD (this can of course be done by finding fourth 
proportionals), we have only to draw DfE, EF, etc, parallel to the 
corresponding sides of the original polygon in the manner shown. 
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De Morgan would rearrange Props. 18 and 20 in the following manner. 
He would combine Prop. x9 and the first part of Prop^ 20 into one, with the 
enunciation : 




Pairs €f similar iriani^t similar fy together^ gm simitar figures ; and 
cilery pair of similar figttns is mmposed ef pairs «f simUar iriat^es umUarly 

put together. 

He would then make tha problem of vi. 18 an application of the first part. 
In form this would certainly appear to be an improvement \ but, provided that 
the relation of the propositions is understood, the matter of form is perhaps 
not of great importance. 



Proposition 19. 

Similar triayis^les arc to one another in the duplicate ratio 
of the corresponding sides. 

Let ABC, DEI' hit similar triangles having the angle at 
B equal to the angle at E, and such that, as is to BC, so 
s is D£ to EF, so that BC corresponds to £F\ [v. Def. 11] 

I say that the triangle ABC has to the triangle B£F a ratio 
duplicate of that which BC has to EF, 




For let a third proportional BG be taken to BC, EF, so 
that, as BC is to EF, so is EF to BG ; [vi. n] 

10 and let AG be joined. 

Since then, as A£ is to BC^ so is D£ to £F^ 

therefore, alternately, as AB is to DE^ so is BC to EF, [v. 16] 
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But, as BC is to EF, so is EFto BG ; 
therefore also, as AB \s\.o DE, so is EE to BG. [v. n] 

Therefore in the triangles ABG, DEF the sides about 
the equal angles are reciprocally proportional. 

But those trianc^les which have one angle equal to one 
angle, and in which the sides about the equal angles are 
reciprocally proportional, are equal; [vi. 15] 

therefore the triangle AEG is equal to the triangle DEF. 
Now since, as BC is to EF^ so is EF to BG^ 

and, if three straight lines be proportional, the first has to 
the third a ratio duplicate of that which it has to the second, 

[v. Dcf. 9] 

therefore BC has to BG a ratio duplicate of that which CB 
has to EF. 

But, as CB is to BG, so is the triangle ABC to the 
triangle ABG ; [vi. i] 

therefore the trianirle ABC also has to the triangle ABG a 
ratio duplicate of that which BC has to EE. 

But the triangle ABG is equal to the triangle DEF\ 

therefore the triangle ABC also has to the triangle DEF a 
ratio duplicate of that which BC has to EF. 

Therefore etc. 

PoRiSM. From this it Is manifest that. If three straight 
lines be proportional, then, as the first Is to the third, so Is 
the figure described on the first to that which Is similar and 
similarly described on the second. 

Q. E. D. 

4. and such that, as AB is to BC, so is DB to EF, litenUty "(triangles) having 
the angle at B equal to the ai^le at and {juniH^ *>* ^ so DB ta bP.^ 

Having combined Prop. 18 and the first part of Prop, so as just indicated, 

De Morgan would tack on to Prop. 19 the s< ( ond part of Prop. 20, which 
asserts that, if similar polygons be divided into the same numher of similar 
triangles, the triangles are " homo/ogous to the wholes " (in the sense that the 
polygons have the same ratio as uie conesponding triangles have), and that 
the polygons are to one another in the duplicate ratio of corresponding sides. 
This again, thougli no doul)t an improvement of form, would necessitate the 
drawing over again of the figure of the altered Proposition 18 and a certain 
amount of repetition. 

Agreeably to his suggestion that Prop. 23 should come before Prop. 14 
which is a particular case of it, De Morgan would prove Prop. 19 for 
paraUdo^am by means of Prop. 23, and thence infer the truth of it for 
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triangles or the halves of the paralldkigrains. He adds: '*The method of 

Euclid is an elegant a{)[)liration of the operation requisite to compound equal 
ratios, h\' which the coik iptton of the process is lost sight of." For the 
general reason given in the note on vi. 14 above, I think that Euclid showed 
Uie 80«inder discretioii in the airangement which he adopted. Moreover it is 
not easy to see how performii^ the actual operation of compounding two 
equal ratios can obscure the process, or th( fact that two equal ratios are 
being compounded. On the detinition of compounded ratios and duplicate 
latio, De Morgan has himself acutely pointed oat that "compositicm** is hcare 
used for the process of detecting the single alteration which produces the 
effect of two or more, the duplicate ratio being the result of compounding two 
equal ratios. The proof of vi. 19 does in fact exhibit the single alteration 
which produces the effect of two. And the operation was of the essence of 
the Greek geometry, because it was the manipulation of ratios in this manner, 
by simplification and transformation, that gave it so much power, as every one 
knows who has read, say, Archimedes or .\pollonius. Hence the introduction 
of the necessary operation^ as well as the theoretical proof, in this proposition 
seems to me to have been distinctly worth while, and, as it is somewhat 
simpler in this case than in the more general case of vi. 23, it was in 
accordance with the plan of enabling the dithculties of Hook VI, to be more 
easily and gradually surmounted to give the simpler case first. 

That Euclid wished to emfrfiasise the importance of the method adopted, 
as well as of the result obtained, in vi. 19 seems to me clearly indicated by 
the Porism which follows the proposition. It is as if he should say : " I have 
shown you that similar triangles are to one another in the duplicate ratio of 
corresponding sides ; but I have also shown you incidentally how it is possible 
to work conveniently with duplicate ratios, viz. by transforming them into 
simple ratios between straight lines. I shall have occasion to illustrate tile 
use of this method in the proof of vi. 22." 

The Porism to vi. 19 presents one difficulty. It will be observed that it 
speaks of the fi)?ire (c7So«) described on the first straight line and of that which 
is similar and similarly described on the second. If "figure" could be 
regarded as loosely used for the figure of the proposition, i.e. for a triangle, 
there would be no difficulty. If on the other hand " the figure " means any 
rectilineal figure, i.e. any polygon, the Porism is not really established untU 
the next proposition, vi. ao^ hu been proved, and therefore it is out of place 
here. Yet the correction rptyutvov, triangle, for Cihm, figure, is due to Theon 
alone ; P and Canipjnus have "figure," and the reading of Philoponus and 
Psellus, TeT/>ayoj»'o» , square^ partly supports cT&>«, since it can be reconciled with 
fZBot but not with rptywyoK. Agnin the second Porism to vi. so, in which this 
Porism is reasserted for any rectilineal figure, and which is omitted by 
(!ampanus and only given by V in the margin, was probably interpolated by 
Theon. Heiberg concludes that Euclid wrote " figure " (tlSos), and Theon, 
seeing the difficulty, changed the word into "triangle " here and added For. s 
to VI. 20 in order to make the matter clear. If one may hazard a guess as to 
how I'u( lid made the slip, may it be that he first put it after vi. 20 and then, 
observing that the expression of the duplicate ratio by a single ratio between 
two straight lines does not come in vi. 20 but in vi. 19, moved the Porism to 
the end of vi. 19 in order to make the connexion clearer, without noticing 
that, if this were done, <?^o^ would need correction ? 

The following explanation at the end of the Ponsm is bracketed by 
Heiberg, viz. "Since it was proved that, as CB is to BG^ so is the triangle 
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ABC to the triangle ABG^ that is DEF'' Such explanations in Porisms are 
not in Euclid's manner, and the words are not in Campanus, though they date 
from a time earlier than Theon. 



Proposition 20. 

Similar polygons are divided into similar Iriangles^ and 
inio triangles equal in multitude and in the same roHo as 
the wholes t and the polygon has to the polygon a ratio ds^Ueate 
of thai which the corresponding side has to the corresponding 
I side. 

Let ABCDE, FGHKL be similar polygons, and let AB 

correspond to FG\ 

I say that the polygons ABCDE, FGHKL are divided into 
similar triangles, and into triangles equal in multitude and in 
10 the same ratio as the wholes, and the polygon A BCDE has 
to the polygon FGHKL a ratio duplicate of that which AB 
has to FG, 

Let BE^ EQ GL, LH be joined. 



A 




Now, since the polygon A BCDE is similar to the polygon 
II FGHKL, 

the angle BAE is equal to the angle GFL ; 

and, as BA is to so is GFxxi FL, [vi. Def. i] 

Since then ABE, FGL arc two triangles having one 
angle equal to one angle and the sides about the equal angles 

20 proportioniil, 

therefore the triangle ABE is equiangular with the triangle 
FGL ; [vi 6] 

so that it is also similar ; [vi. 4 and Def. i] 

therefore the angle ABE is equal to the angle FGL. 
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25 But the whole angle ABC is also equal to the whole angle 
FGH because of the similarity of the polygons ; 

therefore the remaining angle EBC is equal to the angle 

LGH . 

And, since, because of the similarity of the triangles -r^^^", 
trFGL, 

as EB is to BA, so is LG to GF, 
and moreover also, because of the similarity of the polygons, 

as AB is to BC^ so is FG to G//, 

therefore, ex aequaii, as EB is to BC^ so is to GH; [v. 33] 

35 that is, the sides about the equal angles EBCy LGH are 
proportional ; 

therefore the triangle EBC is equiangular with the triangle 
LGH, [VI. 6] 

so that the triangle EBC is also similar to the triangle 
40 LGH. (vi. 4 and Def. i] 

For the same reason 

the triangle BCD is also similar to the triangle LHK* 

Therefore the similar polygons ABCDE, FGHKL have 
been divided into similar triangles, and into triangles equal in 
45 multitude. 

I say that they are also in the same ratio as the wholes, 
that is, in sLich manner that the triangles are proportional, 
and ABE, EBC, ECD are antecedents, while FGL, LGH, 
LHK are their consequents, and that the polygon ABCDE 
50 has to the polygon FGHKL a ratio duplicate of that which 
the corresponding side has to the corresponding side, that is 
AB to EG. 

For let A C, FH be joined. 

Then since, because of the similarity of the polygons, 

55 the angle ABC is equal to the angle FGH^ 

and, as is to BC, so is FG to GH, 

the triangle ABC is equiangular with the triangle FGH ; 

[VI. 6] 

therefore the angle BAC is equal to the angle GFH, 
and the angle BCA to the angle GHF. 
60 And, since the angle BAM is equal to the angle GFN, 
and the angle ABM is also equal to the angle FGN^ 
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therefore the remaining angle A MB is also equal to the 
remaining angle FjVG ; [i. 32J 

therefore the triangle ABAI is equiangular with the triangle 
65 FGN. 

Similarly we can prove that 

the triangle BMC is also equiangular with the triangle GNH. 

Therefore, proportionally, as AM is to MB^ so is FN to 
NO, 

70 and, as BM is to MC^ so is ON to NH \ 

so that, in addition, ex aequali, 

as AM is to J/C, so is FN to NH, 
But, as AM is to MC, so is the triangle ABM to MBC^ 
and A ME to EMC\ for they are to one another as their 
75 bases. [vi. i] 

Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents ; 

[v. la] 

therefore, as the triangle AMB is to BMC^ scf is AB£ to 
CBE. 

80 But, as AMB is to BMC, so is AM to MC \ 
therefore also, as ^il/ is to MC^ so is the triangle ABE to 
the triangle EBC. 

For the same reason also, 

as FN is to NH^ so is the triangle FGL to the triangle 
8s GLH. 

And, as AM is to MC, so is FN to NH\ 

therefore also, as the trianj^le ABE is to the triangle BEC, 
so is the triangle FGL to the triangle GLH ; 

and, alternately, as the triano^le ABE is to the triangle /'6X, 
90 so is the triangle BEC to the triangle GLH. 

Similarly we can prove, if BD, ^^A' l)e joined, that, as the 
triangle BEC is to the triangle LGH, so also is the triangle 
£CD to the triangle LI IK. 

And since, as the triangle ABE is to the triangle FGL, 
95 so is EBC to LGH, and further ECD to LHK, 

therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents ; 

therefore, as the triangle . IBE is to the triangle FLiL, 
so is the polygon ABCDE to the polygon FGHKL, 
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too But the triangle ABB has to the triangle jFGL a ratio 
duplicate of that which the corresponding side AB has to the 
corresponding side FG; for similar triangles are in the 
duplicate ratio of the corresponding sides. [vi. 19] 

Therefore the polygon ABCDE also has to the polygon 
»os FGHKL a ratio duplicate of that which the corresponding 
side AB has to the corresponding side FG. 
Therefore etc 

PoRisM. Similarly also it can be proved in the case of 
quadrilaterals that they are in the duplicate ratio of the 
no corresponding sides. And it was also proved in the case of 
triangles; thcrctorc also, general!}', similar rectilineal figures 
are to one another in the duplicate ratio of the corresponding 
sides. 

Q. E. D. 

1. in the same ratio as the wholes. The same word 6/16X070? is used which I have 
^nerallv tratislated by "corresponding." But here it is foUowe<l by a dative, OM^Xtrya roti 
Moti homologous with the wholes," in.ste.id of being HMd absolutely. The meaning can 
tfatnfbie here be nothing else but " in the same ratio with " or ** proponional to the 
wholes"; and Euclid seems to recognise that he is making a s|)ecial use of the word, 
because he explains it lower i!(j\vn (I. 4O) : "t!u- n imylcs arc homologous to the wholes, that 
is, in such manner that the triaogleii are proportional, and ABE^ EBC^ ECD are ante- 
oedcnt.s, while FGL^ LGH, l.HK are their consequents.** 

49. ircb^tva. ai'TWK, " thdr consequents,'' is a little awkward, hut may besttf^sed to 
indicate which triangles cuiie»poud to which as consequent to antecedent. 

An alternative proof of the second part of this proposition given after the 
Porisms is rele^^^ated by August and Heiberg to an Appendix as an interpolation. 
It is shorter than the proof in the text, and is the only one given by many 
editors^ including Gavias, Billingsley, Banow and Simson. It runs as follows: 

'* We will now also proVe that the triangles are homologous in another and 
an easier manner. 




Again, let the polygons ABCDB^ FGHKL be set out, and let BE^ EC, 
GL, LHhe joined. 

I say that, as the triangle ABE is to FGL^ so is EBC to LGH and CDE 

to NKL. 

For, since the triaqgle ABE is similar to the triangle FGL, the triangle 
ABE has to the triangle FGL a ratio duplicate of that which BE has to GJL 
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For the same reason also 
the triangle BEC has to the triangle GLH a ratio duplicate of that which 

BE has to GJL 

Therefore^ as the triangle ABE is to the triangle FGL, so is BEC 

to GLH. 

Again, since the triangle BBC is similar to the triangle LGH^ 

EBC\m to LGH a ratio duplicate of that which the straight line CE has 
to HL, 

For the same reason also 

the triangle ECD has to the triangle LHK a ratio duplicate of that which 
C£ has to JSrZ. 

Therefore, as the triangle EBC is to LGHy so is ECD to LHK, 

But it was proved that, 

as EBC is to LGH, so also is ABE to FGL. 

Therefore also^ as ABE is to FGL^ so is BEC to GLH and ECD to 
LHK. 

Q. R D. 

Now Euclid cannot fail to have noticed that the second part of his 
proposition could be proved in this way. It seems therefore that, in giving 
the other and longer method, he deliberately wished to avoid udng the result 
of VI. 19, preferring to prove the first two parts of the theorem, as they can be 
proved, independently of any relation l)etWL'en the areas of similar triangles. 

The first part of the Porism, slating that the theorem is true of ^uaJn/a/era/s, 
would be superfluous but for the fkct that technically, according to Book i. 
Def. 19, the term "polygon "(or figure of many sides, -rroXvirKtvpov) used in the 
enunciation of the proposition is confined to rectilineal figures of Morf than 
Jour sides, so that a quadrilateral might seem to be excluded. I he mention 
of the triangle in addition fills up the tale of similar rectilineal figures." ^ 

The second Porism, Thcon's interpolation, given in the text by the editors, 
but bracketed by Hciberg, is as follows: 

" And, if we take O a third proportional to AB^ FG^ then BA has to a 
ratio duplicate of that which AB has to FG. 

But the polygon has also to the polygon, or the quadrilateral to the 
quadrilateral, a ratio duplicate of that which the correspondil^ side has to 
the corresponding side, that is AB to FG \ 

and this was proved in the case of triangles also; 

so that it is also manifest generally that, if three straight lines be proportional, 
as the first is to the third, so will the figure described on the first be to the 
similar and similarly described figure on the second." 



Proposition 21. 

Figures whuk are similar to the same rectilineal figure 
are tUso similar to one another. 

For let each of the rectilineal hgures A, B be similar to C\ 
I say that A is also similar to B. 
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For, since A is similar to C, 

it is equiangular with it and has the sides about the equal 
angles proportional. [vi. Def. i] 




Again, since D is simihir to C 

it is equiangular with it and has the sides about the equal 
angles proportional. 

Therefore each of the figures B is equiangular with C 
and with C has the sides about the equal angles proportional; 

therefore A is similar to B, 

Q. E. D. 

It will be observed that the text above omits a step which the editions 
generally have before the final inference "Therefore A is similar to B" The 
words omitted are "so that A is nl'^o i rpiiangular with B and [with B\ has the 
sides about the eiiual angles proj)()rtional." Heiberg folloMrs P in leaving 
them out, conjecturing that they may be an addition of Theon's, 



Proposition 22. 

If four straight lines be proportional^ the rectihnecU figures 
similar and similarly described upon them will also be pro- 
portional ; and, if the rectilineal figures similar and similarly 
described upon them be proportional^ the straight lines wtU 
themselves also be proportional. 

Let the four straight lines AB, CD, EF, GH be pro- 
portional, 

so that, as is to CD, EF to GH, 

and let there be described on AB, CD the similar and similarly 

situated rectilineal figures KAB, LCD, 

and on BI\ GH the similar and similarly situated rectilineal 

figures MF, NH ; 

I say that, as KAB is to LCD, so is MF to NH. 

For let there be taken a third proportional O to AB^ CD^ 
and a third proportional P to EF^ GH, [vi. it] 
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Then since, as AB is to CD, so is £F to C?^, 
and, as CD is to so is G// to 

therefore, ex aequali, sls is to O, so is i:7^ to P, [v. aa] 
But, as is to so is AT^i? to 
and. as is to so is ilfF to iV^; ^""^ 

therefore also, as KAB is to ZCA so is MF to AT/, [v. n] 





Next, let MF be to iV//' as /iCAB is to LCD ; 
I say also that, as is to CD, so is £F to tr//. 
For. if .fi'/'is not to G^^as AB to CD, 

let i5"/^be to as AB to [vi. 12] 

and on QB let the rectilineal figure SB be described similar 
and similarly situated to either of the two MF, NH, [vi. 18] 

Since then, as AB is to CD, so is EF to QR, 

and there have been described on AB, CD the similar and 
similarly situated figures KAB, LCD, 

and on EF, QR the similar and similarly situated figures 
MF, SB, 

therefore, as JCAB is to LCD, so is AfF to SB. 

But also, by hypothesis, 

as KAB is to LCD, so is MF to N/f ; 

therefore also, as MF 'is to SB, so is MF to NJ/, [v. 11 j 

Therefore MF has the same ratio to each of the figures 
N/f, SB ; 

therefore N/f is equal to SB. [v. 9] 

But it is also similar and similarly situated to it ; 
therefore GN is equal to QB. 

H. E. 11. X6 
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And, since, as AB is to CD, so is EF to QH, 

while QR is equal to GH^ 
therefore, as AB is to CD^ so is JiF to GH, 
Therefore etc, 

Q. B. D. 

The second assumption in the first step of the first part of the i)roof, vit 
that, as CU is to O, so GJi to should perhaps be explained. It is a 
deduction [by v. 1 1] from the facts Uiat 

AB is to CZ> as C/> to 0, 

AV' is to GH as GJI to 
and /?/? is to C/) as TiT^'to GiV! 

The defect in the proof of this projiosition is well known, namely the 
assumption, without proof, tliat, because the figures NH^ SR are equal, 
besides being similar and similarly situated, their corresponding sides GH^ QR 
are equal. Hence the minimum addition necessary to make the proof 
complete is a proof of a lemma to the effect \\\2Xftfiuio amUar^gures are aiso 
equcUf any pair of corresponding sides are equal. 

To supply this lemma is one alternative; another is to prove, as a 
preliminary proposition, a much more general theorem, viz. that, ^ the 
duplicate ratios of two ratios are equals the two ratios are themselves equal. 
When this is proved, the second part of vi. 22 is an immediate inference from 
it, and the effect is, of course, to substitute a new proof instead of 
supplementing Euclid's. 

I. It is to be noticed that the lemma required as a minimum is very like 
what is needed to supplement vi. 38 and S9, in the proofs of which Euclid 
assumes that, if two similar parallelograms are unequal^ any side in the greater 
is greater than the corresponding side in the smaller. Therefore, on the whole, it 
seems preferable to adopt the alternative of proving the simpler lemma which 
will serve to supplement all tiuee proofs, viz. that, if of two simiia^ retti^tuai 
figures tke first is greater than, equal to, or less tAait, the second, any side ef the 
first is greater tkoH, eqwtl to, or less than, tke eome^onditig side of iktsetamd 
ftspectivcly. 

The case oi equality of the figures is tiie case required for vi. 22 ; and the 
proof of it is given in the Greek text after the proposition. Since to give such 
a ** lemma" after the proposition in which it is required is contrary to Euclid's 
manner, Heiberg concludes that it is an interpolation, though it is earlier than 
Theoa The lemma runs thus : 

"But that, if rectilineal figures be equal and similar, their corresponding 
sides are equd to one another we will prove thus. 

Let NH, SR be equal and similar rectilineal figures, and suppose that, 

as HG is to GN, so is RQ to ^.S ; 
I say that RQ is eijual to HG. 

For, if they are unetiual, one of them is greater ; 
let RQ, be greater than HG, 
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Then, since, as is to QS^ so is J/G to GJV, 
alternately also, as /?Qis to /fOy so is to 6^iVj 
and Q/i is greater than ; 

therefore QS is also greater than GJV ; 

so that US is also greater than UN*, 

But it is also equal : which is impossible. 
Therefore QR is not unequal to GH ; 
therefore it is equal to it." 

[The step marked * is easy to see if it is remembered that it is only 
necessary to prove its truth in the case of triangles (since similar polygons are 
divisible into the same number of simOar and similariy situated triangles 
having the same ratio to each other respectively as the polygons have). If the 
triangles be applied tf) each other so that the two cwresponding sides of each, 
which are used in the question, and the angles included by them coincide, 
the truth of the inference ts obvious.] 

The lemma might also be arrived at by proving that, if a roHo isgnater tkam 
a ra/w €f equality, the ratio which is its duplicate is also greater tkam a ratio ef 

equality ; and if the ratio which is duplicate of a not Iter ratio is greater titan a 
ratio of equality, ilu ratio of which it is the duplicate is also greater than a ratio 
oj equality. It is not difficult to prove this from the pirticuiar case of v. 25 in 
which the second magnitude is equal to the third, i.e. from the fact that in 
this case the sum of the extreme terms is greater than double the middle term. 

II. We now come to the alternative which substitutes a new proof for the 
second part of the proposition, making the whole proposition an immediate 
inference from one to which it is practically equivalent, viz. that 

(i) If tioo ratios be equal, their duplicate ratios are equal, and (2) con- 
versely, if the duplicate ratios of two ratios be equal, the ratios are equal. 

The proof of part (i) is after the manner of Euclid's own proof of the first 
part of VI. 33. 

Let^beto^asCtoA 

and let A* be a third proportional to and Ka third proportional to C, />, 
so that 

^ is to ^ as to A", 
and Cis to Z> as Z> to K; 

whence /4 is to A" in the duplicate ratio of A to 

and C is to y in the duplicate ratio of C to 

Since is to ^ as C is to Z>, 

and ^ is to A as /4 is to 

i.e. as C is to Z>, |. , 

i.e. as is to K, L • J 

therefore, ex aequali, >f is to A as C is to Y. 

Part f 2) is much more difficult and is the crux of the whole thing. 

Most ui the proofs depend on the assumpti<Mi that, B being any magnitude 
and /'and Q two magnitudes of the same kind, there does exist a magnitude 
A which is to 27 in the same latio as /* to ^. It is this same assumption 

16— a 
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which makes Euclid's proof of v. i8 iUegitiinate, since it is nowhere proved 
in Book v. Hence any proof of the proposition now in question which 

involves this assum[ition even in the case where B, P, Q are all straight lines 
should not properly be given as an addition to Book v. ; it should at least be 
postponed until we have learnt, by means of vi. 12, giving the actual 
oora^cdon of a fourth proportional, that such a fourth proportional exists. 

Two proofs which are given of the proposition depend upon the following 
lemma. 

J/ A, B, C if€ three magnitudes of otu kind^ and D, E, F three magnitudes 
of one kindy ihen^ if 

ike ratio of k to is greaitr tkan fkat of\>1o'% 

and (he ratio of B to Q greater than that of 'E to 

ex aequali, the ratio of h to C is greater than that of Ti to ¥. 

One proof of this does not depend upon the assumption referred to, and 
therefore, if this proof is used, the theorem can be added to Book v. The 
proof is that of muber (Camerer's Euclid, p. 358 of Vol. 11.) and is reproduced 
oy Mr H. M. Taylor. For brevity we will use symbols. 

Take equimultiples mA, mD of A, D and nB, nE of E such that 

mA>nBy but mD'J^nE. 

Also let pB, pE be equimultiples of B^E and ^C, qF equimultiples of 
Ct FiMQh that 

pB>qC, but pEl!^qF. 
Therefore, multiplying the first line by / and the second by «, we have 



////// > pnBy pmD '^pnE, 
and npB >iifC, npE l^nqF^ 

whence pmA >iifC, pmDIf'nqF. 

Now /M^, pmD are equimultiples of mA^ mD, 

and iff C, m^/* equimultiples of ^C, qF. 



Therefore [v. 3] they are respectively equimultiples q( A, D and o( C,F, 
Hence [v. Def. 7] A : C>D : F. 

Another proof given by Clavius, though depending on the assumption 
referred to, is neat. 
Take G such that 

G:C = £iF, 



A o- 

B E- 

C F- 

O 

H 



Therefore Bi C>G : C, [v. 13] 

and B>G. [v. 10] 

Therefore A\G>AxB, [v. 8] 
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But A\B>D\E, 

Suppose H taken such that 

Therefore A >H. [v. 13, 10] 

Hence A : C>H\ C [v. 8] 
But H\G^D\E^ 

GiC^ExR 

Therefore, ex aequali^ H\ C= Di P. [v. »a] 

Hence A : C>D : F. [v. 13] 

Now we can prove that 
RaHn 4f mlce^ egmai mHat are dt ^ Ue^ A are epuU, 

Suppose that AiB^BiQ 
and DiE^EtF^ 

and further that A : C- D : 

it is fsquired to prove that 

AxB^DxE, 

For, if not, one of the ratios must be greater than the other. 
Let ^ : ^ be the greater. 

Then, since AxB^^BxC^ 

and D: E^ExFt 

while AiB>DiEf 

it follows that BiC>E\F, [v. 13] 

Hence^ by the lemma, ex aegyaH^ 

A : C>DiF, 

which contradicts the hypothesis. 

Thus the ratios and />:^ cannot be unequal; that is, they are equal. 

Another prool^ eiven by Dr Lachbu^ also assumes the existence of a 
fourth proportional, but depends upon a simpler lemma to the effect that 

// is m^^siMe tiUU iwe differ^ raH^ eon have the mm iu^taie rath* 

For, if possible, let the ratio AiBht duplicate both AiX and A : Y, 
so that 

A:X=^X:B, 
and AiY^Y'.JS, 
Let X be greater than K 
Then A :X<A : Y; [v. 8] 

that is, X :B<Y:£, [v- n, 13] 

or X<Y. [v- »<>] 

But X is greater than Y : which is absurd, etc. 
Hence X= Y* 
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Now suppose that A :BsBi C, 

and A:C=D:F. 
To prove that A = :E. 

If this is not S0| suppose that 

Since AxC^DxF^ 

therefore, inversely, C\A^FxD, 
Therefore^ «x aeqmaii, 

CiS^FxZ, [v. 22] 

or, inversely, B : C ^ Z : F. 

Therefore A :B = Z :F. [v- 1 1 j 

But A : B = D : Zyby hypothesis. 

Therefore D.Z^Z.F. [v. 1 1 J 

Also, by hypothesis, D \E = E \F\ 

whence, by the lemma, E = Z 

Therefofe AiB^DiE, 

De Morgan remarks that the best way of remedying the defect in Euclid 
is to insert the proposition (the lemma to die last proof) that it is imp^siMi 

that t'luo differetit ratios can have the same duplicate ratio ^ " which," he says, 
"immediately proves the second (or defective) case of the theorem." But this 
seems to be either too much or too little : too much, if we choose to make 
the mimnmm addition to Euclid (for that addition is a lemma which shall prove 
that, if a duplicate ratio is a ratio of equality, the ratio of which it is dufmcate 
is also one of equality), and too little if the i»oof is to be altered in the mote 
fundamental manner explained above. 

I diuik tha^ if Eudid^e attention had been drawn to the defect in his 
proof of VI. 22 and he had been asked to remedy it, he would have done so 
by supplying what I have called the minimum lemma and not by making the 
more fundamental alteration. This T infer from Prop. 24 of the Data, where 
he gives a theorem corresponding to the proposition that ratios of which equal 
ratm an it^Htaie are equal. The proposition in the Daia is enunciated 
thus : If three straight lines be proportional^ and the firU Aave te the tkif4 a 
given ratiOy it ivill also have to the second a given ratio, 

Af Bf C being the three straight lines, so that 

A :B=B: C, 

and A : C being a given ratio, it is required to prove that A : B is also a 
given ratio. 

Euclid takes any straight line Z>, and first finds another, F, such that 

J},F«A:Q 

whence D : /'must be E fp,vea. mdo, and, as is given, F is therefore given. 
Then he takes £ a mean proportional between D, F,80 that 

Z>iEm£xF, 
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It follows [vi. 17] that 
tile rectangle I>, F'ls equal to the square on £. 
But J>t /'are both given ; 

therefore the square on £ is given, so that E is also given. 
[Observe that De Morgan's lemma is here assumed without proof. It 
may be proved (i) as it is by Do Morgan, whose proof is that given above, 
p. 245, (2) in the manner of the "minimum lemma," pp. 243 — 3 abov^ or 
(3) as it is by Proclus on i. 46 (see note on that proposition).] 

Hence the ratio D : £ is given. 
Now, since A : C^D:^, 

and A : C- (square on A): (rect A, C), 

while J) I (square on D) : (rect D, F), [vi. i] 

therefore (square on A) i (rect A, C) » (square on D) : (rect Z>, F). [v. 1 1] 
But, since AiJ9^B:C, (rect. A, C)^{9q. on [vh 17] 

and (rect. D, F)s:{sq. on JS), from above ; 
therefore (square on ^) : (square on £) - (sq. on />) : (sq. on £), 
TAfT^ore, says Euclid, 

A : B = D :£, 
that is, Ae assumes the truth of vi. 22 for squares. 

I hus lie deduces his proposition from vi. 22, instead of proving vi. 22 by 
means of it (or the conesponding proposition used by Mr Taylor and 
Dr Lachlan). 

Proposition 23. 

Equiangular parallelograms have to one another ike ratio 
confounded of tne ratios of their sides. 

Let AC, CF be equiangular parallelograms having the 
angle BCD equal to the angle ECG ; 

5 1 say . that the parallelogram A C has to the parallelogram 
CF the ratio compounded of the ratios of the sides. 

K B' 

L 




For let them be placed so that BC is in a straight line 
with CG \ 

therefore DC is also in a straight line with CE. 
10 Let the parallelogram DG be completed ; 
let a straight line K be set out, and let it be contrived that, 

as BC is to CG, so is A' to 
and, as DC is to CE, so is Z to M, [vi. xi\ 
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Then the ratios of K to L and of L to Af are the same 
15 as the ratios of the sides, namely of BC to CG and of DC 
to C£. 

But the ratio of K to Af is compounded of the ratio of K 
to L and of that of L io M \ 

so that K has also to M the ratio compounded of the ratios 
ao of the sides. 

Now since, as BC is to CG, so is the parallelogram AC 
to the parallelogram C//, [vi. 1] 

while, as £C is to CG^ sols K to L, 

therefore also, ^ JC is to L, so is AC to C/f, [v. n] 

*5 Again, since, as DC is to CE, so is the parallelogram C// 
to CF, [VI. i] 

while, as DC is to CB, so is L to M, 

therefore also, as L is to M, so is the parallelogram C// to 
the parallelogram C/^ [v n] 

3» Since then it was proved that, as is to X, so is the 
parallelogram ^ C to the parallelogram C//, 

and, as L is to M, so is the parallelogram C// to the 
parallelogram CF, 

therefore, ex aefuali, as A' is to ilf, so is y^C to the parallelo- 
35 gram CF 

But K has to M the ratio compounded of the ratios of 
the sides ; 

therefore A C also has to CF the ratio compounded of the 
ratios of the sides. 

40 Therefore etc. 

Q. £. D. 

I, 6, 19, 36. the ratio compounded of the ratios of the sides, \ir/0¥ rhr avyKtlfUPw 
iic Twr rXtvpHar which, meaning literally " the ratio cumpounded 0/ the sides^'' is n^Ugentiy 
written here and commonly for rbv trvyKtifuvop ix thv rw* wXtvpOr (sc. \lr/w). 

II. let it be contrived that, as BC is to CG, so is K to L. The ( ".reek phra?e is 
of the usual terse kind, untranslatable literally : «cat 7e7P»^w ws ^iv 17 Bl" wpbs ttjt TH, 
ovTu}% i) K «-p6t rb A, the words meaning "and let (there) be made, as BC to CGf SO ilTtO 
Z," where Z u the straight line which has to be constructed. 

The second definition of the Data 5«iys that A ratio is said to be given if 
we can find {iropio-aa-dnt) [another ra'io that is\ the same with it. Accordingly 
VI. 23 not only proves that equiangular parallelograms have to one another a 
mdo which is compounded of two othefs, but shows that that latio is "given" 
when its component ratios are given, or that it can be represented as a simple 
xatio between straight lines. 
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Just as VI. 23 exhibits the operation necessary for compounding two 
ratios, a proposition (8) of the Data indicates the operation by which we may 
divide one ratio by another. The proportion proves that T%ingt wkkh 
have a ^iren ratio to the same thins^ har'C also a ^'ven ratio to one another. 
Euclid's procedure is of course to comf'ound one ratio with the imrrsc of the 
Other] but, when this is once done and the result of I'rop. 8 obtained, he 
uses the result In the later propositions as a substitute for the method of 
composition. Thus he uses the division of ratios, instead of composition, 
in the propositions of the Data which deal with the same subject-matter as 
VI. 25. The effect is to represent the ratio of two ei^uianguiar parallelograms 
as a ratio between straight lines one of whidi is cm side tf one of the 
parallelograms. Prop. 56 of the Data shows us that, if wc want to express 
the ratio of the parallelogram >^ C to the paralldognun CF in the figure 




of VI. 23 in the form of a ratio in which, for example, the side BC is the 
antecedent term, the required ratio of the parallelpgnms is BC : where 

or is a fourth proportional to DC and the two sides of the parallelogram CF* 
Measure CJT along CB, produced if necessary, so that 

DC: CB^^CG iCK 

(whence CA" is equal to X). 

[This may be simply done by joining J}G and then drawing £K parallel 

to it meeting CB in A'.] 

Complete the parallelogram A A". 
Then, since DC : CE ~ CO : CAT, 

the parallelograms DK^ CFare equal. [vi. 14] 

Therefore (AC) : {CF) ^{AC) : {DA') [v. 7] 

^BC .CK [vi. i] 

= BC : X. 

Prop. 68 of the Data uses the same construction to prove that, ^ two 
tquian^Uar paraUeScp^ms katt to one oHOt/ter a given ration ami one side hwe 
to one side a ^oen raiio, the remaining side wllabo have to the remaining side 

a given ratio. 

I do not use the figure of the Data but, for convenience' sake, I adhere 
to the figure given above. Suppose that the ratio of the parallelograms is 
given, and also that of CD to C£» 

Apply to CD the parallelogram Z^AT equal to C^and such that CA; CB 
coincide in direction. [i. 45] 

Then the ratio of AC to KD is given, being equal to that of ..4 C to CF. 
And {AC) : {KD) = CB : CAT; 

therefore the ratio oi CB to CJCk given. 
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But, since KD = CF, 

CD : CE^CGx CK, [vi. 14] 

Hence CG : CK is a given mtio. 

And CB : CK was proved to be a given mtio. 

Therefore the ratio of CB to CG is given. \^Datii, Prop. 8] 

I-iistly we may refer to Prop 70 of the Dala, the first i>iut of which proves 
what corresponds exactly to \ 1. 23, namely that, IJ in two equiangular paral- 
khgrams the sides toniainimg the equal angUs have a gwen ratio to Me another 
[i.e. one side in one to one side in the other], the parallelograms themsefj^es will 
aho have a giwn ratio to one another. [Here the ratios of BC to CG and of 
CD to CE are given.J 

The construction is the same as in the last case^ and we have KD equal 
to Cf; so that 

CD .CE=^CG i CK. [vi. 14] 

But the ratio of CD to CE is piven ; 
therefore the ratio of CG to CK is given. 

And, by hypothesis, the ratio of CG to CB is given. 
Therefore, by dividing the ratios [Data^ Prop. 8 J, we see that the ratio of 
CB to CK, and therefore [vi. t} the ratio of AC to DK, or of AC to CF, 

is given. 

Euchd extends these propositions to the case of two parallelograms which 
have given but not equal angles. 

Pappus (vii. p. 928) exhibits the result of vr. 33 in a different way, 
which throws new l^t on compounded ratios. He proves, namely, that a 

parallelogram is to an c<juiangular parallelogram fz.v the rectangle contained by 
the adjacent sides of the Jirst is to the rectangle contained by the adjacent sides 
of the second. 

A 

D 





B O 

Let ACt DFY>G equiangular parallelograms on the bases BC^ BE, and let 
the angles at B^ E be equal. 

Draw perpendiculars AG, DHio BC, 7:/^ respectively. 
Since the angles at B, G are equal to those at E, 

the triangles ABG^ DEH ^.n: equiangular. 

Therefore BA : AG ED : Dlf. [vi. 4] 

But BA : AG = (rect. BA, BC) : (rect. AG, BC), 

and ED : DH =^ (rect. ED, EE) ; (rect. DH, EE). [vi. ij 

Therefore [v. 11 and v. 16] 

(rect. AB, BC) : (rect DE, EE) - (rect. AG, BC) (rect. Dff, EE) 

- (AC) : iPF). 

Thus it is proved that the ratio compounded of the ratios AB : DE and 
BC : EE is equal to the ratio of the rectangle AB, BC to the rectangle 
DE, EF. 
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Since each parallelogram in the figure of the proposition can be divided 
into pairs of eaual triangles, and all the triangles iduch are the halves of either 
paialldognun have two ndes respectively equal and the angles included by 

them c<iu;i1 or supplementary, it can be at once deduced from vi. 2^ (or it 
can be independently proved by the same method) that triartf^Us which have 
one angle of the one equal or supplementary to one angle of the other are in the 
ratio compound^ ef the ratuu of the sides about the equal or sup^emetUary 

angles. C(. Pappus vii. pp. 894^6. 

VI. 23 also shows that rccfatt;^l('s, and therefore parallelo^p'ams or triatv^^les, 
are to one anotlur in the ratio compounded of the ratios of their bases and 
heights. 

The converse of Vl. 33 is also true, as is easily proved by reductio ad 

absurdum. More generally, // t'lvo parallelograms or triangles are in the ratio 
compounded of tlu ratios of two adjacent sides^ the angles included by those sides 
an either equal or suppkmentary. 

Proposition 24. 

/// any parallelograni the parallelograms about tJie diatncUr 
are similar both lo Ike luhole and to one another. 

Let ABCD be a parallelogram, and AC its diameter, 
and let EG^ HK be parallelograms 

about AC\ A E B 

I say that each of the parallelograms 
EG, HK is similar both to the whole 
ABCD and to the other. 

For, since EF has been drawn 
parallel to />C, one of the sides of the 
triangle ABC. 

proportionally, as BE is to EA^ so is CF to FA. [vi. a] 

Again, since FG has been drawn parallel to CD^ one of 
the sides of the triangle A CD^ 

proportionally, as CF is to FA^ so is DG to GA, [vi. a] 
But it was proved that, 

as CF is to FA, so also ?s BE to EA ; 
therefore also, as BE is to EA^ so is DG to GA^ 
and therefore, contponendo, 

as BA is to AE^ so is DA to AG^ [v. 18] 

and, alternately, 

as £A is to AD^ so is EA to AG, [v. 16] 

Therefore in the parallelograms ABCD, EG, the sides 
about the common angle BAD are proportional. 

And, since GF is parallel to DC, 
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the angle AFG is equal to the angle DC A ; 

and the angle DAC is common to the two triangles ADC^ 

AGF\ 

therefore the triangle ADC is equiangular with the triangle 
AGF. 

For the same reason 

the triangle ACB is also equiangular with the triangle 
AFE, 

and the whole parallelogram ABCD is equiangular with the 
parallelogram EG, 

Therefore, proportionally, 

as AD is to DC, so is ^ 6^ to GF, 
as DC is to CA, so is GF to FA, 
as y4C is to CB^ so is AF to FE; 
and further, as CB is to BA, so is /vf to EA. 
And, since it was proved that, 
as DC is to CA^ so is GF to 
and, as AC is to so is /^/^ to FE^ 

therefore, ex aequali, as DC is to C^, so is GF to /Tf". [v. 22] 

Therefore in the parallelograms ABCD^ EG the sides 
about the equal angles are proportional ; 

therefore the parallelogram ABCD is similar to the parallelo- 
gram EG. [vi. Def. i] 

For the same reason 

the parallelogram ABCD is also similar to the parallelogram 

KH\ 

therefore each of the parallelograms EG^ HK is similar to 
ABCD. 

But figures similar to the same rectilineal figure are also 
similar to one another ; [vi. ai] 

therefore the parallelogram EG is also similar to the parallelo- 
gram HK, 

Therefore etc. 

Q. E. D. 

Simson was of opinion that this proof was made up by some unskilful 
editor out of two others, the first of which proved by parallels (vi. 2) that 
the sides about the common angle in the parallelograms are proportional, 
while the other used the similarity of triangles (vi. 4). It is of course true 
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that, when we have proved by vi. 2 the fact that the sides about the oommon 
angle are proportional, we can infer the proportionality of the Other sides 

directly from r. 34 combined with v. 7. Rut it does not seem to me unnatural 
that Euclid should (i) deliberately refrain from making any use of 1. 34 and 
(2) determine beforehand that he would prove the sides pro{x>rtionid f» a 
d^tttie ordtr beginning with the sides EA^ AG and BA^ AD about the 
common angle and then taking the remaining sides in the order indicated 
by the order of the letters A^ G, E. Given that Euclid started the proof 
with such a fixed intention in his mind, the course taken presents no ciilticulty, 
nor is the proof unsystematic or unduly drawn out And its genuinmess 
seems, to me supported by the fact that the proof, when once the first two 
sides about the common angle have been disposed of, follows closely the 
order and method of vi. 18. Moreover, it could readily be adapted to the 
more general case of two polygons having a common angle and the other 
corresponding sides respectively parallel. 

The parallelograms in the proposition are of course similarly situate<l as 
well as similar; and those "about the diameter" may be "about" the 
diameter froduceti as well as about the diameter itself. 

From the first part of the proof it follows that parallelograms which have 
one angle equal to one angle and the sides about those angles proportional 
are similar. 

Prop. 26 is the converse of Prop. 24, and there seems to be no reason 
why they should be separated as they are in the text by the interposition of 
VI. 25. Campanus has vi. 24 and 26 as vi. 22 and 23 respectively, vi. 93 as 
VI. 24, and VI. 25 as we have it. 



Proposition 25. 

To cons true I one and the same figure similar to a given 
rectilineal figure and equal to another given rectilineal figure. 

Let ABC hv. the givfii rectilineal figure to which the 
figure to be constructed must be similar, and D that to which 
it must be equal ; 

thus it is required to construct one and the same figure similar 
to ABC and equal to D, 




Let there be applied to BC the parallelogram BE equal 
to the triangle ABC [i. 44!, and to CE the parallelogram CM 
equal to D in the angle FCE which is equal to the angle 
CBL, [L 4S] 
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Therefore BC is in a straight line with CF, and LE with 
EM. 

Now let GH be taken a mean proportional to BC, CF 
[vi. 13J, and on GH let KGH be described similar and similarly 
situated to ABC. [vi. 18] 

Then, since, as BC is to GH^ so is GH to CF, 

and, if three straight lines be proportional, as the first is to 
the third, so is the figure on the first to the similar and 
similarly situated figure described on the second, [vi. 19^ For.] 

therefore, as BC is to C/% so is the triangle ABC to the 
triangle KGH, 

But, as BC is to CF^ so also is the parallelogram BE to 
the parallelogram EF, [vi. i] 

Therefore also, as the triangle ABC is to the triangle 
KGH, so is the parallelogram BE to the parallelogram EF\ 

therefore, alternately, as the triangle ABC is to the parallelo- 
gram BE^ so is the triangle KGH to the parallelogram EF, 

[Y. 16] 

But the triangle ABC is equal to the parallelc^ram BE \ 

therefore the triangle A!'6^/r is also equal to the parallelogram 
EF 

But the parallelogram EF is equal to D ; 

therefore KGH is also equal to D. 
And KGH is also similar to A BC. 

Therefore one and the same figure KGH has been con- 
structed similar to the given rectilineal figure ABC and equal 
to the other given figure D. 

Q. E. D. 

1;. to which the figure to be constructed must be similar, litenllj "to whidk il 

is requireil to cuniitruct (one) similar," y 6u SnoiOf aivrriaaadcu. 

This is the highly important problem which Pythagoras is credited with 
having solved. Compare the passage from I'lutarch {Symfi. viii. 2, 4) quoted 
in the note on i. 44 above, Vol. i. pp. 343 — 4. 

We are bidden to construct a rectilineal figure which shall have the /i>rf/t of 
one and the size of another rectilineal figure. The corresponding pro^josition 
of the JMia, Prop. 55, asserts that, **if an area (xmi^mn') be given in form 
(«2Sct) and in magnitude, its sides will also be given in magnitude/' 

Simson sees signs of corruption in the text of this proposition also. In 
the first place, the proof speaks of the triangle ABC^ though, according to the 
enunciation, the figure for which ABCh taken may be any rectilineal figure, 
tvBvypafifjiov "rectilineal figure" would be more Gorrect, or cfSoc, "figure"; the 
mistake, however, of using rpSyww is not one of great importance^ being no 
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doubt due to the accident by which the figure was drawn as a trian^e in the 
dugcain* 

The other observation is more important. After Euclid has (noved that 

(fig. ABC) I (fig. ICGIf) = {££) : {£J!), 

he might have infored directfy from v. 14 that, since ABC is equal i<> BE^ 
KGH is equal to EF. For v. 14 includes the proof of the fuct that, if A is 
to ii* as C is to and A is equal to C, then B is equal to or that of four 
proportional magnitudes, if the first is equal to the third, the second is equal 
to the fourth. Instead of proceeding in thu way, Eudid first permutes the 
proportion by v. 16 into 

(fig. ABC) : {BE) » (fig. KGH) : {EF), 

and then infers, as if the inference were easier in this form, that, since the 
first is equal to the second, the third is e(|ual to the fourth. Yet there is no 
proposition to this effect in Euclid. The same unnecessary step of permutation 
IB dso found in the Gredt text of xi. 23 and xu. 2, 5, 1 1, 12 and t8. In 
rqwodudng the proofs we may simply leave out the steps and refer to v. 14. 



Proposition 26. 

If from a parallelogratn there be taken azvay a parallelo- 
gram similar and similarly situated to the whole and having 
a common angle with it, it is about the sam$ diameter with the 
whole. 

For from the parallelogram A BCD let there be taken 
away the parallelogram AF ^\m\\<\.r and 
similarly situated to A BCD, and having 
the angle DAB common with it ; 

I say that ABCD is about the same 
diameter with AF, 

For suppose it is not, but, if possible, 
let AHC be the diameter < of ABCD > , 
let GF be produced and carried through 

to and let HK be drawn through H 

parallel to either of the straight lines AD, BC, [i. 31] 

Since, then, ABCD is about the same diameter with KG, 
therefore, as DA is to AB, so is GA to AK. [vi. 24] 

But also, because of the similarity of ABCD, EG, 

as DA is to AB, so is GA to AE ; 

therefore also, as GA is to AK, so is GA to AE. [v. n] 

Therefore GA has the same ratio to each of the straight 
lines AK, AE. 
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Therefore AE is equal to AK [v. 9], the less to the 
greater: which is impossible. 

Therefore A BCD cannot but be about the same diameter 
with AF ; 

therefore the parallelogram A BCD is about the same diameter 
with the parallelogram AF, 

Therefore etc. 

Q. E. D. 

" For suppose it is not, but, if possible, let AHC be the diameter." What 
is meant is "For, if AFC is not the diameter of the parallelogram AC^ let 
AHC be its diameter." The Greek text has 'ttoi avr^v &a'//fr^»o« ly' A^P ; 
but clearly aurwv is wron;:^, ;i-s we cannot assume tluit one straight line is the 
diameter of both parallelograms, which is just what we have to prove. F and 
V omit the o^rwy, and Heiberg prefers this correction to substituting avrow 
after Peyrard. I have inserted " < of ABCD>** to make the meaning clear. 

If the straight line AHC does not pass through it must meet either 
GF ox GV' produced in some point H. The reading in the text "and let 
GF be proAued and carried through to H " (koI iK^Krieflaa ^ HZ Stifx^M iri 
T& B) corresponds to the supposition that Mvi on <?FproduGeicL The words 
were left out by Theon, evidently because in the figure of the mss. the letters 
E, Z and K, @ were interchanj^ed. Heiberg therefore, following August, has 
preferred to retain the words and to correct the figure, as well as the passage in 
the text where AE, AJCyrete interchanged to be in accord with the us. figure. 

It is of course possible to prove the proposition directly, as is done by 
Dr Lachlan. Let .^Cbe the diagonals, and let us make no assumptioti 

as to how they fall. 

Then, since £Fis parallel to AG and therefore to BC, 

the angles A£F, ABC axe equal. 

And, since the parallelograms are similar, 

A£ : EF^AB : BC, [vi. De£ i] 

Hence the triangles AEF^ ABC are similar, [vl 6] 

and therefore the angle FAE is equal to the angle CAB. 

Therefore AFh^ on AC 

The proposition is equally true if the parallelogram which is snuUur and 
similarly situated to the given parallelogram is not " taken 

away" from it, but is so placed that it is entirely outside the 
other, while two sides form an angle vertically opposite to 
an angle of the other. In this case the diameters are not 
"the same," tn the words of die enunciation, but are in 
a straight line with one another. This extension of the 
proposition is, as will be seen, necessary for obtaining, 
according to the method adopted by Euclid in his solu- 
tion of the problem in vi. 28, the second solution of that 
problem. 




Digitized by Google 




VI. 27] PROPOSITIONS 36, 97 257 

Proposition 27. 

Of all the parallelograms applied to ike same straight line 
and deficient by parallelogrammic figures similar and similarly 
sihtated to that described on the half of the straight line, that 
parallelogram is greatest which is applied to the half of the 
straight line and is similar to the defect. 

Let AB be a straight line and let it be bisected at C; 
let there be applied to the straight 
line AB the parallelogram AD 
deficient by the parallelogrammic 
fifi^re DB described on the half of 
AB^ that is» CB\ 

I say that, of all the parallelograms 
applied to AB and deficient by 
parallelogrammic figures similar and 
similarly situated to DBy AD is greatest 

For let there be applied to the straight line AB the 
parallelogram .1/^^ deficient by the parallelogrammic figure 
/'^B similar and similarly situated to DB ; 

I say that AD is greater than AK 

For, since the parallelogram DB is similar to the parallelo* 
grami^i^, 

they are about the same diameter. [vl 26] 

Let their diameter DB be drawn, and let the figure be 
described. 

Then, since is equal to [i. 43] 

and FB is common, 

therefore the whole C/f is equal to the whole /iTB, 

But C// is equal to CG, since AC is also equal to CB. 

[i. 36] 

Therefore 6^C is also equal to B/C, 
Let CF be added to each ; 

therefore the whole AF 'is equal to the gnomon LMN \ 

so that the parallelogram DB, that is, AD, is greater than 
the parallelogram AF, 

Therefore etc. 

Q. £• o. 

H. B. n. 17 
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We have already (note on I. 44) seen the significance, in Greek geometry, 

of the theory of " the application of areas, their exceeding and their falh'ng- 
short." In i. 44 it was a question of "applying to a given straight line 
(exactly, without 'excess' or 'defect') a parallelogram equal to a given 
rectUineal figure, in a given angle." Here^ in vi. 37—29, it is a question 
of parallelogmms applwd to a straight line but "d^Mettt (or exeeidit^) fy 
pamlleloi^rams simtlar and similarly 
situated to a given parallelogram^ 
Apart from size, it is easy to constract 
any number of parallelograms "de* .'■ 
ficieni" or "exceeding" in the manner * /_ 
described. Given the straight line f 
AB to which the parallelogram has to 
be applied, we describe on the base ^ 
CBy where C is on AB^ or on BA 
produced beyond Ay any parallelogram "similarly situated" and either equal 
or similar to the given parallelogram (Euclid takes the similar and similarly 
situated parallelogram on half the line), draw the diagonal BD^ take on it 
(produced if necessary) any points as E, A", draw EF^ or JTZ, panillel to CD 
to meet AB ox AB prochu i d and complete the parallelograms, ^ AH^ ML. 

If the point E is taken on BD or BD produced beyond -Z?, it must be so 
-taken that £^ meets AB between A and B. Otherwise the parallelogram 
AE would not be applied to AB itself, as it is required to be. 

The parallelograms BD^ BE, being about the same diameter, are similar 
[vi. 24], and BE is the defect of the parallelogram AE relatively to AB. 
AE is then a parallelogram applied to AB but deficient by a parallelogram 
similar and similarly situated U> BD, 

If JT is on DB produced, the parallelogram BK is similar to BD^ but it 
is the excess of the parallelogram AK relatively to the base AB. AK is a 
(MuaUelogram apphed to AB but exceeding by a parallel(^ram similar and 
similarly situated to BD. 

Thus it is seen that BD produced both ways is the lorus of points, such 
as E or A' which determine, with the direction of CD, the position of A, and 
the direction of AB, parallelograms applied io AB and deficient or exceeding 
by parallelograms similar and similarly situated to the given parallelogram. 

The importance of vi. 27 — 39 from a historical point of view cannot be 
overrated. They give the geometrical equivalent of the algebraical solution 
of the most general form of quadratic equation when that equation has a real 
and positive root. It will also enable us to find a real negative root of a 
quadratic equation ; for such an equati<»i can, by altering the sign of be 
turned into another with a real posi^m root, when the geometrical method 
again becomes applicable. It will also, as we shall see, enable us to represent 
both routs when both are real and positive, and therefore to represent both 
roots when both are real but either positive or negative. 

The method of these propositions was constantly used by the Greek 
geometers in the solution of [)roblems, and they constitute the foundation of 
Book X. of the Eiemcttls am! ol Apollonius' treatment of the conic sections. 
Simson's observation on the .subject is entirely justified. He says namely on 
VI. 28, 29: "These two problems, to the first of which the 97th Prop, is 
necessary, are the most general and useful of all in the Elements, and are 
most frequently made use of by the ancient geometers in the solution of 
other problems; and therefore are very ignorantly left out by Tacquet and 
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Dechales in their editions of the Elements, who pretend that they are scarce 
ol any use." 

It is strange that, with this observation before him, even Todhunter should 
have written as follows. " We have omitted in the sixth Book Propositions 

27, 28, 29 and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as useless by 
various modem commentatcns j see Austin, Walker and Laidner." 

VI. 27 contains the iu)purfi6<:, the condition for a real solution, of the 
problem contained in the proposition ftjlluwing it. The maximum of all the 
parallelograms having the given property which can be apphed to a given 
straight line is that which is described upon half the line (to oiiro njs ij/Ato-cuts 
aifiiypa4t6ft€vov). This coTiesponds to the condition that an equation of the 
form 

may have a real root. 1'he correctness of the result may be seen by taking 
the case in which the parallelograms are 
rectangles, which enables us to leave out 
of account the sme ^ the tmgk of the 
parallelograms without any real loss of 
generality. Suppose the sides of the rect- 
angle to which the defut is to be similar 
to be as ^ to ^ corresponding to the 
nde of the defect which lies along AB, 
Suppose that AKFG is any parallelogram 

applied to having the given property, that AB^a^ and that FK=x. 
Then 

K£^-x, and therefore AK-a--x. 

Hence - ^-ot^x^St where S is the area of the rectangle AKFG. 
Thus, given the equation 




b 

ax — X- 

€ 



where S is undetermined, vi. 27 tells us that, if jr is to have a real value, S 
cannot be greater than the rectangle CE. 



Now CB^^^ and therefore CD=-.. - 
2' b 2 



whence 



^ ^ 4 



which is just the same result as we obtain by the algebraical method. 

In the particular case where the dt/ect of the parallelogram is to be a 
sfUMitf the condition becomes the statement <tf the fiuet that, ^ a straight Um 
bt dwidtd into two parts, the redangU eoKtuimed fy the parts eammot exceed the 
square on half the line. 

Now suppose that, instead of taking F on BD as in the figure of the 
proposition, we take F on BD produora beyond D but so that DF is less 
than BD. 

Complete the figure^ as shown, after the manner of the construction in 

the proposition. 

17 — s 
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Then the parallelogram FKBH is similar to the given parallelo^m to 
which the defect is to be similar. Hence the parallelogram GAKF is also a 
panllelogiam apptied to AB and satisfying 
the given condition. 

We can now prove that GAKF is less 
than CE or AD. 

Let ED produced meet AG in O, 

Now, since BF is the diag(mal of the 
parallelogram KH, the complements KD, 
DH are equal 

But 

DH= DG, and JDG is greater than OF, 

Therefone KD>OF, 
Add OK to each ; 
and ADy or CE, > AF, 

This other "case** of the proposition is found in all the mss., but Heiberg 

relegates it to the Apf>endix as being very obviously interpolated. The 
reasons for this course are that it is not in Euclid's manner to give a separate 
demonstration of such a "case"; it is rather his habit to give one case only 
and to leave the student to satisfy himself about any others (cf. i. 7). Internal 
evidence is also against the genuineness of the separate proof. It is put after 

conclusion the proposition instead of before it, and, if Euclid had intended 
to discuss two cases, he would have distinguished them at the beginning of 
the proposition, as it was his invariable practice to do. Moreover the second 
"case" is die less worth giving because it can be so easily reduced to the 
first. For suppose F' to be taken on ED so that FD F'D. Produce BF 
to meet AG produced in J\ Complete the parallelogram BAPQ, and draw 
through F' straight lines parallel to and meeting its opposite sides. 

Then the complement F'Q '\s equal to the complement AF*, 

And it is at once seen that AF^ F'Q axe equal and similar. Hence the 
solution of the problem represented l)y AF or F'Q gives a paialldognun of 
the same size as AF' arrived at as in the first " case." 

It is worth noting that the actual difTorence between the parallelogram 
AF and the maximum area AD that it can possibly have b represent^ in 
the tgjtut. The difference is the small panulelQgnun DF, 



Proposition 28. 

To a {^n'€?i straiolit iitte to apply a parallelogram equal to 
a given rectilineal figure and dejicient by a parallelogra7nniic 
figure similar to a giveti one : thus the give ft rectilineal figure 
must not be greater than the parallelogram described an t/ie 
half of the straight line and similar to the defect. 

Let AB be the given straight line, C the given rectilineal 
figure to which the figure to be applied to AB is required to 
be equal, not being greater than the parallelogram described 
on the half of AB and similar to the defect, and D the 
parallelogram to which the defect is required to be similar ; 
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thus it is required to apply to the given straight Hne AB a, 
parallelogram equal to the given rectilineal figure C and 
deficient by a parallelogrammic figure which is similar to D. 

Let AB be bisected at the point and on BB let EBFG 
be described similar and similarly situated to D ; [vl 18] 

let the parallelogram be completed. 

If then AG equal to C that which was enjoined will 
have been done ; 

for there has been applied to the given straight line AB 
the parallelogram AG equal to the given rectilineal figure C 
and deficient by a parallelogrammic figure which is similar 
toZ>. 




But, if not, let HE he greater than C 
Now HE is equal to GB ; 

therefore GB is also greater than C 

Let KLMN be constructed at once equal to the excess 
b^ which GB is greater than C and similar and similarly 
situated to D. [vl 35] 

But D is similar to GB \ 

therefore KM is also similar to GB, [vi. sx] 

Let, then, KL correspond to GE, and LM to GF. 
Now, since GB is equal to C KM, 

therefore GB is greater than KM \ 

therefore also GE is greater than KL, and GF than LM. 

Let GO be made equal to KL, and GP equal to LM ; 
and let the parallelogram OGPQ be completed ; 

therefore it is equal and similar to KM, 

Therefore GQ is also similar to GB ; [vi. 3t1 

therefore GQ is about the same diameter with GB, [vi. 26] 
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Let GQB bti their diameter, and let the figure be described. 
Then, since BG is equal to C, KM^ 

and in them GQ is equal to KM^ 

therefore the remainder, the gnomon UWV^ is equal to the 
remainder C 

And, since PR is equal to OS, 

let QB be added to each ; 

therefore the whole PB is equal to the whole OB. 

But OB is equal to TE, since the side AE is also equal 
to the side EB ; [i. 36J 

therefore TE is also equal to PB. 

Let OS be added to each ; 

therefore the whole 7"^' is equal to the whole, the gnomon 
VWU. 

But the gnomon VWU was proved equal to C\ 

therefore TS is also equal to C 

Therefore to the given straight line AB there has been 
applied the parallelogram ST equal to the given rectilineal 
figure C and deficient by a parallelogrammic hgure QB which 
is similar to D. 

Q. B. F. 

The second part of the enunciation of this proposition which states the 
S(optar/io9 app^rs to have been considerably amplified, but not improved in 
the process, by Theon. His version would read as follows. '* But the given 
rectilineal figure, that namely to which the applied parallelogram must be 
equal (tj> 6et laov Trapa^aAcif), must not be greater than that applied to the half 
(wapajPaXXofiiyov instead of ai aypa^o/icVov), the defects being similar, (namely) 
that (of the parallelogram applied) to tl»e half and that (of the required 
panUlelognun^ which must have a similar defect " (ofiolmv oyrtav r^v c^Act/t. 
fuiTwv Tov Tt avo Tr}'; rjfiimlaf; kox <5 Sfio/totoi' fXXciVet*'). The first amplification 
"that to which the applied parallelogram must be equal" is quite unnecessary, 
since "the given rectilineal figure' could mean nothing else. The above 
attempt at a translation will show how difficult it is to make sense of the 
words at the end ; they sj)eak of two defects apparently and, while one may 
well be the " defect on the half," the other can hardly be the t^ven parallelogram 
"to which the defect (of the required parallelogram^ nmst be similar." Clearly 
the reading given above (from P) is by fiur the better. 

In this proposition and the next there occurs the tacit assumption (already 
alluded to in the note on vr. 22) that it\ of two similar parallelograms , one is 
greaier than the other, either side oj the greater is greater than the otrres^nding 
sidt cf HU k$i* 
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As already remarked, vi. 28 is the geometrical equivalent of the solutkm 
of the quadratic equation 

sul^ject to the condition necessary to admit of a real solution, namely that 

The corresponding proposition in the Data is (Prop. 58), If a given {area) 
be applied (i.e. in the form of a parallelogram) to a given strait^ht line and he 
deficient by a Jiffire (i.e. a parallelogram) g^ven in spedeSy the breadths of the 
ief^t are ghen. 

To exlubit the exact correspondence between Eudid's geometrical and 

the ordinary algebraical method of solving the equation we will, as before 
(in order to avoid bringing in a constant dependent on the sine of the angle 
of the parallelograms), suppose the parallelograms to be rectangles. To solve 
the equation algebraically we change the signs and write it 

c 



a" 



We may now complete the square by adding 1 • — • 

Thus -4r-fla: + T. - = 1 . S: 

and, extracting the square root, we have 

J\*''J\v"-Jv~4'^ 

*-y\^J-b^b-4-^\ 

Now let us observe Euclid's method. 




He first describes GEBF on EB (half of AB) simibr to the given 

parallelogram D. 

He then places in one angle FGE of GEBF a similar and similarly 

situated parallelogram GQ^ equal to the difference between the parallelogram 
GB and the area C 

With our notation, GO \ OQ^cb^ 

whence OQ^GO.y 
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Similarly ^ = ££=G£.^t 

so that G£ = T . - • 

p z 

Therefore the paiaUelogiam GQ^ GO*.-, 

c 

and the parallelograni GB- ~ - 

0 4 

Thus, in taking the parallelogram GQ equal to {fiB - S), Euclid really 
finds GO from the equation 

c b ^ 

The value which he finds is 

and he finds QS (or x) by subtracting GO from GE ; whence 

It will be observi^d that Euclid only gives one solution, that corresponding 
to the tugative sign before the radical. But the reason must be the same as that 
fiMf which he only gives one "case" in vi. 27. He cannot have failed to see how 
to add GO to GE would give another solution. As shown under the last 
proposition, the other solution can he arrived at 

(i) by placing the parallelogram GOQP in ff' 

the angle vertically opposite to FGE so that 
GQ lies along EG produted. The parallelo- 
gram A Q then gives the second solution. The 
side of this parallelogram lying along AB '\% 
equal to SB. The other side is what we have 
called -v, and in this case 

x^EG^GO 







k 1 






















o\ 




\ \ \ ■•. 4 



^ .. ~ SB 

b 2 V ^ " 4 ^ " 
(2) A parallelogram similar and equal lo AQ c£ln also be obtamed by 
producing BG till it meets .^7* produced and completing the parallelognun 
BABA\ whence it is seen that tht r<iinplement QA' is equal to the comple- 
ment AQ^ besides being equal and similar and similarly situated to AQ. 

A particular case of this proposition, indicated in Prop. 85 of the Data^ is 
that ui which the sides of the defect are equal, so that the defect is a rAomhis 
with a given angle. Prop. 85 proves that, Jf two strait lines totUain a 
given area i?t a given angle, and the sum 
of the straight lines be given, each of them 
will be given also. AB, EC being the 
given straii^t lines "containing a given 
area i^C m a given angle ABC," one 
side CP is produced to /) so that El) 
is equal to AB, and the parallelograms are 
completed. Then, by hypothesis, CD is of given length, and W C is a parallelo- 
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gram applied to CD falling short by a rhombus {^AD) with a given angle 
EDB. The case is thus a particular case of Prop. 58 of the Daia quoted 
above (p. 263) as corresponding to vi. 28. 

A particular case of the last, that namely in which the defect is a square^ 
corresponding to the equation 

is important. This is the problem of applying to a j;iv€n straight line a 
rectangle equal to a ghem ana and falling short by a square \ and it can be 
solved, without the aid of Book vt., as shown above under 11. 5 (Vol. i. 
pp. 383—4)- 



Proposition 29. 

To a given siraigki line to afpfy a paraUekgram equal to 
a given reclilifteal figure and exceeding by a paralUkgrammic 
figure similar to a given one. 

Let AB hit the given straight line, C the given rectilineal 
figure to which the figure to be applied to AB is required to 
be equal, and D that to which the excels is required to be 
similar ; 

thus it is required to apply to th(^ straight line AB a parallelo- 
gram equal to the rectilineal hgure C and exceeding by a 
parallelogrammic figure similar to 




Let AB be bisected at E \ 

let there be described on EB the parallelogram BF similar 

ami similarly situated to D ; 

and let GH be constructed at once equal to the sum of BF, 
C and similar and similarly situated to D. [vi. 25J 

Let KH correspond to FL and KG to F£> 
Now, since GH is greater than FB, 

therefore KH is also greater than FLt and KG than F£, 
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Let FL, FE be produced, 
let FLM be equal to KH, and FEN to KG, 
and let MN be completed ; 

therefore MN is both equal and similar to GH, 
But GH is similar to EL \ 
therefore MN is also similar to EL \ [vi. 21] 

therefore EL is about the same diameter with MN. [vt. 26] 

Let their diameter FO be drawn, and let the figure be 
described. 

Since GH is equal to EL^ C, 
while GH is equal to MN, 
therefore MN is also equal to EL, C. 
Let EL be subtracted from each ; 
therefore the remainder, the gnomon XIVK is equal to C. 
Now, since AE is equal to EB, 
AN is also equal to NB [1. 36], that is, to LP [i. 43l> 
Let EO be added to each ; 

therefore the whole AO is equal to the gnomon VWX. 
But the gnomon VWX is equal to C\ 

therefore AO is also equal to C, 
Therefore to the given straight line AS there has been 
applied the parallelogram AO equal to the given rectilineal 
figure C and exceeding by a parallelogrammic figure QP 
which is similar to since PQ is also similar to EL [vi. 24]. 

Q. E. F. 

The corresponding proposition in the Data is ( I'rop. 59), If a divert {area) 
be applied (i.e. in the form of a parallelogram) to a ^iven straight line exceeding 
by a figure given in species^ the breads ^ ihe excess are pvetu 

The problCT of vt. 29 ccwresponds of course to the solution of the 
quadratic equation 

e 

The algebraical solution of this equation gives 

c a / c (c _\ 

i'hc exact correspondence of Euclid's method to tlic algebraical solution 
may be seen» as in uie case of vi. 28, by supposing the parallelograms to be 
rectangles. In this case Euclid's construction on EB of the paraUdogram 
EL similar to Z> is equivalent to finding that 

iRB = T • - 1 and EL — 1 • — • 
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His determination of the similar parallel(^ram MN equal to the sum of EL 
and S corroponds to proving that 

€ b 4 



or 

whence x is found as 



Euclid takes, in this case, the solution corresponding to the positive sign 
before the radical because, from his point of view, that would be the only 
solution. 

No Siop((r/zo9 is necessary because a real geometrical solution is always 

possible whatever be the size of S. 

Again the Data has a proposition indicating the particular case in which 
the excess is a rkombus wim a given angle. Prop. 84 proves that, If two 
iirai^t lines contain a given area in a given angle, and one of the straight lints 
is greater than the other by a given straight line, ecuh of the two straight lines is 
given also. J'hc [iroof reduces the proposition to a particular case of Data^ 
Prop. 59, quoted above as corresponding to vi. 29. 

Again there is an important particular case which can be solved by means 
of Book II. only, as shown under 11. 6 above (VoL I. pp. 386 — 8), the case namely 
in which the excess is a square^ corre^mnding to the solution of the equation 

ax^ x^- ^. 

This is the problem of applying to a gtven straight line a redangU equal to a 
given area and exceeding by a square. 



Proposition 30. 

To cut a given finite straight line in extreme and mean 
ratio. 

Let AB be the given finite straight line ; 

thus it is required to cut AB in extreme and mean ratio. 

On AB let the square BC be described ; 
and let there be applied to AC the panillelo- 
gram CD equal to BC and exceeding by 
the figure AD similar to BC, [vi. 29] 

Now i5*C is a square ; 

therefore AD is also a square. 

And, since BC is equal to CD, 

let C£ be subtracted from each ; 

therefore the remainder BF is equal to 
the remainder AD, 



0 


r-i 
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But it is also equiangular with it ; 

therefore in BF, AD the sides about the equal angles are 
reciprocally proportional ; [vi. 14] 

therefore, as FE is to ED^ so is AE to EB, 

But FE is equal to AB, and ED to AE, 
Therefore, as BA is to AE^ so is AE to EB, 
And AB is greater than AE \ 

therefore AE ts also greater than EB, 

Therefore the straight line AB has been cut in extreme 
and mean ratio at E, and the greater segment of it is AE. 

Q. E. F. 

It will be obser\'ed that the construction in the text is a direct application 
of the preceding Prop. 29 in the particular case where the esccess of the 
parRllekjgnm which is applied is a square. This fact coupled with the 
position of VI. 30 is a suflkient indication that the construction is Euclid's. 

In one place Theon appears to have amplified the argument. The text 
abovf says "But J^E is equal to AB^' while the MSS. B, F, V and p have 
"But JE is equal to AC^ that is, to AB.^ 

The MSS. give after wnp iSu wm^aat an alternative construction which 
Heibeig relegates to the Appendix. The text^books give this construction 
alone and leave out the other. It will be remembered that the alternative 
proof does no more than refer to the equivalent construction in 11. 11. 

*'Let AB be cut at C so that the rectangle AB^ BC is equal to tbe 
square on CA. [ll. ti] 

Since then the rectangle AB, BC is equal to the square on CA, 
therefore, as BA is to AC, so is .^Cto CB. [vh ij] 

Therefore AB has been cut in extreme and mean ratio at C* 

It is intrinsically improbable that this alternative construction was added 
to the other by Euclid himself. It is however just the kind of interpolation 
that might be expected from an editor. If Euclid had preferred tbe alternative 
construction, he would have been more likely to give it alone. 



Proposition 31. 

In right-angled triangles the figure on the side sndtending 
the right angle is eijual to the similar and similarly described 
figures on the sides coniaimng the right angle. 

het ABC be a right-angled triangle having the angle BAC 
right ; 

I say that the figure on BC is equal to the similar and 
similarly described figures on BA, AC, 

Let AD be drawn perpendicular. 

Then since, in the right-angled triangle ABC, AD has 
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been drawn from the right angle at A perpendicular to the 
base^C, 

the triangles ABD, ADC adjoin- 
ing the perpendicular are similar 
both to the whole ABC and to 
one another. [vi. 8] 

And, since ABC is similar to 

ABD, 

therefore, as CB is to BA, so is 
AB to BD. [vi. Def. 1] 

And, since three straight lines 
are proportional, 

as the first is to the third, so is the figure on the first to the 
similar and similarly described figure on the second, [vi. 19, Por.j 

Therefore, as CB is to BD, so is the figure on CB to the 
similar and similarly described figure on BA, 
For the same reason also, 

as BC is to CD, so is the figure on BC to^that on CA ; 

so that, in addition, 

as BC is to BD, DC, so is the figure on BC to the similar 
and similarly described figures on BA^ AC, 

But BC is equal to BD, DC ; 

therefore the figure on BC is also equal to the similar and 
similarly descril^ figures on BA^ AC, 

Therefore etc. 

Q. £. D. 

As we have seen (note on i. 47), this extension of i. 47 is credited by 
Proclus to Euclid personally. 

There is one inference in the proof which requires examination. Euclid 
proves that 

CB : ^/;- (figure on CB) : (figure 011 BA), 

and that BC : C/?= (figure on BC) : (figure on CA\ 

and then infers directly that 

BC : {BD + CD) - (fig. on BC) : (sum of figs, on B/i and AC). 

Apparently v. 34 must be relied on as justifying this inference. But it is not 
directly appUcaUe ; for what it proves is that, if 

and e \b=f -.d, 

then {a ^ e) \h-=(c +/) : </. 

Thus we siiould inmrt the first two proportions given above (by Simson's 
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Pn^ B which, as we have seen, is a direct consequence of the definition 
propoitionX and thence infer by v. 24 that 

CD) : BC- (sum of figs, on BA^ AC) : (fig. on BC). 
But BD 4- CD is equal to BC\ 

therefore (by Simson's Prop. A, which again is an immediate consequence of 
the definition of proportion) the sum of the figures on BA, AC is equal to 
the figure on JiC. 

The MSS. again give an alternative [»oof which Heiberg places in the 
Appendix. It first ^ows that the dmilar figures on the three sides have the 
same ratios to one another as the squares on the sidt s respectively. Whence, 
by using i. 47 and the same argument based on v. 24 as that explained abov^ 
the result is obtained. 

If it is ooosidered essential to have a proof which does not use Simson's 
Props. B and A or any proposition but those actually given by Eudid, no 
method occurs to me except the following. 

Eucl. v. 32 proves that, if a, ^, c are three magnitudes, and / three 
others, such that 

a : t^d : <^ 
^ = ^ :/ 

then, ex aepmti', a\€^d\f. 

If now in addition a : ^ » ^ : ^, 

so that, also, d \e-e\f^ 

the ratio a : r is duplicate of the ratio a : h, and the ratio d :/ duplicate of 
the ratio d -. whence t/ie ratios which arc duplicate of equal ratios are equal. 

Now (fig. o%\ AC): (fig. on AB) - the ratio duplicate o{ AC : AB 

- the ratio duplicate of CD : DA 

= CD : BD. 

Hence (sum of figs, on AC, AB) : (fig. on AB) = BC : BD. [v. 18] 

But (fig. on BC) : (fig. on AB) - BC . BD 

(as in Euclid's proof). 

Therefore the sum of the figures oa AC, AB has to the figure on AB the 
same ratio as the figure on BC has to the figure on AB, whence 

the figures on AC, AB are together equd to the figure on BC [v. 9] 



Proposition 32. 

If iwo iriangles kanfing two sides propartumal to two sides 
be placed together at one angle so that their corresponding sides 
are also parallel, the remaining sides of the triangles wiU be 
in a straight line. 

Let ABC, DCE be two triangles having the two sides 
BA^ AC proportional to the two sides DC, £)£, so that, as 
AB is to ^c, so is DC to DE, and AB paiallel to DQ and 
AC to DE ', 

I say that BC is in a straight line with CE, 
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For, since AB is parallel to DC^ 

and the straight line AC has fallen upon them, 

the alternate angles BA C, A CD 
are equal to one another, [i. 29] 

For the same reason 

the angle CDE is also 
equal to the angle ACD\ 

so that the angle BAC is equal 
to the angle CDE. 

And, since ABC, DCE are 
two triangles having one angle, the angle at A^ equal to one 
angle, the angle at 

and the sides about the equal angles proportional, 

so that, as BA is to y^C so is CD to DE^ 

therefore the triangle ABC is equiangular with the 
triangle DCE ; [vi. 6] 

therefore the anirle ABC is equal to the angle DCE* 

But the angle ACD was also proved equal to the angle 

BAC\ 

therefore the whole angle ACE is equal to the two angles 
ABC, BAC 

Let the angle ACB be added to each ; 

therefore the angles A CE, ACB are equal to the angles BAC, 
ACB, CBA. 

But the angles BAC, ABC, ACB are equal to two right 
angles ; [i. 33] 

therefore the angles ACE, ACB are also equal to two 
right angles. 

Therefore with a straight line AC, and at the point C on 
it, the two straight lines BC, CE not lying on the same side 
make the adjacent angles ACE, ACB equal to two right 
angles ; 

therefore BC is in a straight line with CE, [i. 14] 

Therefore etc 

Q. E. D. 

It has often been pointed out (e.g. by Clavios, Laidner and Todhunter) 
that the enunciation of this proposition is not pvedse enough. Suppose that 
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ABC is a triangle. From C draw CD parallel to BA and of any length. 
From D draw DM parallel to CA and of such length that 

CD : DE^BA : AC. 

Then the triangles ABC, ECD, which have the angular point C common 
literally satisfy Euclid's enunciation ; but by no possi- 
bility can CE be in a straight line with CB if, as C 
in the case supposed, the angles included by the ^ 
corresponding sides are supplementary (unless both are 
right angles). Hence the included angles must be y \ / 
equal, so that the triangles must be similar. That 
being so, if they are to have nothing more than one ^ 
angular point common, and two pairs of corresponding 
sides are to be parallel as distinguished from one or both being in the same 
straight line^ the triangles can only be ;^laced so tiiat the corresponding sides 
in both are on the same side of the third side of either, and the sides (other 
than the Uiird sides) which meet at the common angular point are not cone- 
sponding sides. 

Todhunter remarks that the proposition seems of no use. Presumably he 
did not know that it is used by Euclid himself in xiii. 17. This is so 
however, and therefore it was not necessary, as several writers have thouc^t, to 
do away with the proposition and find a substitute which should be more useful. 

I. De Morgan proposes this theorem : "If two similar triangles be placed 
with their bases parallel, and the e(iual angles at the bases towards the same 
parts, the other sides are parallel, each tu each ; or one pair of sides are in 
the same straight line and the other pair are paiaUeL" 

a. Dr Lachlan substitutes the somewhat similar theorem, **If two similar 
trianj^es be placed so that two sides of 
the one are parallel to the corresponding 
sides of the other, the third sides are 
parallel" 

But it is to be observed that these 

propositions can be proved without 

using Book vi. at all ; they can be 
proved from Book i., and the triangles 
may as well be called "equiangular ' 
simply. It is true that Book vi. is no more than formally necessary to 
Euclid's proposition. He merely uses vt. 6 because his enunciation does not 
say that the triangles are similar; and he only proves them to be similar in 
order to conclude that they are equiangular. From this point of view 
Mr Taylor's substitute seems the best, viz. 

5. ** If two triangles have sides parallel in pairs, the straight lines joining 
the corresponding vertices meet in a point, 

or are parallel" 

Simson has a theory (unnecessary in 
the circumstances) as to the possible 
object of VI. 32 as it stands. He points 
out that the enunciation of vi. 26 might 

be more general so as to cover the case 
of similar and similarly situated parallelo- 
grams with equal angles not coincident 

but vertically opposite. It can then be proved that the diagonals drawn 
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through the common angular point are in one straight line. If ABCF^ CVEG 
be similar and similarly situated parallelognuns, 
so that BCG, /JCF slk straight lines, and if 
the diagonals AC, CE be drawn, the triangles 
ABC, CDE are similar and are placed exactly 
as described in vi. 32, so that AC, CE arc in a 
straight line. Hence Simson suggests that 
there may have been, in addition to the in- 
direct demonstration in vi. 26, a direct proof 
covering the case just given which may have 
used & result of vi. 39. I think however 
that the place given to the latter proposition in Book vi. is against this view. 




Proposition 33. 

In equal circles angles have the same ratio as the circum- 
ferences on which they stands whether they stand at the centres 
or at the circumferences. 

Let ABC, DEF be equal circles, and let the angles BGC^ 
EHF be angles at their centres G, //, and the angles BAC^ 
EDF angles at the circumferences ; 

I say that, as the circumference BC is to the circumference 
EF, so is the angle BG C to the angle EHF^ and the angle 
BAC to the angle EDF, 




For let any number of consecutive circumferences CK^ 
KL be made equal to the circumference BC^ 

and any number of consecutive circumferences FM, MN equal 
to the circumference EF\ 

and let GK, GL, EIM, //A^ be joined. 

Then, since the circumferences BC^ CK^ KL are equal 
to one another, 

the angles BGC^ CGK, KGL are also equal to one another ; 

[m. 37] 

H. B. II. X8 
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therefore, whatever multiple the circumference BL is of BC, 
that multiple also is the angle BGL of the angle BGC, 

For the same reason also, 
whatever multiple the circumference NE is of EF^ that 
multiple also is the angle NHE of the angle EHF. 

If then the circumference BL is equal to the circumference 
EN, the angle BGL is also equal to the angle EHN \ \\w, a?] 
if the circumference BL is greater than the circumference 
EN, the angle BGL is also greater than the angle EHN ; 
and, if less, less. 

There being then four magnitudes, two circumferences 
BQ EF, and two angles BGC, EHF, 

there have been taken, of the circumference BC and the angle 
BGC equimultiples, namely the circumference BL and Uie 

angle BGL, 

and of the circumference EF and the ancle EHF equi- 
multiples, namely the circumference EN and the angle EHN, 

And it has been proved that, 

if the circumference BL is in excess of the circumference EN^ 
the angle BGL is also in excess of the angle EHN \ 

if equal, equal ; 

and if less, less. 

Therefore, as the circumference BC is to EF, so is the 
angle BGC to the angle EHF. [v. Def. 5] 

But, as the angle BGC is to the angle EHF, so is the 
angle BAC to the angle EDF ; for they are doubles respec- 
tively. 

Therefore also, as the circumference BC is to the circum- 
ference EF, so is the angle BGC to the angle EHF, and 
the angle BA C to the angle EDF, 

Therefore etc 

Q. E. D. 

This proposition as generally given includes a second part relating to sedffn 
of dideSy corresponding to the following words added to the enunciation : 
"and further die sectors, as constructed at the centres " (cri xai ol To^tl? art 
[or fHTf] irpo« Tot? (tcWpots (rvvKna^nvoi). There is of course a corrtsponding 
addition to the "definition" or "particular statement," "and further the sector 
GBOC to the sector HEQFr These additions are clearly due to Theon, as 
may be gathered from his own statement in his commentary on the |iaA)|iarucif 
trvWafiv of Ptolemy, "But that sectors in (.qua! circles are to one another as 
the angles on which they stand, has been proved by me in my edition of the 



Digitized by Google 



VI. 33] 



PROPOSITION 33 



«75 



Elements at the end of the sixth book." Campanus omits them, and P has them 
only in a later hand in the maigin or between the lines. Theon's proof scarcely 

needs to be given here in full, as it can easily be supplied. From the equality 
of the arcs BCy CK he infers [iii. 29] the equality of the chords BC^ CK. 
Hence» the radii being equal, the triangles GBCy GCK are equal in all 
reflects [i. 8, 4]. Next, since the arcs BC^ CK are equal, so are the arcs 
BACy CAK. Therefore the an^es at the circumference subtended by the 
latter, i.e. the angles in the segments BOC^ CPK, are equal [iii. 27], and the 
segments are therefore similar [iii. Def. ri] and equal [iii. 24]. 

Adding to the equal segniciuii tiie equal triangles GBC, 6^ A' respectively, 
we see that 

the sectors GBC^ GCKut equal 

Thus, in equal circles, sectors standing on e<}ual arcs are equal ; and the rest 
of the proof proceeds as in £uclid's proposition. 

As regards Euclid's proposition itself, it will be noted that (i), besides 
quoting the theorem in 111. 37 that in equal circles angles which stand on 

equal arcs are equal, the proof assumes that the angle standing on a greater 
arc is greater and that standing on a less arc is less. This is indeed a suffi- 
ciently obvious deduction from iii. 27. 

( 2 ) Any equimultiples whakwr are taken of the angle BGC and the arc 
BC\ uid any equimultiples wliatever of the angle EHF and the arc EF, 
(Acc(n(lingly the words "<7W equimultiples whatever'' should have been used in 
the step immediately preceding the inference that the angles are proportional 
to the arcs, where the text merely states that there have been taken of the 
dicumference BC and the angle BGC tquimuUipUs BL and BGL.) But, if 
any multiple of an angle is regarded as being itself an angle, it follows that the 
restriction in i. DefT. 8, 10, 11, 12 of the term angle to an angle less than two 
right angles is implicitly given up; as De Morgan says, "the angle breaks 
prison.** Mr Dodgson {EucM and Ms Modem Rivals, p. 193) argues that 
Euclid conceived of the multiple of an angle as so many separate angles not 
added together into one, and that, when it is inferred that, where two such 
multiples of an angle are equal, the arcs subtended are also equal, the argu- 
ment is that the sum total of the first set of angles is equal to the sum total 
of the second set, and hence the second set can be broken up and put 
together again in such amounts as to make a set equal, each to each, to the 
first set, and then the sum total of the arcs will evidently be equal also. If 
on the other hand the multiples of the angles are regarded as single angular 
magnitudes, the equality of the subtending arcs is not inferrible directly from 
Euclid, because his proof of in. 26 only applies to cases where the angle is 
less than the sum of two right angles. (As a matter of fact, it is a question of 
inferring' L'<|uu!ity of angles or multiples of angles from equality of arcs, and 
not the converse, so that the relerence should iiave been to iii. 27, but this 
does not affect the question at issue.) Of course it is a^nst this view of 
Mr Dodgson that Euclid speaks throughout of "the angle B(iL'*and ''the 
angle EHN" (>; vno BHA ytovi'a, 17 viro E0N ytDvio). I think the probable 
explanation is that here, as in 111. 20, 21, 26 and 27, Euclid deliberately took 
no cognisance of the case in which the multiples of the angles in question 
would be greater than two right angles. If his attention had been called to 
the fact that iii. 20 takes no account of the case where the segment is less 
than a semicircle, so that the angle in the segment is obtuse, and therefore the 
"angle at the centre" in that case (il the term were still applicable) would be 

18 — 3 
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greater than two right angles, Euclid would no doubt have refused to reffad 
the latter as an angle, and would have represented it otherwise^ e.g. as the 

sum of two angles or as what is left when an ang/f in the true sense is sub- 
tracted from four riglu atigks. Here then, if Euclid had been asked what 
course he would take if the multiples of the angles in question should be 
greater than two right angles, he would probably have represented them, I 
think, as being to so many right angles pius an angk less than a ligk/ 
angle, or so many times two right angles plus an angle, acute or obtuse. Then 
the e(}uality of the arcs would be the equality of the sums of so many circum- 
ferences, semi-circumferences or quadrants plus arcs less than a semicircle or 
a quadrant Hence I agree with Mr Dodgson that vi. 33 affords no evidence 
of a recognition by Euclid of "angles " greater than two right angles. 

Theon adds to his theorem about sectors the Porism that, As the sector is 
to the sector^ so also is the angle to the angle. This corollary was used by 
Zenodonis in his tract ircpt Iroficrpwv trxwdnav preserved by Theon in his 
commentary on Ptolemy's (nWaii?, unless indeed Theon himself interpolated 
the words (•!« i roftwt rpdii rw rofUoL, if vwo E9A fmna wpoi vwq M6A). 
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DEFINITIONS. 

1. An unit is that by virtue of which each of the things 
that exist is called one. 

2. A number is a multitude composed of units. 

♦ 

3. A number is a part of a number, the less of the 
greater, when it measures the greater; 

4. but parts when it does not measure it. 

5. The greater number is a multiple of the less when 
it is measured by the less. 

6. An even number is that which is divisible into two 
equal parts. 

7. An odd number is that which is not divisible into 
two equal parts, or that which differs by an unit from an 
even number. 

8. An even-times even number is that which is 
measured by an even number according to an even number. 

9. An even-times odd number is that which is 
measured by an even number according to an odd number. 

10. An odd-times odd number is that which is 
measured by an odd number according to an odd number. 
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11. A prime number is that which is measured by an 
unit alone. 

12. Numbers prime to one another are those which 
are measured by an unit alone as a common measure. 

13. A composite number is that which is measured 
by some number. 

14. Numbers composite to one another are those 
which are measured by some number as a common measure. 

15. A number is said to multiply a number when that 
which is multiplied is added to itself as many times as there 
are units in the other, and thus some number is produced. 

16. And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 

17. And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 

18. A square number is equal multiplied by equal, or 
a number which is contained by two equal numbers. 

19. And a cube is equal multiplied by equal and again 
by equal, or a number which is containei by three equa] 
numbers. 

20. Numbers are proportional when the first is the 

same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 

21. Similar plane and solid numbers are those which 
have their sides proportional. 

22. A perfect number is that which is equal to its own 

parts. 
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Definition i. 

Mova? i(TTiv, Kaff rjv tKturrov twv oit<i>v tv Xcycrai. 

lamblichus (fl. circa 300 a.d.) tells us {Comm. on Nicomachus, ed. Pistelli, 
p. 1 1, 5) that the Euclidean definition of an unit or a monad was the definition 
given by '*more recent" writers (ot wwrcpoi), and that it lacked the words 
"even uiough it be collective" (k^v avfrrn^Tuivw He also gives {ibid. 
p. 11) a number of other definitions, (i) Arrording to "some of the Pytha- 
goreans," *'an unit is the boundary between iujml>er and parts" (/iovas i^riv 
opiBfMiv Koi fiopiwv fitBopiov), *' bticause fronj it, as from a seed and eternal 
rooi ratios increase reciprocally on either side," i.e. on one side we have 
multiple ratios continually increasing and on the other (if the unit be sub- 
di\ided) submultiple ratios with denominators continually increasing. (2) A 
somewhat similar definition is that of i hymaridas, an ancient Pythagorean, 
who dj^ned a monad as **liniiting quantity" (Trcpacroiwa mvortf^), the 
beginning and the end of a thing being equally an extrsnity (ir^«). Perhaps 
the words together with their explanation may best be expressed by " limit of 
fewness." Theon of Smyrna (p. 18, 6, cd. Hiller) adds the explanation that 
the monad is " that which, when the multitude is diminished by way of 
continued subtraction, is deprived of all number and takes an abiding position 
(jMmnjif) and rest." If, after arriving at an unit in this way, we proceed to divide 
the unit itself into parts, we straightway have multitude again. (3) Some, ac- 
cording to lamblichus (p. 1 1, 16), defined it as the "form of forms" (€t8<o^ etSos) 
because it potentially comprehends all forms of number, e.g. it is a polygonal 
number of any number of sides from three upwards, a solid number in all 
forms, and so on. (We are forcibly reminded of the latest theories of number 
as a "(tattuno;" of " Mengen " or as a "class of clas.ses.") (4) Again an 
unit, says lamblichus, is the first, or smallest, in the category of /tow many 
{wov6»\ the common part or beginning of kaw many. Aristotle defines it as 
" the indivisible in the (category of) quantity," ro icara ro iroa^ ASuuptrav 
{Metaph. 1089 b 35), irovov including in Aristotle continuous as well as 
discrete quantity ; hence it is distinguished from a point by the fact that it 
has not position : " Of the indivisible in the category of, and qua^ quantity, 
that which is every way (indivisible) and destitute of position is called an 
!/«//, and that which is every way indivisible and has position is a /<?/>//" 
{Afetnph. 1016 b 25). (5) In accordance with the last distinction, Aristotle 
calls the unit "a point without position," ariyfii) a<y<To« {Metaph. 1084 b 26). 
(6) Lastly, lamblichus says that the school of Chrysippus defined it in a con- 
fused manner ((rvyKcxv/icfw^) as "multitude one (wAi^^os It^)," whereas it is 
alone contrasted with multitude. On a comparison of these definitions, it 
would seem that Euclid intended his to be a more popular one than those 
of his predecessors, SrjfiutSrj^, as Nicomachus called Euclid's definition of an 
even number. 

The etymological signification of the word /xoras is supposed by Theon of 
Smyrna (p. 19, 7 — 13) to be either (i) that it remains unaltered if it be 
multiplied by itself any number of times, or (2) that it is separated and isolated 
{fi€fiovwr$<u) ftom the rest of the multitude of numbers. Nicomachus also 
observes (l. 8, a) that, while any number is half the sum (i) of the adjacent 
numbers on each side, (2) of numbers equidistant on each side, the unit is 
mosi solitary {fjLovwTdrq) in that it has not a number on each side but only on 
one side, and it is half of the Utter alone, i.e. of 2. 
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Definition 2. 

*A(M$f$09 Sirhitt |MWtt8«M^ myttufuiw wX^9o§» 

The definition of a numher is again only one out of many that are on 

record. Nicomachus (1. 7, i) combines several into one, saying that it is 
"a defined multitude {wkfjBofi ojpio-^cVoi'). or a collection of units {ftova^v 
arwTTr]fi.a), or a flow of quantity made up of units (Troaon^os X*^/^" fiovaStav 
tTvyKcifj-fvov). Theon, in words almost identical with those attributed by 
Stobaeus {Eclogae^ i. i, 8) to Moderatus, a Pythagorean, says (p. 18, 5 — 5): 
"A number is a collection of units, or a progression (irpoiro&cr/Lio'?) of mul- 
titude beginning from an unit and a retrogression (draTroSto-fio's) ceasing at an 
unit." According to lamblichus (p. 10) the description "collection of units" 
{fuwohw irv(T-n]fjia) was applied to the Aaw many^ i.e. to number, by I'hales, 
following the Egyptian view (Kara rh AcyMmaNoy AptvKov), while it was 
Eudoxus the Fythagprcan who said that a number was "a defined multitude" 
(7r\f)6o<; i^piafitvov). Aristotle has a number of definitions which come to the 
same thing: "limited multitude*' (irXi^^o^ to wtirfpaafitvov^ Metapfu 1020 a 
13), ** multitude" (or ''combination") "of units" or "multitude of indivi- 
sibles" 1053 a 30, 1039 a 12, 1085 b 22), "several ones" {Tiva itXtjuay 
Phys. III. 7, 207 b 7), "multitude measurable by one" {Aletaph. 1057 a 3) 
and " multitude measured and multitude of measures," the " measure ' bcmg 
unity, T& h {ibid, 1088 a 5). 

Definition 3. 

By a part Euclid means a submultiple, as he does in v. Def. i, with which 
definition this one is identical except for the substitution of numhrr {KpSyiOsi) 
for magnitude (fieytOo^;) ; cf note on v. Def. i. Nicomachus uses the word 
"submultiple" (vTrowoWavKdarios) also. He defines it in a way corresponding 
to his definition of multiple (see note on Def. 5 below) as follows (i. 18, a): 
"The submultiple, which is by nature first in the division of inequality 
(called) less, is the number which, when compared with a greater, can 
measure it more times than once so as to fill it exactly {wXripovvTUK)." Simi- 
larly sub-doubk (wrofinrXmrM*) is found in Nicomachus meaning ha^y and 
so on. 

Definition 4. 

By the expression parts {/JLtprj, the plural of filpo<:) Euclid denotes what we 
should call a proper fraction. That is, a part being a submultiple, the rather 
inconvenient term parts means any number of such submultiples making up 
a fraction less than unity. I have not found the word used in this special 
sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or lamblichus, except 
in one place of Theon (p. 79, 26) where it is used of a proper fraction, of 
which { is an illustration. 
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Definition 5. 

IIoAAa«-Aao>iioc 8c 8 tun^mif row iKdmnmt, Srw ttavafmpi^m %wo rov ikdmnmn. 

The definition of a multiple is identical with that in v. Def. 2, except that 
the masculine of the adjertives is used agreeing with dpi^/io? undorstond 
instead of the neuter agreeing with /teye^o? understood. Nicomachus (i. 18, 
I ) defines a multiple as being "a species of the greater which is naturally 
first in order and origin, being the number whidi, when considered in com- 
parison with another, contains it in itselfpompletely more than once." 

Definitions 6, 7. 

7. n^iunroc 8i o Suupov/Mvov 8txa 1} [8] fioif£Bi tm^^tm Afinov ApiBfuaw. 

Nicomachus (i. 7, 2) somewhat amplifies these definitions of even and vdd 
numbers thus. "That is crrfr whirh is capable of being divided into two 
cfjual parts without an unit failing in the middle, and that is odd which cannot 
be divided into two equal parts because of the aforesaid intervention {fj-tai- 
Ttutv) of the unit" He adds that this definition is derived " from the popular 
conception " {4k Brjfita^oi": v7roAi7^«i«). In contrast to this, he gives (L 7, 3) 
the Pythagorean definition, which is, as usual, interesting. " An ereM number 
is that which admits of being divided, by one and the same operation, into the 
greatest and the least (parts), greatest in size (in;XucoT};r( ) hut least in quantity 
(iro<7on;T().. .while an add number is that which cannot be so treated, but is 
divided into two unequal part.s." That is, as lamblichus says (p. 12,2 9), an 
even number is divided into parts which are greatest possible "parts," namely 
halves, and into the fewest possible, namely two, two being the first num- 
ber " or "ooUectton of units. According to another ancient definition quoted 
by Nicomachus (i. 7, 4), an even number is that which can be divided both 
into two equal parts and into two unequal parts (except the first one, the 
number 2, which is only susceptible of division into equals), but, however it 
is divided, must have its two parts 0/ the same kind^ i.e. both even or both 
odd; while an odd number is that which can only be divided into two 
unequal parts, and those parts always of different kinds, i.e. one odd and 
one even. Lastly, the definition of odd and even "by means of each other" 
says that an odd number is that which differs by an unit from an even 
number on both sides of it, and an even number that which differs by an 
unit from an odd number on each side. This alternative definition of an 
odd number is the same thing as the second half of Euclid's definition, "the 
numlK-r which ditTers by an unit from an even number." This evidently 
pre-Euclidean definition is condemned by Aristotle as unscientific, because 
odd and even are coordinate, both being d^iereniiaii of number, so that one 
should not be defined by means of the other (TSgAMr vi. 4, 14a b 7 — 10). 

Definition 8. 

Euclid's definition of an afen-times even number differs from that given by 

the later writers, Nicomachus, Theon of Smyrna and lamblichus ; and the 
inconvenience of it is shown when we come to ix. 34, where it is proved 
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that a certain sort of number is Mk^ " even-times even" and **even-times odd" 

According to the more precise classification of the three other authorities, the 
" even-times even " and the " even-times odd " are mutually exclusive and are 
two of three subdivisions into which even numbers fall. Of these three sub- 
divisions the '* even-times even " and the "even-times odd" form the extremes, 
and the "odd-times even" is as it were intermediate, showing the character 
of both extremes (< f. nott on the following definition). T\\ttevirt-timeseoeMVi 
then the number whicii has its halves even, the halves of the halves even, and 
so on, until unity is reached. In short the even-times even number is always 
of the form 2*. Hence lamblichus (pp. 20, 21) says Euclid's definition of it 
as tihat which is measured by an even number an even number of times is 
erroneous. In support of this he quotes the number 24 which is four times 6, 
or six times 4, but yet is not "even-times even " according to Euclid himself 
(ouS< Kar avr6v)t by which he must apparently mean that 24 is also 8 times 3, 
which does not satisfy Euclid's definition. There can however be no doubt that 
Euclid meant what he said in his definition as we have it ; otherwise ix. 32, 
which proves that a number of the form 2" is r,\-n times nrti ofily, would be quite 
supertluous and a mere repetition of the definition, while, as already stated, 
IX. 34 clearly indicates Euclid's view that a number might at the same lime 
be both even-times even and even-times odd. Hence the fiorwt which some 
editor <tf the commentary of Philoponus on Nicomachus found in some 
copies, making the definition say that the even-times even number is onfy 
measured by even numbers an even number of times, is evidently an interpo- 
lation by some one who wished to reconcile Euclid's definition with the 
Pytiii^orean (cf. Heiberg, Eitklid-studien, p. 200). 

A consequential charartt ristic of the series of even-times even numbers 
noted by Nicomachus brings in a curious use of the word hvya^uLi (generally 
power in the sense of square, or square root). He says (i. 8, 6 — 7) that any 
part, i.e. any submultiple, of an even-times even number is called by an even- 
times even designation, while it also has an even-times even value (it is 
d^uuets dprto&iivapw) when expressed as so many actual units. That is, the 

^th part of 2* (where m is less than 11) is called after the even-times even 

number 2"*, while its actual mUue (Svi a/xi«) in units is a*'"*, whidi is also an 
even-times even number. Thus all the parts» or submultiples, of even-times 

even numbers, as well as the even-times even numbers themselves, are con- 
nected with one kind of number only, the even. 

Definition 9. 

Euclid uses the term nfen-fimes odd (apruucts ircp«ro-o«), whereas Nicomachus 
and the others make it one word, even-odd (dpTtoTrepj-rro?). According to the 
stricter definition given by the latter (i. 9, \ ), the even-vdd number is related to 
the even-iimes even as the other extreme. It is such a number as, when once 
halved, leaves as quotient an odd number ; that is, it is of the form s(sm •(• i). 
Nicomachus sets Uie even-odd numbars out as follows, 

6, 10, 14, 18, 23, 26, 30^ etc. 

In this rase, as Nicomachus observes, any part, or submultiple, is called by a 
name not corresponding in kind to its actuid value {J^vofus) in units. ThuSi 
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in the case of 18, the ] part is called after the even number 2, but its 7'tj/ue is 
the odd number 9, and the jfd part is called after the odd number 3, while its 
vaAu is the even number 6, and so on. 

The thifd class of even numbers according to the strict subdivision is the 
odd-even (irepwrtrapTto^). Numbers are of this class when they can be halved 
twice or more times successively, but the quotient left when they can no 
longer be halved is an odd number and not unity. They are tlMiefore of 
the fonn 2*^'(3M<f 1), where i«, m are integers. They are, so to say, inter- 
mediate between, or a mixture of, the extreme classes e-L cn timcs n'en and ri'en- 
odd^ for the following reasons, (i) Their subdivision by 2 proceeds for some 
way like that of the even-times even, but ends in the way that the division of 
the even-odd by 2 ends, (s) The numbers after which submultiples are 
called and their value (SvMi^f) in units may be both of one kind, i.e. both odd 
or both even (as in the case of the even-times even), or again may be one odd 
and one even as in the case of the even-odd. For exanii)lL- 24 is an odd-even 
number; the ^th, /jth, ^th or \ parts of it are even, but the ^rd part of it, 
or 8, is even, and the ^th part of it, or 3, is odd. (3) Nicomachus shows 
(l id, 6 -9) how to form all the numbers of the odd-even dass. Set out two 
h'nes (a) of odd numbers banning with 3, {p) of even*times even numbers 
harming with 4, thus : 

(«) 3. 5' 7. 9. »3. 15 etc- 

{h) 4, 8, 16, 32, 64, 128, 256 etc. 

Now multiply each of the first numbers into each of the second row. Let 
the products of one of the first into all the second set make horizontal rows; 
we then ^t the rows 

IS, 94, 48, 96, 19a, 384, 768 etc. 

so, 40^ 80^ 160^ 330^ 640, 1380 etc. 

28, 56, Its, 224, 448^ 896, 1793 etc 

36, 72, 144, 388k 576, 1 152, 2304 etc. 

and so on. 

Now, says Nicomachus, you will be surprised to see (^ainftrcrai aoi Savfutitf 

Tws) that (^7) the vertical rows have thr property of the rcen-odd series, 6, 10, 
14, 18, 22 etc., vi^. that, if an odd number of successive numbers be taken, 
the middle number is half the sum of the extremes, and if an even number, 
the two middle numbers together are equal to the sum of the extremes, 
(*) the horizontai rows have the property of the evm-times even series 4, 8, 16 
etc., viz. that the product of the extremes of any number of successive terms 
is equal, if their numl)er he odd, to the square of the middle term, or, if their 
number be even, to the product of the two middle terms. 

Let us now return to Euclid. His 9th definition states that an even-titms 
odd number is a number which, when divided by an even number, gives an 
odd number as quotient. Following this definition in our text comes a 10th 
definition which defines an odd-times even numl)er ; this is stated to be a 
number which, when divided by an odd number, gives an even number as 
quotient. According to these definitions any even-times odd number would 
also be odd-times r-rn, and, from the fact that lamblichus notes this, we may 
fairly conclude that he found Def. 10 as well as Def. 9 in the text of Euclid 
which he used. But, if both definitions are genuine, the enunciations of ix. 33 
and IX. 34 as we have them present difficulties, ix. 33 says that **If a num- 
ber have its half odd, it is even-times odd but, on the assumption that 



Digitized by Google 



284 



BOOK VII 



[Vll. DEFF. 9 — II 



both definitions are genuine, this would not be true, for the number would be 
0dd4imis tvnt as well ix. 34 says that " If a number neither be one of those 
which are oontinually doubled from 2, nor have its half odd, it is both even- 
times even and even times odcl." The term odd-times even (Trcpio-o-aict? apno?) 
not occurring in these propositions, nor anywhere else after the definition, that 
definition becomes superfluous. lamblichus however (p. 24, 7 — 14) quotes 
these enunciations differently. In the first he has instead of ** even-times odd 
only " the words " both even times odd and odd-times even " ; and, in the second, 
for " both even-times even and even-times odd " he has " is both even-times 
even and at the same time even-times odd and odd-times even." In both 
cases therefore ** odd-times even" is added to the enunciation as lamblichus 
had it ; the words cannot have been added by lamblichus himself because 
he himself docs not use the term odd times n'fv, but the one word odd-even 
{TripuT(TdpTin<:). In order to get over the dithculties involved by Def. 10 and 
these differences of reading we have practically to choose between (1) accept- 
ing lamblichus* reading in all three places and (2) adhering to the reading of 
our HSS. in ix. 33, 34 and rejecting Def. 10 altogether as an interpolation. 
Now the readings of our text of ix. 33, 34 are those of the Vatican MS. 
and the Theonine mss. as well ; hence they must go back to a time before 
Theon, and must therefore be almost as old as those of lamblichus. 
Heiberg considers it im|»obable that Euclid would wish to maintain a point- 
less distinction between e^'en-time^ odd and odd times e^rn, and on the whole 
concludes that Def. 10 was first interpolated by some ii^norant person who 
did not notice the difference between the Euclidean and Pythagorean classi- 
fication, but merely noticed the absence of a definition of odd-times eve* 
and fabricated one as a companion to the other. ^Vl1en dits was done, it 
would he easy to see that the statement in IX. 33 that the number referred 
to is "even-times odd only'' was not strictly true, and that the addition of 
the words "and odd-times even" was necessary in ix. 33 and ix. 34 as 
well. 

Definition 10. 

Kara trtpuraov dpiOfiov, 

The odd dimes odd number is not defined as such by Nicomachus and 
lamblichus ; for them these numbers would apparently belong to the com- 
ponU subdivision of odd numbers. Theon of Smyrna on the other hand 
says (p. 33, 21) that odd-times odd was one of the names apf^ed to prime 
numbers (excluding 2), for these have two odd factors, namely 1 and the 
number itself. This is certainly a curious use of the term. 

Definition 11. 

A prime number (irpMroc ipi$fwi) is called by Nicomachus, Theon, and 
lamblichus a ^* ^nnm and incomposite {acrvvOtro^) number." Theon {p. 23, 9) 
defines it practically as Euclid does, viz. as a numl>er "measured by no number, 
but by an unit only." Aristotle too says that a prime number is wA measured by 
any number {Anal. post. 11. 13, 96 a 36), an unit not being a number {M^i^k, 
1088 a 6), but only the beginning of number (Theon of Smyrna says the same 
thing, p. 34, 23). According to Nicomachus (1. 11, 2) the prime number is a 
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subdivision, not of numbers, but of odd numbers; it is "an odd number 
which admits of no other part except that which is called after its own name 

(irapwKv/ioK <auT<p).'* The prime numbers are 3, 5, 7 etc., and there is no 
submultiple of 3 except ^rd, no submultipic of i r except I'l th, and so on. In 
all these cases the only submultiple is an unit. According tu Niconiaclius 3 
is the first prime number, whereas Aristotle {Topics vtit. 3, 157 a 39) regards 
2 as a prime number : "as the dyad is the only even number which is prime," 
showing that this divergence from the I'ythagorean doctrine was earlier than 
Kuclid. I'he number 2 also satisfies Euclid s definition of a [jrime nunil)er. 
iauiulichus(p. 30, 27 sqq.) makes ihi^ the ground of another uLiack upon Euclid. 
His argument (the text of which, however, leaves much to be desired) appears 
to be that 2 is the only even number which has no other part except an 
unit, while the suhdiNisions of the even, as previously explained by him (the 
even-times cven^ the even-odd^ and odd-€ven\ all exclude primeness, and he has 
pieviously explained that 2 is potentialfy even<odd, being obtained by 
multiplying by 2 the potentially odd, i.e. the unit ; hence 2 is regarded by him 
as bound up with the subdivisions of even, which exclude primeness. Theon 
seems to hold the same view as regards 2, but supports it by an apparent 
circle. A prime number, he says (p. 23, 14—23), is also called odd-times odd\ 
therefore only odd numbers are prime and incomposite. Even numbers are 
not measured by the unit alone, except a, which therefore (p^ 24, 7) is odd-/rilr 
i^tpKTaou^T^^) without being prime. 

A variety of other names were applied to prime numbers. We have 
already noted the curious designation of them as edd-Hmes odd. According u> 
lamblichus (p. 27, 3—5) some called them euikymetric {tv$vft4rpuios), and- 
Thymaridas rectilinear (ei i^i yprt^^aKo?), the ground being that they can only be 
set out in one dimension with no breadth (oTrXarT/? yap cV tKBiiru «<^' tv 
^ovov 6u(TTd^vo^). I'he same aspect of a prime number is also expressed by 
Aristotle, who {Afetapk, loao b 3) contrasts the composite number with that 
which b only in one dimension (jiiiovw iSk). Theon of Smyrna (p> 23, 1 2) 
gives ypafifjLiK6<; (linear) as the alternative name instead of €v$vypafifu$t6<;. In 
either case, to make the word a proper description of a prime number wc have 
to understand the word Mfy; a prime number is that which is lineart or 
rwHUmar, only. For Nicomachus, who uses the form A'tiear, expressly says 
(n. 13, 6) that all numbers are so, i.e. all can be represented as linear by dots 
to the required amount placed in a line. 

A prime number was called prime or firsts according to Nicomachus 
(l II, 3), because it can only be arrived at by putting together a certain 
number of units, and the unit is the beginning of number (cf. Aristotle's 
second sense of irp<i!»To? "as not being composed of numbers" /mf; o-uyiciicr^oi 
dpiBfiujv, Anal. Post. 11. 13, 96 a 37), and also, according to lamblichus, 
because there is no number before it, being a collection of units {jiovahttv 
ouaviHMa), of which it is a multiple, and it appears /iri/ as a basb for other 
numbers to be multiples of. 



Definition 12. 

By way of further emphasising the distinction between "prime" and 
"prime to one another," Theon of Smyrna (p. 23, 6—8) calls the lornier 
"prime adsoluiefy" (dirAcJs), and the latter "prime to one another and not 
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absotuUly ""xx^^miin themselves " (oA mif wrvk). The latter (p. 34, 8—10) 

are " measured by the unit [sc. only] as common measure^ even thot^h, taken 
by themselves (to? irpo^ catToi's), they be measured by some other numbers." 
From Theon's illustrations it is clear that with him as with Euclid 
a number prime to another may be even as well as odd. In Nicomachus 
(1. 1 1, i) and lamblichus (p. 26, 19), on the other hand, the number which is 
*' in itself secondary (Scin-epo?) and composite ((tvv^ctos), but in relation to 
another prime and incomposite," is a subdivision of odd. I shall call more 
particular attention to this difference of classification when we have reached 
the definitions of ''composite" and ** composite to one another"; for the 
present it is to be noted that Nicomachus (i. 13, i) defines a number prime 
another after the same manner as the absolutely prime ; it is a number which 
"is measured not only by the unit as tlu' eonimoii lueasure but also by some 
other measure, and ior this reason can aLso admit of a part or parts called by 
a different name besides that called by the same name (as itselO* but, when 
examined in comparison With anodier number of similar character, is found 

not to be capable of being measured by a common measure in relation to the 
other, nor to iiave the same part, called by the same name as (any ot) those 
simply (dirXtuc) contained in the other ; e.g. 9 in relation to 25, for each of 
these is in itself secondary and composite^ but, in comparison with one 
another, they have an unit alone as a common measure and no part is called 
by the same name in both, but the third in one is not in the other, nor is the 
Jijth in the other found in the first/' 

Defi.mtion 13. 

Euclid's definition of composite is again the same as 'I'heon's definition 
of numbers "composite in relation to themselves," which (p. 24, 16) are 
"numbers measured by any less number," the unit being, as usual, not 
r^farded as a number. Theon proceeds to say that ** of composite numbers 

they call those which are contained by two numbers plane, as being 
investigated in two dimensions and, as it were, contained by a length and a 
breadth, while (they call) those (which are contained) by three (numbers) 
salidf as having the third dimension added to them." To a similar effect is 
the remark of Aristotle {Mftap/i. 1020 h 3) that certain numbers are 
"composite and are not only in one dimension but such as the plane and the 
solid (figure) are rcpreseiiiations of (/xt/xi^/iia), these numbers being so many 
times so many {votrwtvt Jtwrw)^ or so many times so many times so many 
(iroottKiis vmraicw irooot) respectively." These subdivisions of composite 
numbers are, of course, the subject of Euclid's definitions 17, 18 respectively. 
Euclid's t ()mj)osite numbers may be either cww or odd, like those of Theon, 
who gives 6 as an instance, 6 being measured by both 2 and 3. 

Definition 14. 

Theon (p. 34, 18), like Euclid, defines numbers tomposite to one another as 
"those which are measured by any common measure whatever" (excluding 
unity, as usual). Theon instances 8 and 6, with 2 as common measure and 
6 and 9, with 3 as common measure. 
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As hinted above, there is a great difference between EttcHd*s dassificadon 
of prime and composite numbers, and of numbers prime and composite 

- to one another, and the classification found in Niconiachus (i. 11 — 13) and 
lamblichus. According to the latter, all these kinds of numbers are sub- 
divisions of tlie class of odd numbers only. As the class of even numbers is 
divided into three Idnds, (i) the even-times even, (2) the even-odd, which 
form the extremes, and (3) the odd-even, which is, as it were, intermediate to 
the other two, so the class of iniii numbers is divided into thre^ of which the 
third is again a mean between two extremes. The three are: 

(1) the prime and incompoiite^ which is like Euclid's prime number except 
that it excludes 2 ; 

(2) the secondary and composite^ which is "odd because it is a distinct 
part of one and the same genus (&& to hmt meX row q&tw yirwt BuuttKfiurBiu) 

but has in it nothing of the nature of a first principle (apxouUt); for it arises 
from adding some other number (to itself), so that, besides having a part 
called by the same name as itself, it possesses a part or parts called by another 
name.*' Nicomachus cites 9, 15, 21, 25, 27, 33, 35, 39. It is made clear that 
not only must the factors be both odd» but they must all be prime numbers. 
This is obviously a very inconvenient restriction of the use of the word 
composite^ a word of general signification. 

(3) is that which is seconJan' ani/ composite in itself but prime and 
incomposiie to another. 1 lie actual words in which this is defined have been 
given above in the note on Def. is. Here again all the fectors must be odd 
and prime. 

Besides the inconvenience of restricting the term composite to odd numbers 
which are composite, there is in this classification the further serious defect, 
pointed out by Nesselmann {Die Algebra der Griedien, 1842, p. 194), that 
subdivisions (2) and (3) overlap, subdivision (2) including the whole of 
subdivision (3). The origin of this confusion is no doubt to be found in 
Nicomachus' perverse anxiety to he symmetrical ; by hook or by crook he 
must divide odd numbers into three kinds as he had divided the even. 
lamblichus (p. 28, 1 3) carries his desire to be logical so fiur as to point out 
why there cannot be a fourth kind of number contrary in character to (3), 
namely a number which should be "prime and incomposite in itself, but 
secondary and composite to another " ! 

Definition 15. 

*AptBiii^ apt$iw¥ voXAarXoo'tcitiU' Air/icrai, Srap, &rat doW i¥ avn^ /xoroSc^ 

This is the well known primary definition of multipUcation as an 
abbreviation of addition. 

Dkkimtion 16. 

'Otoj' St Si'o dfiiBfiol jroWairKafrtdaavra dWi'jkovi; ttoiuxti Ttva, o ycKi/wCKOC 
ClTi'irfSo^ KaAciTai, TrXcvpat S< avTuv oJ TroXAaTrXao'iuo-arre? dKXrjX.ov'i dpiBfJiOi. 

The words plane and solid applied to numbers are of course adapted irom 
their use with reference to geometrical figures. A number is therefore called 
Hmar (ypa/x^Kos) when it is regarded as in one dimension, as being a length 
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(fii7K0f). When it takes another dimension in addition, namely bnaitk 
(irAflErof), it is in two dimensions and becomes plam (cVtVcfiot). The 

distinction between a plane and a plane number is marked by the use of the 
neuter in the former case, and the masculine, agreeing with dpiOfiOf:, in the 
latter case. So with a square and a square number^ and so on. The most 
obvious fonn of a plane number is clearly that corresponding to a rectangle in 
geometry ; the number is the product of two linear numbers regarded as sides 
{irXtvpal) forming the length and breadth respectively. Such a number is. as 
Aristotle says, "so many times so many," and a plane is its counterpart 
{fjLifj.r)fxa). So Plato, in the T^eaetOus (147 e — 148 b), says : "We divided all 
numbers into two kinds, (i) that which can be expressed as etjual multiplied 
by equal (toi' hwofitvov 'aov <Va#ct5 'yiyveo-<9at), and which, likrniiiu its form to 
the square, we called ^^//rtr«' and equilateral ; (2) that which is mtermediate, 
and includes 3 and 5 and every number which cannot be expressed as equal 
multiplied by eciual, but is either less times more or more times less, being 
always contained by a greater and a less side, which number we likened to 
the oblong fit^ure {irpofi-^Kn (Tx>jfJ^aTi) and called an oblong number. .. Such 
lines therefore as square the equilateral and plane number [i.e. which can 
form a plane number with equal sides, or a square] we defined as length 
(fii7Kos) ; but such as square the oblong (here ^cpo/iif«ny«) [i.e. the square of 
which is equal to the oblong] we called roots (SvKo/ict«) as not being com 
mensurable with the others in length, l)ut only in the plane areas (€7rf»r<8oi<;), 
to which the squares on them are equal (a hwavraC).'' I his passage seems 
to make it dear that Plato would have represented numbers as Euclid does, 
straight lines proportional in length to the numbers they represent (so far 
as practicable) ; for, since 3 and 5 are with Plato oblong numbers, and lines 
with him represent the sides of oblong numbers (since a line represents the 
"root," the square on which is equal to the oblong), it follows that the unit 
repiesenting the smaller side must have been represented as a line, and 3, the 
larger side, as a line of three times the length. But there is another possi ble way 
of representing numbers, not by lines of a certain length, hut hy points disposed 
in various ways, in straight lines or otherwise. lamblichus tells us (p. 56, 27) 
that " in old days they represented the quantuplicities of number in a more 
natural way {^Mnmimpo^) by splitting them up into units, and not, as in our 
day, by symbols" (orvfijSoAiKuk). Aristotle too {Metaph. 1092 b 10) mentions 
one Eur) tus as having settled what number belonged to what, such a number 
to a man, such a number to a horse, and so on, "copying their shapes" 
(reading tovtimk, with Zeller) **with pebbles (tuIs tfnj<fioi%), Just as ikose do who 
arrange m/mhers in the forms of triangles or squares" We accordingly find 
numbers represented in Nicomachus and Theon of Smyrna by a number of 
as ranged like points according to geometrical figures. According to this 
system, any number could be represented by points in a straight line, in which 
case, says lamblichus (p. 56, 26), we shall call it rectilinear because it is 
wUkoui breadth and only advances in length (uTrXardis en ^jSi¥w rh fujicos 
vpocto-iv). The prime number was called by Thymaridas rectilinear par 
excellence, because it was without breadth and in one dimension only {i^* tv 
fjLovov Bu<rTdfjL€vo<i). By this must be meant the impossibility of representing, 
say, 3 as a plane number, in Plato's sense, Le. as a product of two numbers 
corresponding to a rectangle in geometry ; and this view would ajipear to rest 
simply upon the representation of a number by points, as distinct from lines. 
Three dots in a straight line would have no breadth ; and if breadth were 
introduced in the sense of producing a rectangle, i.e. by placing the same 
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number of dots in a second line below the iirst line, the first plane number 
ipould be 4, and 3 would not be a plane number at all, as Plato says it is. It 
seems therefore to have been the alternative representation ctf a number by 

points, and not lines, which gave rise to the different view of a plane number 
which we find in Nicomachus and the rest. By means of separate points we 
can represent numbers in geometrical forms other than rectangles and squares. 
One dot with two others qrmmetricaUy arranged bdow it shows a trkmgh, 
which is a figure in two dimensions as much as a rectangle or parallelogram is. 
Similarly we can arrange certain numbers in the form of re^^ular pentagons or 
other polygons. According therefore to this mode of representation, 3 is the 
first plam number, being a triangular number. The method of formation of 
triangular, square, pentagonal and other polygonal numbers is minutely 
described in Nicomachus (ii. 8 — ii), who distinguishes the separate series of 
gnomons belonging to each, i.e. gives the law determining the number which 
has to be added to a polygonal number with n in a side, in order to make it 
into a number of the same form but with « -i- 1 in a side (the addend being of 
course the gnomon). Thus the gnomonic series for triangular numbers is 
I, 2, 3, 4, 5...; that for squares i, 3, 5, 7... ; that for yx'ntagonal numbers 
I, 4, 7, 10..., and so on. The subject need not detain us longer here, as we 
are at present only concerned with the different views of what constitutes a 
^ne number. 

Of plane numbers in the Platonic and Euclidean sense we liave seen that 
Plato recognises two kinds, square and llie ob/ong {7rpo^i]Kq<i or iTtpo^i^K-q%). 
Here again Euclid's successors, at all events, subdivided the class more 
elaborately. Nicomachus, Theon of Smyrna, and lamblichus divide phim 
numbers with unequal sides into (i) frcpofu^Kctc, the nearest thing to squares, 
viz, numbers in which the greater side exceeds the less side by i only, or 
numbers of the torm // (// + i), e.g. 1.2, 2 . 3, 3 . 4, etc. (according to Nico- 
machus), and (2) TrpofjLTjK€i<;, or those whose sides differ by 2 or more, le. are of 
the form n(n + m), where m is not less than 2 (Nicomachus illustrates by 2 . 4, 
3.6, etc.). Theon of Smyrna (p. 30, 8—14) makes B-po^^Kcis include cTcpo/nifKct?, 
saying that their sides may differ by i or more; he also speaks of parallelogram- 
numbcrs as those which have one side different from the other by 2 or more ; 
I do not find this latter terra in Nicomachus or lamblichus, aiid indeed it 
seems superfluous, as parallelogram is here only another name for obkmg. 
lamblichus (p. 74, 23 sqq.), always critical of Euclid, attacks him again here 
for confusing the subject by supposing that the (T€ponijiciji number is the pro- 
duct of any two diflferent irambevs multiplied together, and by not distinguishing 
the obkmg (wyMfiificT/f) from it : " for his definition declares the same number 
to be square and also ctcpo/uit^kt;?, as for example 36, 16 and many others: 
which would be equivalent to the odd number being the same thing as the 
even." No importance need be attached to this exaggerated statement ; it is 
in any case merely a matter of words, and it is curious that Euclid does not in 
&ct use tibe word crcpo/iaj«ift of numbers at all, but only of geometrical oblong 
figures as opposed to squares, so that lamblichus can apparently only have 
inferred that he used it in an unorthodox manner from the geometrical use of 
the term in the definitions of Book i. and from the fact that he does not give 
the two subdivisions of piane numbers which are not square, but seems only 
to divide plane numbers into square and not-square. The argument that 
irtpofxi^Kti'i numbers are a natural, and therefore essential, subdivision 
lamblichus appears to found on the method of successive addition by which 
they can be evolved ; as square numbers are obtained by successively adding 

u. 11. 19 
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odd numbers as gnomons, so crcpofn^'iccts are obtained by adding evtn numbers 
as gnomons. l%iis 1.2^2, 3.^Ba + 4,3.4s3-i>4'i'6^ and so on. 



Definition 17. 

^Orav Z\ rptis dpiBfiM. rroXXavXaaiaaavrt^ dAAifXov^ Trotoxrt Tiva, o ycr^j^MTOt 

What has been said <^ the two apparently difTerent ways of regarding a 

P/atif number seems to apply equally, mutatis rntttandis, to the definitions of a 
soUd number. Aristotle regards it as a number wliich is so many times so 
many times so many (iroo-cixts votroKi^ roaov). Plato finishes the passage about 
lines which represent the sides of squan numbers and lines which are roots 
(8ria/x€ts), i.e. the squares on which are equal to the rectangle representing a 
number which is oblong and not square, by adding the words, "And another 
similar property belongs to solids " (ical wcpl to, <rrtpvx, a,\ko rotovroy). I hat is, 
apparently, there would be a corresponding torn to root {i/wuftt^) — practically 
rqpre stt ltmg a surd — to denote the side of a cube equal to a p)arallelepip>ed 
representing a solid number which is the product of three factors but 
not a cube. Such is a solid number when numbers are represented by 
sim^g^ Unes : it corresponds in general to a parallelepiped and, when all 
the &ctors are equal, to a cube. 

But again, if numbers be represented hy points, we may have solid numbers 
(i.e. numbers in three dimensions) in the form of pyrantid:> as well. The first 
number of this kind is 4, since we may have three points forming an 
equilateral triangle in one plane and a fourth point placed in another plane. 
Tne length of the sides can be increased by i successively ; and we can have 
a series of pyramidal numbers, with triangles, squares or polygons as bases, 
made up of layers of triangles, squares or similar polygons respKjctively, each 
of which layers has one less in the side than the layer below it, until the top 
of the pyramid is reached, which of course is one point representing unity. 
Nicomachus (11. 13 — 16), Thcon of Smyrna (p. 41 — 2), and lamblichus 
(P- 95) 15 ^<^1^ )) gi^'^' different kinds of pyrcmidal solid numbers in 
addition to the other kinds. 

These three writers make the following further distinctions between solid 
numbers which are the product of three factors. 

1. First there is the equal by equal by equal (ttraxit &nUtc Zros), which is, 
of course^ the cube. 

2. The other extreme is the unequal by unequal by unequal {aanowtm 
a»uraKK avuro«), or that in which all the dimemdcHM are different, e.g. the 
product of 2, 3, 4 or 2, 4, 8 or 3, 5, 12. These were, according to Nicomachus 
(11. 16), called scalene, while some called them (r<j>r}vC<TKoi {u>edge-shaped)^ others 
ir^KMrmi (from 0-5^'^, a wasp)^ and others ButfiivKot {altar-shaped). Theon 
applears to use the last term only, while lamblichus of course gives aU three 
names. 

3. Intermediate to these, as it were, come the numbers "whose piams 
form Ircpo/ii/Kct? numbers ' (i.e. numbers of the form !»(«+ l)). Thes^ Says 
Nicomachus, are called paraileiepipedal. 

Lastly come two classes of such nunibers each of which has two equal 
dimensions but not more. 
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4. If the third dimension is less than the others, the number is equal by 
equal iy kss (Inuctt tm tKoerrwdms) and is called a //wM {wkuSis}, &g. 
3.8.3. 

5. If the third dimension is greater than the others, the number is efttai 
fy equal 6y gnaUr (Imuns uros /ict^^ovaicis) and is called a btam (SomV), e.g. 
3.3.7. Another name for this latter kind of numbor (according to 
lamblichus) was onjXis (diminutive of o-n/A};). 

Lastly, in connexion with pyramidal numbers, Nicomachus (11. 14, 5) dis- 
tinguishes numbers corresponding to frusta of pyramids. These are truncated 
(icdAovpoi), twice-truncated (^iKoAoupot), thrice-truncaicd {rpiKokovpoi) pyramids, 
and so on, the term being used mostly in theoretic treatises {hr ovyypdftttwt 
fiaXurra rois BftaprnxariKoi^). The truncated pyramid was formed by cutting 
off the point forming the vertex. The twice-truncated was that which lacked 
the vertex and the next plane, and so on. Theon of Smyrna (p. 43, 4) only 
mentions the truncate pyramid as "that widi its vertex cut off" (17 tt/k 
t(.ofw^r\v diroTtTftiffUyif)f saying that some also called it a trapezium, after the 
similitude of a plane trapezium formed by cutting the top off a triangle 
by a stiaigbc line parallel to the base. 



Definition 18. 

9)f6fuinn. 

A particular kind of square distinguished b;^ Nicomachus and the rest was 
the square number which ended (in the decunal notation) with the same 
number as its side, e.g. i, 25, 36, which are the squares of i, 5 and 6. These 

square numbers were called cyc/ic (kvkXikoI) on the analogy of circles in 
geometry which return again to the point from which they started. 



Definition 19. 

Kvfiof Sk 6 lotucis Zoos lovwcc ^ [h] ivd t^mSk tinav ApiBfimv wyMxfy'^i'Oi. 

Similaiiy cube numbers which ended with the same number as their sides, 

and the squares of those sides also^ were called spherical {(T<f>atpiKoi) or recurrent 
(airoKaroirrarixot). One might have expected that the term sphincal would be 
applicaUe also to the cubes of numbers wluch ended with the same digit as the 
side but not necessarily with the same d^t as the square of the side alsa 
E.g. the cube of 4, i.e. 64, ends with the same digit as 4, but not with the 
same digit as 16. But apparently 64 was not called a spherical number, the 
only instances given by Nicomachus and the rest being those cubed from 
numbers ending with 5 or 6, which end with the same digit if square* A 
sphmeal numbcar is in Act derived from a circular number only, and that by 
adding another equal dimension. Obviously, as Nesselmann says, the names 
cyclic and sphertcai applied to numbers appeal to an entirely different principle 
from that on which the figured numbers so far dealt with were formed. 

19— a 
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Definition 20. 

*Apt6fjLoi dvaXoyov tlfTiv, oxav 6 irpwr<K tov Scvrcpou Koi o TpSrot Tov Ttnfmv 
UraKK y iroXAairAdirioc 1} to avro fiipoi ^ rti aMi fiipif iaw. 

Euclid does not give in this Book any definition of ratio, doubtless because 
it could only he the same as that given at the beginning of Book v., with 
numbers substituted for "homogeneous magnitudes " and " in respect of siu^ 
{mjXxKOTTjra) omitted or altered We do not find that Nicomachus and the 
rest give any subatantially different definition of a m/io between numbers. 
Theon of Smyrna says, in fact (p. 73, 16), that "ratio in the sense of 
proportion (Aoyos 6 kut dydkoyoi ) is a sort of relation of two homogeneous 
terras to one another, as for example, double, triple." Similarly Nicomachus 
says (11. 21,3) that *'a ratio is a relation of two terms to one anottier," the word 
for "relation" being in both cases the same as Euclid's ((r^cW). Theon of 
Smyrna goes on to classify ratios as p^eatcr, less, or equal, i.e. as ratios of greater 
mequality, less mequality, or equality, and then to specify certain arithmetical 
ratios which had special names, for which he quotes the authority of Adrastus. 
The names were "raXkaoFXauruK, hrywpuKt iw^u/nftj wcXXawkamntfi/opuftf 
iroXAairXao-tc7ri/i«p7;'? (the first of which is, of course, a multiple, while the rest 
are the equivalent of certain types of improper fractions as we should call 
them), and the reciprocals of each of these described by prefixing viro or sud. 
After describing these particular classes of an Ametical ratios^ Hieon goes oo 
to say that numbers still have ratios to one another even if they are iSflerait 
from all those previously described. We need not therefore concern ourselves 
with the various types ; it is sufficient to observe that any ratio between 
numbers can be expressed in the manner indicated in Euclid's definition of 

arithmetical proportion, for the greater is^ in relation to the less, either one or 
a combination of more than one of the three things, (i) a multiply (a) a 

submulliple, (3) a proper fraction. 

It is when we come to the definition of proportion that we begin to find 
differences between Euclid, Nicomachus, Theon and lamblichus. *' Proportion, " 
says Theon (p. 83, 6), "is similarity or sameness of more ratios than one,** 
which is of course unobjectionable if it is previously understood what a ratio 
is J but confusion was brought in by those (like Thrasyllus) who said that 
there were three proportions (aVaXoyicu), the arithmetic, geometric, and 
harmonic, where of course the reference is to arithmetic, geometric and 
harmonic MtfOfif (/tico-on/rcc). Hence it was necessary to explain, as Adrastus 
did (Theon, p. 106, 15), that of the several mtans "the geometric was called 
both proportion par cxcelUnce and primar)'. . .though the other means were 
also commonly called proportions by some writers." Accordingly we have 
Nicomachus trying to extend the term "proportion'* to cover uie various 
means as well as a proportion in three or four terms in the ordinary sense. He 
says (11. 21, 2): *' Proportion, /drr «fre'//<'//« (icupiwv), is the bringing together 
(avXXT7t/ris) to the same (point) of two or more ratios ; or, more generally, (the 
bringing together) of two or more wdathns {crx*a*<uy), even though they be 
subjected not to the same rafut but to a difference or some other (law).* 
lamblichus keeps the senses of the word more distinct. He says, like Theon, 
that "proportion is similarity or sameness of several ratios" (p. 98, 14), and 
that " it is to be premised that it was the geometrical (proportion) which the 
ancients called proportion par exteiktue^ though it is now common to apply 
the name generally to all the remaining means as well " (p. loo^ 15). Pappus 
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remarks (iii. p. 70, 1 7), "A mean differs from a proportion in this respect that, if 
anything is a proportion, it is also ft mean, but not conversely. For there are 
three means, of which one is arithmetic, one geometric and one hannonic." 
The last remark implies plainly enough that there is only one proportion 
(draXoyLa) in the propcr sense. So, too, says lamhlichus in another place 
(p. 104, 19): "the second, the geometric, mean has been called proportion 
par txttlkna because the terms contain the same ratio, being separated 
according to the same proportion (aVa tov avjw Xoyov Siccrraim).'* The 
natural conclusion is that of Nesselmann, that originally the geometric 
proportion was called amXoyt'a, the others, the arithmetic, the harmonic, etc, 
means ; but later usage had obliterated the distinction. 

Of proportions in the ancient and Euclidean sense Theon (p. 8a, 10) 
distinguished the continuous (trvvcx^s) and the separated (8tj;pi;fievt;), using the 
same terms as Aristotle {Eth. Nic. 1131 a 32). The meaning is of course 
clear : in the continuous proportion the consequent of one ratio is the ante- 
cedent of the next ; in the separated proportion this is not sa Nicomacbus 
(11. SI, 5— 6) uses the words €ontucUd {<rwr\pi.fiJhrii) and iUsfoinediJkJfprf^Jtv^ 
respectively. Euclid regularly speaks of numbers in continuous proportion as 
"proportional in order, or successively " (c^ avoAoyoi^). 

Definition 21. 

Theon of Smyrna remarks (p. 36, 12) that, among plane numbers, all 
squares are similar, while of Ir^Myt^Mif those are simifaur "whose sides, that 
is, the numbers containing them, are proportional." Here irtpofiijKr}^ must 
evidently be used, not in the sense of a number of the form n {n+ i), but as 
synonymous with vpofnjmi^ any oblong number ; so that on this occasion 
Theon follows the terminology of Plato and (accoiding to lamblichus) of 
Euclid. Obviously, if tiie strict sense of krtp^^tafi is adhered to, no two 
numbers of that form can He similar unless they are also equal. We may 
compare lamblichus* elaborat*- rontrast of the square and the eT(pnfxi]Kr}%. 
Since the two sides of the square are equal, a square number might, as he 
says (p. 8a, 9), be fitly called i&o^i^ (Nioomachus uses Ta^ofufm^c) in 
contrast to htpofujiofi ; and the ancients, acoocding to him, called square 
numbers "the same" and "similar" (ravrovv rc Kat 6/yu»»bvs), but ^^My»ifir<ts 
numbers " dissimilar and other " (ayofUMovs koi Barifiovt)* 

With regard to solid numbers, Theon remarks in like manner (p. 37, 2) 
that ail cube numbers are similar, while of the others those are similar whose 
sides are proportional, i.e. in which, as leqgth is to length, SO is breadth to 
breadth and height to height 



Definition 22, 

Theon of Smyrna (p. 45, 9 sqq.) and Nicomachus (1. 16) both give 
die same definition of a perfect number, as well as the law of rormation of 
such numbers which Euclid proves in the later proposition, ix. 36. They 

add however definitions of two other kinds of numbers in contrast with it, 
(i) the over-perfect (vinprcAi^s in Nicomachus, vv^cXcios in Theon), the 
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sum of whose parts, i.e. submulliples, is greater than the number itself, e.g. 12, 
94 etc., the sum of the parts of 12 beuig 6<i*4 + 3 + 3 + xsi6v and the 
sum of the parts of 24 bemg 1 2 + 8 + 6 + 4 + 3 + 2 + i = 36, (2) the tUfedwe 
(cXXtm^), the sum of whose parts is less than the whole, e.g. 8 or 14, the 
parts in the first case adding up to 4 + 2 + i, or 7, and in the second case to 
7 + 2 + I, or 10. All three classes are however made by Theon subdmtioiis 
of numbers in general, but by Nicomachus subdivisions oi even numbers. 

The term perfect was used by the Pythagoreans, but in another sense, of 
10; while Theon tells us (p. 46, 14) that 3 was also called perfect "because 
it is the first number that has beginning, middle and extremity; it is also both 
a luu and a phnt (for it is an equilatm] triangle having each side made up 
of two units^ and it is the first link and potentiality of the solid (for a solid 
must be oonoeived of in three dimensions)." 

There are Gertain unexpressed adorns used in Book viL as there are in 
earlier Books. 

The following may be noted. 

I. If ^ measures and B measures A will measure C. 

3. If A measures B, and also measures C, A will measure the difference 
between B and C when they are unequal. 

3. If A measures B^ and also measures C, A will measure the sum of B 

and C. 

It is clear, firom what we know of the Pythagorean theory of numbers, of 
musical intervals expressed by numbers, of different kinds of means etc., that 
the substance of Euclid Books vii. — ^ix. was no new thing but goes back, at 
least, to the Pythagoreans. It is well known that the mathematics of Plato's 
Timacus is essentially Pythagorean. It is therefore (7 priori probable (if not 
perhaps quite certain) that Plato irvfyaynpl^iL even in the jjassage (33 a, b) where 
he speaks of numbers "whether solid or st^uare " in continued proportion, 
and proceeds to say that between piams one mean suffices, but to connect 
two solids two means are necessary. This passage has been much discussed, 
but I think that by " planes " and '* solids " Plato certainly meant square and 
solid numbers respectively, so that the allusion must be to the theorems 
established in Eud. viii. 11, 12, that between two square numbers there is 
one mean proportional number, and between two cube numbers there are 
two mean propoitioaal numbers^ 

' It is true that similar plane and solid numbers have ihe same pmncrty (I.ucl. viil. 18, 
19); bat, if Plato had meant similar plane and .wlid numbers generally, I think it would 
have been necessary to specify that they were "similar," whereas, seeing that the Tiniaais is 
as a whole concerned with regular figures, there is nothing unnatural in allowing tegular or 
equilateral to be urvlrrsttxHl. F'urther Plato s|)eaks first of di/rd/Mtt and 67«<h and then of 
"planes" (iwLwiia) and "solids" (artfui) in such a way as lo suggest that iwAtuit oot- 
respond to iMwtta and tym to ortfiti. Now the regnlar meanii^ of Mro/ut is square (or 
sometimes Sijuare root), and I think it is here used in the sense of square, notwithstanding 
that PUto seems to speak of tAree squares in continued proportion, whereas, in general, the 
mean between two smuucs as extremes would not be square tmt oblong. AnH , if liwd^tctt are 
S^iares, it is reasonable to suppose that the Syxoi are also et/nifn feral, i.e. the " siAids " are 
cubes. I am aware that Th. Hablcr (Bibliotheca Afal/umaiua, villa, 190^1 PP- '73 — 4) 
thinks that the passage is to be explained by reference to the problem of the duplication of 
the cube, and does not refer to numbers at sill. Against this we have to put the evidence of 
NioomadMs (II. 94, 6) who, in speaking of **• certun Platonie theorem," quotes the very 
same results of Eucl. viil. 11, 11. .Secondly, it is worth noting th.it Habler's explanation is 
distinctly rtiled out by Demochlus the Platonist (3rd cent a.o.) who, according to Produs 
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It is no less clear that, in his method and line of argument, Euclid was 
foUoning earlier models, though no doubt making improvements in the 

exposition. His tract on the Sedio Canonis^ imrairofj.^ kuvovo^ (for which see 
Afusia Scriptores Grmd, ed. Jan, pp. 148 — 166) is in style and in the form of 
the propositions closely akin to the Elements. In one proposition (2) he says 
"flwr learned (iftaOofitv) that, if as many numbers as we please be in (con- 
tinued) proportion, and the first measures the last, the first frill also measure 
the intermediate numbers"; here he practically quotes Elem. viii. 7. In the 
3rd proposition he proves that no number can be a mean between two 
numbers in the ratio known as e7rt/idpM«, the ratio, that is, of « + 1 to «, where 
n is any integer greater than unity. Now, fortunately, Boethius, De imHMhne 
muskOf III. II (pp. 28^—6, ed. PViedlein), has preserved a proof by Archytas 
of this same proi>osition ; and the proof is substantially identical with that 
of Euclid. The two proofs are placed side by side in an article by Tannery 
{BibUU/Uea Maihematica^ vi,, 1905/6, p. 227). Archytas writes the smaller 
term of the proportion first (instead of the greater, as Euclid does). Let, he 
says, Bhe the *' supcrparticularis proportio " (iirifiopiov Sida-njfxa in Euclid). 
Take C, the smallest numbers which are in the ratio of A to B. [Here 
D£ means D ^ E \ and in this respect the notation is different from tlut of 
Eudid who, as usual, takes a line DF divided into two parts at GF 
corresponding to and DG to Z>, in Archytas' notation* The Step of taking 
C, DE^ the smallest numbers in the ratio of A to B, presupposes Eucl. vii. 
33J Then DE exceeds C by an aliquot part of itself and of C [cf. the 
dednition of iiriiioptw dpi$iM^ in Nicomachus, i. 19, i]. Let D be the excess 
[i.e. E is supposed equal to C]. "I say that D is not a number but an unit" 

For, if Z> is a number and a part of D/^, it measures DE ; hence it 
measures E, that is, C. Thus 1) measures both C and DE, which is 
impossible i for the smallest numbers which are in the same ratio as any 
numbers are prime to one another. [This presupposes Eucl vii. 22.] There- 
fore D is an unit; that is, DE exceeds C by an unit. Hence no number can 
be found which is a mean between two numbers C, DE. Therefore neither 
can any number be a mean between the original numbers Af B which are in 
the same ratio [this implies EucL vil ao]. 

We have then here a dear indication of the existence at least as early as 
the date of Archytas (about 430 — 365 b.c.) of an Elements of Arithmetic in 
the form which we call Euclidean ; and no doubt text-books of the sort 
existed even before Archytas, which probably Archytas himself and Eudoxus 
improved and developed in ^dr turn. 

(In Plaionis Tiniaeum (ommtntaria, 149 c), said that the difficulties of the [wssage of the 
Tinuuus had misUd some people into connecting it with the duplication of the cube, 
whereas it really referred to similar planes and solids with sides in rational numbers. 
Thirdly, I do not thinlc that, under the sapposition that the Ddtan problem is referred to, 
vvc ^ct the required -.enMi-. The problem in that case is not that of findinfj two mean 
proportionals bttn'tftt two cubes but that of finding a second cube the content of which 
shall be equal to twice, or h times (where k is any number not a complete cube), the content 
of a given cube («•*). Two mean proiwrtionals are found, not between cubes, but between 
two straight litus lu the ratio of i to k, or betw een a and ka. Unless ^ is a cube, there 
would be no point in saying that two means are nece^sary to connect i and k, and not one 
mean ; for is no more natural than ^k, and would be less natutal in the case where k 
happened to be square. On the other hand, if i is a cube, so that it is a question of findine 
means l>el\veen cubi nutul><frs, the dictum of Plato is perfectly intelligible ; nor is any reru 
difficulty caused by the generality of the statement that two means are always necessary to 
connect them, because any property enunciated generally of two cnhe numlx^rs should 
ohvinusly W true of cubes as suek, that IS, it must hold in the extreme case of two cubes 

which arc prune to otK another. 
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Proposition i. 

Two unequal numbers being set out, and the less being 
continually subtracted in turn from the greater, if the number 
which is left never measures the one before it UfUil an unit is 
left, the original numbers will be prime to one another. 

For, the less of two unequal numbers AB, CD being 
continually subtracted from the greater, let the 
number which is left never measure the one ^ 
before it until an unit is left ; In 

I say that A By CD are prime to one another, ^ L| 
that is, that an unit alone measures AB, CD, 

For, if ABt CD are not prime to one another, 
some number will measure them. | 

Let a number measure them, and let it be ft 0 
E \ let CD, measuring BF^ leave FA less than • 
itself, 

let AF, measuring DG, leave GC less than itself, 
and let GC, measuring FH, leave an unit HA, 

Since, then, E measures CD^ and CD measures BF, 
therefore E also measures BF, 

. But it also measures the whole BA ; 
therefore it will also measure the remainder AF. 

But AF measures DG ; 
therefore £ also measures DG, 
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But it also measures the whole DC ; 
therefore it will also measure the remainder CG* 

But CG measures FH ; 
therefore E also measures FH, 

But it also measures the whole FA \ 

therefore it will also measure the remainder, the unit AH^ 
though it is a number : which is impossible. 

Therefore no number will measure the numbers CD \ 
therefore AB^ CD are prime to one another. [vn. Def. la] 

Q. E. D. 

It is proper to remark here that the representation in Books vii. to ix. of 
numbers by straight lines is adopted by Heiberg from the mss. The method 
of those editors who substitute points for lines is open to objection because it 
practically necesntates, in many cases, the use of specific numbers, whidi is 
contrary to Euclid's manner. 

"T^et CD, measuring BF, leave FA less than itself." This is a neat 
abbreviation for saying, measure along BA successive lengths equal to CD 
until a point iii reached such that the length FA remaining is less than 
CD\ in other words» let BF be the bugest exact multiple of CD contained 

Euclid's method in this proposition is an application to the particular 
case of prime numbers of the method of fmding the greatest common measure 
of two numbers not prime to one another, which we shall find in the next 
pfopositkm. With our notation, the method may be shown thus. Suppofing 
the two numbers to be a, ^, we have, say, 

pb 
c)b{q 

rd 

T 

If now a, b are not prime to one another, they must have a common 
measure where € is some intego^, not unity* 

And since « measures ^ it measures a i.e. ^. 

Again, since € measures ^ it measures b-qe^ Le. 

and lastly, since € measures 4 ^ it measures €^ri^ i.e; t: 

which is impossible. 

Therefore there is no integer, except unity, that measures a, b^ which are 
accordingly prime to one another. 

Obaerve that Euclid assumes as an axiom that, if a, ^ are both divisible by 
c, so is <z - pb. In the next proposition he assumes as an axiom that c will in 
the case supposed divide a + pb. 
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Proposition 2. 

Given two mimbers not prime to one another, to Jirnd their 
greatest common measure. 

Let AB^ CD be the two given numbers not prime to one 
another. 

Thus it is required to find the greatest 
oommon measure of AB^ CD. 

If now CD measures AB — and it also 
measures itself — CD is a common measure of 

CD, AB. 

And it is manifest that it is also the greatest ; 
for no greater number than CD will measure 
CD. 

But» if CD does not measure AB^ then, the less of the 
numbers AB, CD being continually subtracted from the 
greater, some number will be left which will measure the one 
before it. 

For an unit will not be left ; otherwise AB^ CD will be 
prime to one another [vii. i], which is contrary to the 

hypothesis. 

Therefore some number will be left which will measure 
the one before it. 

Now let CD, measuring BE, leave EA less than itself, 
let EA, measuring DF, leave FC less than itself, 

and let CF measure AE, 

Since then, CF measures AB^ and AE measures DF, 
therefore CF will also measure DF. 

But it also measures itself; 
therefore it will also measure the whole CD. 

But CD measures BE ; 
therefore CF also measures BE. 

But it also measures EA ; 
therefore it will also measure the whole BA. 

But it also measures CD ; 
therefore CF measures ABy CD. 

Therefore CF is a common measure of AB^ CD. 
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I say next that it is also the greatest. 

For, if CF'xs not the greatest common measure of AB, 
CD, some number which is greater than CF will measure the 
numbers AB, CD. 

Let such a number measure them, and let it be G, 

Now, since G measures CD, while CD measures BE, 
G also measures BE. 

But it also measures the whole BA ; 

therefore it will also measure the remainder A£. 

But A£ measures DF ; 
therefore G will also measure DF, 

But it atso measures the whole DC ; 

therefore it will also measure the remainder CF, that is, the 
greater will measure the less : which is impossible. 

Therefore no number which is greater than CFwill measure 
the numbers AB, CD ; 

therefore CF is the greatest common measure of AB^ CD. 

PoKisM. From this it is manifest that, if a number 
measure two numbers, it will also measure their greatest 
common measure. Q. E. D. 

Here we have the exact method of finding the greatest common meuure 
given in the text-books of algebra, including the reductio ad absurdum proof 
that the number arrived at is not only a common measure but the greatest 
common measure. The process of finding the greatest common measure 
is simply shown thus: 

p± 

€)h{q 

qc 

rd 

We shall arrive, says Euclid, at some number, say </, which measures the one 
before it, i.e. such that c-rd. Otherwise the process would go on until we 
arrived at rniHy. This is impossible because in that case a, h would be prime 
to one another, which is contrary to the hypothesb. 

Next, like the text-books of algebra, he goes on to show that4/ will be SOm 
common measure of a, b. For d measures tf; 
therefore it measures qc + </, that is, 
and hence it measures p^-^Ct that is, «. 

Lastly, he proves that d is the greakst common measure of b as follows. 

Suppose that ^ is a common measure greater than d. 

Then measuring a, b, must measure a-/b, ox c. 
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Similarly e must measure 6 - qc^ that is, d : which is impossible, since t is 
by hypothesis greater than d. 
Therefore etc. 

Euclid's proposition is thus identical with the algebraical proposition as 
generally given, e g in Todhunter's algebra, except that of course £uclid's 
numbers are integers. 

Nicomachus gives the same rule (though without proving it) when he 
shows how to determine whether two given odd numbers are prime or not 
prime to one another, and, if they are not prime to one another, what is their 
common measure. We are, he says, to compare the numbers in turn by 
continually taking the less from the greater as many times as possible, 
then taking the remainder as many times as possible from the less of the 
original numbers, and so on ; this process " will finish either at an unit or at 
some one and the same number," by which it is implied that the division of a 
greater number by a less is done by separate subtractions of the less. Thus, 
with regard to ai and 49, Nicomachus says, '*I subtract the less from the 
greater; 28 is left ; then again I subtract from this the same 21 (for this is 
possible); 7 is left; I subtract this from 21, 14 is left; from which I again 
subtract 7 ffor this is possible); 7 will be left, but 7 cannot be subtracted from 
7." The last phrase is curious, but the meaning of it is obvious enough, as 
also the meaning of the phrase about ending " at one and the same number." 

The proof of the Porism is of course contained in that part of the propo- 
sition which proves that G, a common measure different from CF^ must 
measure CF. The supposition, thereby proved to be false, that G is greater 
than C/'does not affect the validity of the proof that G measures CF 'm any 
case. 



Proposition 3. 

Given three numbers not prime to one another^ to find tlieir 
greatest common measure. 

Let A, C the three given numbers not prime to 

one another; 

thus it is required to find the greatest 
common measure of B, C, 

Forletthe greatest common measure, 
Dt of the two numbers A, Bhe taken ; ^ 

[vil. a] I 0[ E| f| 

then D either measures, or does not 
measure, C, 

First, kt it measure it. 
But it measures A, B also ; 

therefore D measures A, B, C ; 

therefore D is a common measure of B, C, 

I say that it is also the greatest. 



B 
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For, if D is not the greatest common measure oi A, B, C, 
some number which is greater than D will measure the numbers 

A, B, C. 

Let such a number measure them, and let it be E, 
Since then E measures B, C, 

it will also measure A, B\ 

therefore it will also measure the greatest common measure 
of A, B. [viL a, Por.] 

But the greatest common measure oi A, B \s D\ 
therefore E measures the greater the less: which is 

impossible. 

Therefore no number which is greater than Z> will measure 
the numbers B, C; 

therefore D is the greatest common measure of A, B, C, 

Next» let D not measure C; 

I say' first that C ^ ^re not prime to one another. 

For, since A, B, C are not prime to one another, some 
number will measure them. 

Now that which measures Ay B, C will also measure A, 

B, and will measure the greatest common measure of Bm 

[vu. a, Por.] 

But it measures C also ; 
therefore some number will measure the numbers D, C ; 

therefore D, C are not prime to one another. 

Let then their greatest common measure £ be taken. 

[vii. 2] 

Then, since E measures D, 
and D measures A, B, 
therefore E also measures A, B. 

But it measures C also ; 

therefore E measures A, B, C\ 
therefore i& is a common measure of A^ B^ C, 
I say next that it is also the greatest. 

For, if E is not the greatest common measure of A, By C, 
some number which is greater than £ will measure the 
numbers A^ B, C. 

Let such a number measure them, and let it be E, 
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Now, since F measures A, 
it also measures A, B ; 

therefore it will also measure the greatest common measure 
oi A, B. [vu. 3, PorJ 

But the greatest common measure of A, B is I?; 

therefore F measures D. 

And it measures C also ; 

therefore /^measures D, C; 

therefore it will also measure the greatest common measure 
of D, C. [vu. 2, Por.] 

But the greatest common measure of D, C is B ; 
therefore F measures the greater the less: which is 
impossible. 

Therefore no number which is greater than £ will measure 

the numbers A, C; 

therefore £ is the greatest common measure of B, C, 

Q. £. D., 

Elldid's proof is here longer than we should make it because he 
fjUstiqgitishes two caacs, iSba simpler of wtikih is tetSLy tnduded in the other. 

Having taken the greatest common measure^ say 4 of ^> two of the 
three given numbers a, fi, he distinguishes the cases 

(i) in which d measures (, 

(a) in which d does not measure c. 

In the first case the greatest common measure of dt cisd itself ; in the 
second case it has to be found by a repetition of the process of vii. 2. In 
either case the greatest common measure of £ is the greatest common 
measure of <^ r. ^ 

But, after disposing of the simpler case, Euclid thinks it necessary to 
prove that, if d does not measure r, d and r must necessarily Aaw a greatest 
common measure. This he does by means of the original hypothesis that 
or, c are not prime to one another. Since they are not prime to one another, 
they must have a common measure; any common measure of a, 3 is a measure 
of Of and therefore any common measure of a, ^, r is a common measure of 
d, c ; hence e must luive a common measure and are therefore not prime to 
one another. 

The proofii of cases (i) and (2) repeat exactly the same argument as we 
saw in vti. a, and it is proved sqwiatdy for ^ in case (1) and « in case (2), 
where € is the greatest common measure of 4^ 

(a) that it is a common measure of a, ^, ^, 

OS) that it is the grtaUst common measure. 

Heron remarks (an-NairizI, ed. Curtie, p. 191) that the method does 
not only enable us to find the greatest common measure of three numbers ; 
it can be used to find the greatest common measure of as many numbers 
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as we please. This is because any number measuring two numbers also 

measures their greatest common measure ; and hence we can find the G.C.M. 

of pairs, then the c.c.M. of pairs of these, and so on, until only two numbers 
are left and we find the g.c.m. of these. Euclid tacitly assumes this extension 
in Yii. 33, where he lakes the greatest common measure ot as many numbers 

aswefkase. 

Proposition 4. 

Any number is either a pari cr parts of ai^ mmier, the 
less 0/ the greater. 

Let A, BC be two numbers, and let BC be the less ; 

I say that BC is either a part, or parts, of A. 

For Af BC are either prime to one another 
or not. 

First, let A, BC be prime to one another. 
Then, if BC be divided into the units in it, 
each unit of those in BC will be some part of A \ 

so that BC is parts oi A. 

Next let A^ BC not be prime to one another; 

then BC either measures, or does not measure, A, 

If now BC measures BC is a part oiA, 
But, if not, let the greatest common measure D oi A^ BC 
be taken ; [vii. a] 

and let BC be divided into the numbers equal to A namely 
BE, EF, FC, 

'Now, since D measures is a part of A. 

But D is equal to each of the numbers BE, EF, FC; 

therefore each of the numbers BB, EF, FC is also a part of A ; 
so that BC is parts of A, 
Therefore etc. 

Q. £. D. 

The meaning of the enunciation is of course that, if Oy b be two numbers 
of which ^ is the less, then b is either a sutmuitiple or some proper frcutum of a, 

(1) If ff, b are prime to one another, divide each into its units; then b 
contains b of the same parts of wkuch a contains a. Therefore b is " parts " or 
a proper fraction of a* 

(2) If a, ^ be not prime to one iuK^er, either b measures a, in which 
case i is a submuldple or "part" of a, or, if ^ be the greatest common 
measure of a, b, we may put a = mg and b = ng, and b will contain // of the 
same parts {g) of which a contains m, so that b is again " parts," or a proper 
fraction, of a. 
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Proposition 5. 

If a numder ^ a part of a number, and another be the 
same pari of another, the sum tuitt also be the same part of the 
sum that the one is of the em. 

For let the number A be a part of BC, 

and another, the same part of another EF that A is oiBC\ 

I say that the sum of A, D is also the same . 
part of the sum of BQ EF that ^ is of BC, 

For since, whatever part yl is of BC^ D 
is also the same part of EF, 

therefore, as many numbers as there are in 
i9C equal to A, so many numbers are there 
also in EF equal to D. 

Let BC be divided into the numbers equal to A, namely 
BG, GC, 

and EF into the numbers equal to namely EH, HF\ 

then the multitude of BG, GC will be equal to the multitude 
of EH, HF. 

And, since BG is equal to and EH to Z?, 

therefore BG^ EH are also equal to D, 

For the same reason 
GC, HF are also equal to A^ D, 

Therefore, as many numbers as there are in BC equal to 
A, so many are there also in BC, EF equal to A, D. 

Therefore, whatever multiple BC \so{ A, the same multiple 
also is the sum of BC, EF of the sum of A, D, 

Therefore, whatever part A is of BC, the same part also 
is the sum oi A^D oi the sum of BC, EF, 



£. D. 



If a^-b, and c=-(L then 

a + c=^{6 + d). 



The proposition is of course true for any quantity of pairs of numbers 
similarly related, as is the next proposition also; and both propositions are 
used in the extended form in vii. 9, 10. 
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Proposition 6. 

If a number be faris of a number, and another be the same 
parts of another^ the sum will also be the same parts of the sum 
that the one is of the one. 

For let the number AB he parts of the number C, 

and another, D£, the same parts of another, 
/% that AB is of C ; 

I say that the sum of AB, DE is also the 
same parts of the sum of C P that A Bis 
of C 

For since, whatever parts AB is of C, 
D£ is also the same parts of F, 

therefore, as many parts of C as there are 

in AB, so many parts of J*' are there also in D£, 

Let AB be divided into the parts of C namely AG, GB, 

and DE into the parts of F, namely DH, II E ; 

thus the multitude of AGy GB will be equal to the multitude 
of DH, HE. 

And since, whatever part AG is of C, the same part is 
DH of F also, 

therefore, whatever ^2iXtAG is of C, the same part also is the 
sum of AG, DH of the sum of C, F, [vii. 5] 

For the same reason, 

whatever part GB is of C, the same part also is the sum of 
GB, HE of the sum of C, F, 

Therer()re% whatever pans AJ^ is of C the same parts also 
is the sum ot AB, DE of the sum of C, E, 



Q. E. D. 



If 



then 



More generally, if 



« a - and — 



m , m J m . 
9, c= -a, e=- J, ... 

H n n 



then 



/// 



H. E. II. 
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In Euclid's proposition w < n, but the generality of the result is of course 
not affected. 'I'his i>roix)sition and the last are complementary to v. i, which 
proves the corresponding result with multiple substituted for ^^/arl" or 

PRorosiTiON 7. 

1/ a number he thai part of a number^ which a number 
SH&tracted is of a number subtracted, the remainder will also 
be the same part of the remainder thai the whole is of the 
whole. 

For let the number AB be that part of the number CD 
which AE subtracted is of CF subtracted ; 

I say that the remainder EB is also the saints part of the 
remainder FV that the whole AB is of the whole CD. 



S ? 



C F 



For, whatever part A£ is o( CF, the same part also let 
£B be of CG, 

Now since, whatever part AE is of CF, the same part 
also is EB of CG, 

therefore, whatever part AE is of CF, the same part also is 
AB of GF [viL 5] 

But, whatever part AE is of CF, the same part also, by 
hypothesis, is A B of CD ; 

therctorc, whatever part AB is of OF, the same part is it of 
CD also ; 

therefore* GF is equal to CD. 

Let CF be subtracted from each ; 

therefore the remaii\der GC is equal to the remainder FD, 

Now since, whatever part AE is of CF, the same part 
also is EB of GC, 

while LtC is equal to I' D, 

therefore, whatever part AE is of CF, the same part also is 
EB of FD. 

Hut, whatever part AE is of CF, the same part also is AB 

oiCD; 
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therefore also the remainder EB is the same part of the 
remainder FD that the whole AB is of the whole CD. 

Q. E. D. 

If as^^andf-^^ weare to pfovetiiat 

a result differing from that of vii. 5 in that minus is substituted for pius, 
Euclid's method is as follows. 

Sttppose that e is taken such that 

a—c^-e. (i) 

Now 

n 

Therefore = ^ 0' + *X l^"- s] 

whence, from the hypothesis, d + e = b, 
so that e-b- d, 

and, substituting this value of ^ in (i), we have 



Proposition 8. 

If a number be the satne parts of a number that a number 
subtracted is of a number subtracted^ the remainder will also 
be the same farts of the remainder that the whole is of the 
whole. 

For let the number AB be the same parts of the number 
CD that AE subtracted is of CF 

subtracted ; c F d 

— — 1 

I say that the remainder EB is q ^ ^ n n 
also the same parts of the re- ' ' 

mainder FD that the whole AB ^ g 1 

is of the whole CD. 

For let G// be made equal to AB. 

Therefore, whatever parts G// is of CD, the same parts 
also is AE o( CF. 

Let G//he divided into the parts of CD, namely GA\ KH, 
and AE into the parts of CF, namely AL, LE ; 

thus the multitude of 6A', KH will be equal to the multitude 
oi AL, LE. 

ao — a 
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Now since, whatever part GK is of CD^ the same part 
also is ^4L of 6/% 

while CD is greater than CF, 

therefore GK is also greater than AL, 

Let GM be made equal to AL. 

riu rcfore, whatever part G/C is of CD, the same part also 
is GM of CF ; 

therefore also the remainder AfJC is the same part of the 
remainder J*'/? that the whole GJC is of the whole CD, [vii. 7] 

Again, since, whatever part K/f is of CD, the same part 
also is £L of CF, 

while CD is greater than CF, 

therefore //A' is also greater than EL, 

Let KjV be made equal to Ji L. 

Therefore, whatever part A'// is of CD, the same part 

also is A'JV of Cf; 

therefore also the remainder A^// is the same part of the 
remainder FD that the whole AW is of the whole CD. 

[vn. 7] 

But the remainder Af/\ was also proved to be the same 
part of the remainder FD that the whole GK is of the whole 
CD; 

therefore also the sum of MK, Nil is the same parts of DF 
that the whole HG is of the whole CD. 

But the sum of MK, NH is equal to EB, 

and HG\s equal to BA ; 

therefore the remainder EB is the same parts of the remainder 
FD that the whole AB is of the whole CD, 

Q. E. D. 

If ffs-^ and (-'^d, (m<ff) 

If ft 

* 

then 

Euclid's proof amounts to the following. 

Take e equal to - and/ equal to - d, 
ft ft 

Then since, by hypothesis, d>d, 
and, by V i I. 7 , e -/- ^ - 
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Repeat this for all the parts ecjual to e and /that there are in <z, b respec- 
tively, and wc have, by addition (</, b containing m of such parts respectively), 

But <»(<—/) atf — r. 

Therefore a-c-"^{Jf - d). 

The propositions vii. 7, 8 are complementary to v. 5 which gives the 
corresponding result with muUipU in the place of " part " or " parts." 



Proposition 9. 

J/ a nmnbcr be a part of a number, and another be the 
same part of another, alternately also, lohatever part or parts 
the first is of the third, the same part^ or the same parts^ wUl 
the second also be of t/ie fourth* 

For let the number ^ be a part of the number BQ 
and another, D, the same part of another, EF, 
ihsxA isofBC; e 

I say that, alternately also, whatever part or ^ 

parts A is of D, the same part or parts is BC \ o ^ " 

of £F also. Q p 

For since, whatever part A is of BQ the 
same part also is D of £F, 

therefore, as many numbers as there are in BC equal to A, 
so many also are there in BF equal to D. 

Let BC he divided into the numbers equal to A, namely 

BC, GC, 

and if:/' into those equal to D, namely B//, HF\ 

thus the multitude of BG^ GC will be equal to the multitude 
of EH, HF. 

Now, since the numbers BG, GC are equal to one another, 
and the numbers EH, HF are also equal to one another, 

while the multitude of BG, GC is equal to the multitude of 

EH, HF, 

therefore, whatever part or parts BG is of EH, the same 
part or the same parts is GC of HF aUo ; 

so that, in addition, whatever part or parts /)G is of /z//, 
the same part also, or the same parts, is the sum BC of the 
sum £F. [vii. 5, 6] 
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But EG is equal to and EH to D ; 

therefore, whatever part or parts A is of D, the same part or 
the same parts is EC of EF also. 

Q. E. D» 

If = - b and c=^ — then, whatever fraction part " or *' parts") a is of 

M ft 

€f the sam<" fraction will b be of//. 

Dividing <^ into each of its parts equal to a, and d into each ol its parts 
equal to ^, it is clear that, whatever fiacdon one of the parts avmS one of the 
parts r, the same fraction is any other of the parts a of any other of the puts ^. 

And the number of the parts a is equal to the number of tlic parts r, viz. n. 
Therefore, by vn. 5, 6, na is the same fraction of fu that a is of ^, Le. b is 
the same fraction of d that a is of c. 



PROPOsmoN la 



H 



1/ a nutnber be parts of a number, and another be the 
same parts of another^ alternately also, wliatever parts or part 
the first is of the thirds the same parts or the same part will 
the second also be of the fourth. 

For let the number AB\nt parts of the number C, 
and another, DE^ the same parts of another, 

I say that, ahernately also, whatever parts or 
part AB is of DE, the same parts or the a 
same f)art is C oi F also. 

Vox since, whatever parts AE is of C, ^ 
the same parts also is DE of ^ 
therefore, as many parts of C as there are 
in AE^ so many parts also of F are there in DE. 

Let AEhe divided into the parts of C, namely AG, GE, 
and DE into the parts of F, namely DJ/, HE ; 

thus the multitude of AG^ GB will be equal to the multitude 
of DH, HE, 

Now since, whatever part ^ is of C the same part also 
\sDHoiF, 

alternately also, whatever part or parts AG\%tA DH^ 

the same part or the same parts is C of F also. [vii. 9] 

For the same reason also, 

whatever part or parts GB is of HE, the same part or the 
same parts is C of F also ; 
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so that, in addition, whatever parts or part AB is of /^^, 
the same parts also, or the same part, is C o{ [vn. 5, 6j 

Q. E, D. 

If a» — ^ and c^^d, then, whatever fraction a is of the same fraction 

is b of d. 

To prove this, a is divided into its m parts equal to bjn^ and e into its 
m parts equal to djn. 

Then, by vii. 9, whatever fraction one of the m parts of a is of one of the 
m parts of r, the same fraction is ^ of d. 

And, by vii. 5, 6, whatever fraction one of the m parts of a is of one of 
the m parts of ^, the same fraction is the sum of the parts of a (that is, a) of 
the sum of the parts of c (that is, ()» 

\VTience the result follows. 

In the Greek text, aiier the words " so that, in addition " in the last line 
but on^ is an tuiditional explanation making the reference to vii. 5, 6 clearer, 
as follows : " whatever part or parts AG ts of DH^ the same part or the 

same parts is GB of HE also ; 

therefore also, whatever part or parts is of DH^ the same part or the same 
parts is AB of DE also. [vii. 5, 6] 

But it was proved thai, whatever purl or parts AG is q{ DU^ the same 
part or the same parts is C of also ; 
therdbre also " etc. as in the last two lines of the text 

Heiberg concludes, on the authority of P, which only has the words in 
the margin in a later hand, that they may be attributed to Theon. 

Proposition ii. 

If, as whole is to whoU^ so is a number subtracted to a 
number subtracted^ the remainder wUl also be to the remainder 
as whole to whole. 

As the whole ^ i9 is to the whole CD, so let AE subtracted 
be to CF subtracted ; 

I say that the remainder FB is also Lo the remainder 
FD as the whole . //>' to the whole CD, 

Since, as ^4/^ is to CD, so is AF to CF, ' 

whatever part or parts AB is of CD, the same part 
or the same parts is of CF also ; [vn. Def. 20] b 

Therefore also the remainder FB is the same 
part or parts oi FD that AB is of CD. [vn. 7, 8] 

Therefore, as £B is to FD^ 90 \& AB xo CD. [vu. Def. 30] 

Q. E. D. 

It will be observed that, in dealing with the proportions in Props. 11 — 13, 

Euclid only contemplates the case where the first number is *' a part " or 
"parts" of the second, while in Prop. 13 be assumes the first to be '*a [Mut" 



C 

F 
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or "parts" of the third also ; that is, the first number is in all three propositions 
assumed to be less than the second, and in Prop. 13 less than the thiid also. 

Yet the figures in Props. 11 and 13 are inconsistent with these assumptions. 
If the facts are taken to correspond to the fiii;iircs in these propositions, it is 
necessary to lake account of the other possibilities involved in the definition 
of proportion (vii. Def. 20), that the first number may also be a multiple, or 
a multiple plus "a part " or " parts" (including; once as a multiple in this case), 
of each number with which it is compared. Fhus a number of dififorent cases 
would have to be considered. The remedy is to make the ratio which is in 
the lower terms the first ratio, and to invert the ratios, if necessary, in order 
to make "a part " or '* parts ** literally apply. 

If axb^txdj (a b>d) 

then {fl-i)'i{b^d)^a\b. 

This proposition for numbers corresponds to v. 19 for magnitudes. The 
enunciation is the same except that the masruline (agreeing with dfuBfiat) 
takes the place of the neuter (agreeing with ^iyii^os). 

The proof is no more than a combination of the arithmetical definition of 
proportion (vii. Def. 20) with the results of vii. 7, 8. The language of propor> 
tions is turned into the language of fractions by I3er 20 ; the results of vii. 7, 8 
are then used and the language retransformed by Def. ao into the language of 
proportions. 

Proposition 12. 

// there he as many numbers as we please in proportion, 
thm, as one of the antecedents is to one of tlu conseqmnts^ so 

are all t/ie antecedents to all the conset/uents. 

Let A, B, C, D bG Sis many numbers as we please in 
proportion, so tiiat, 

zs A is to i^, so is C to Z> ; 

I say that, as ^ is to ^, so are A, C to B, D, 

For since, as ^ is to ^, so is C to A a| b| c 

whatever part or parts A is of B, the same part 
or parts is C of Z> also. [vii. Def. so] 

Therefore also the sum of A, C is the same 
part or the same parts of the sum of B, D that A is of B. 

[vii. 5, 6] 

Therefore, as A is to B, so are A, C to B^ D, [vn. Def. ao] 

If «:fl'«^:^ = r:^=..., 

then each ratio is equal to (a+^-t-^-i- ...) : (o'-f^'-i-^'i'...). 

The proposition corresponds to v. 1 3, and the enunciation is word for word 

the same with that of v. 12 except that takes the place of /t«yttfoc 

Again the proof merely connects the arithmetical definition of proportion 
(vii. Def. 20) with the results of vii. 5, 6, which are quoted as true for any 
number of numbers, and not merely for two numbers as in the enunciations of 
VII. 5, 6. 
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Proposition 13. 

If four numbers be firopariiantU^ they will also be propor- 
tional altemaUly. 

Let the four numbers A, B, C, D htt proportional, so that, 

as ^ / is to B, so is C to D ; 

I say that they will also be proportional alternately, so that, 

as is to C, so will B be to D. 

For since, as is to so is C to D, 

therefore, whatever part or parts A is of ^, 
the same part or the same parts is C of D also. 

[vii. Def. ao] 

Therefore, alternately, whatever part or 
parts A is of C the same part or the same 
parts \s B o( D also. [vn. 10] 

Therefore, as is to C, so is to [vii. Def. 30] 

Q. £. D. 

If a : b - c \ dy 

then, alternately, a : c - b : d. 

The proposition corresponds to v. 16 for magnitudes, and the proof 
consists in connecting vii. Def. 20 with the rKult of vii. 10. 

Proposition 14. 

If there be as many numbers as we please ^ and others equal 
to them in multitude^ which taken two and two are in the same 
ratiOy they will also be in the same ratio ex aequali. 

Let there be as many numbers as we please A, B, Cy 
and others equal to thern in multitude D, which taken 

two and two are in the same ratio, so that, 

as A is to B, so is D to 
and, as B is to C, so is E to F\ 

I say that, ex aequali, 

as is to C, so also is D to /^ 



T — e 



C — F 

For, since, as A is to so is Z7 to 
therefore, alternately, 

as A is to Dy so is B to E, [vii. 13] 
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Again, since, as B is to C, so is E to 
therefore, alternately, 

as B is to E, so is C to [yiu 13] 

But, as ^ is to so is to ; 
therefore also, as is to so.is C to /\ 
Therefore, alternately, 

as ^ is to C, so is Z> to F, [id.] 

If aib^die^ 
and bxc^txfi 
then, ex atquali^ a\e-d\f\ 
and the same is true however many successive numben are so related. 

The proof is simplicity itself. 

By VII. 13, alternately, a \d^b \ 

and b '. e-c \f. 

Therefore a:d = c 

and, again alternately, a \e»d\f. 

Observe that this simple method cannot be used to prove the corresponding 
proposition for magnitudes, v. 23, although V. as has been preceded by the 

two propositions in that Book corresponding to the propositions used here, 
viz. V. 16 and v. 1 1. The reason of this is that this method would only prove 
V. 22 for six magnitudes ail of the same kind^ whereas the magnitudes in v. 22 
are not subject to this limitation. 

Heiberg remarks in a note on vii. 19 that, while Euclid has proved 
several propositions of Book v. over again, by a separate proof, for numbers, 
he has neglected to do so in certain cases ; e.g., he often uses v. 1 1 m these pro- 
positions of Book VII., V. 9 in vii. 19, v. 7 in the same proposition, and so on. 
Thus Heibeig would apparently supppse Buclid to use v. 11 in the last step 
of the present proof {Ratios ivhich are the same with thr same ratio are ahn the 
same jvith one another). I think it preferable to suj)i)ose that l^uclid regarded 
the last step as axiomatic ; since, by the definition of proportion, the first 
number is the same multiple or the same part or the same pavts of the second 
that the third is of the fourth: the assumption is no more than an assumption 
that the numbers or proper fractions which are respectively equal to the same 
number or proper fraction are equal to one another. 

Though the proposition is only proved of six numbers, the extension to as 
many as we please (as expressed in the enunciation) is obvious. 



Proposition 15. 

Ij an utiii Pleasure any Jiuuiber, and another number measure 
any other number the same number of times, alternately also, 
the unit ivill measure the third number the satne nutnber of 
iinies that l/ie second measures the fourth. 
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For let the unit A measure any number Bd 
and let another number D 

measure any other n u m ber EF -A- \ — % — — ? 
the same number of times ; p 

I say that, alternately also, the \ K t ? 

unit A measures the number 

D the same number of times that BC measures EF, 

For, since the unit A measures the number BC the same 
number of times that D measures EFy 

therefore, as many units as there are in BC, so many numbers 
equal to D are there in i5*/^also. 

Let BC be divided into the units in it, BG, GH, HC^ 

and EF into the numbers EK, KL, Z/^ equal to D, 

Thus the multitude of BG^ GH^ HC will be equal to the 
multitude of EK, KL, LF, 

And, since the units BG^ GHt HC are equal to one another, 

and the numbers EK, KL^ LF are also equal to one another, 

while the multitudL- of the units BG, Gil, IIC is equal to the 
multitude of the numbers EK, KL, LF, 

therefore, as the unit BG is to the number EK, so will the 
unit GH be to the number AX, and the unit HC to the 
number LF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents; [vn. 12] 

therefore, as the unit BG is to the number EK^ so is BC to 
EF. 

But the unit BG is equal to the unit A^ 

and the number EK to the number D. 

Therefore, as the unit A is to the number so is BC to 
EF. 

Therefore the unit A measures the number D the same 
number of times that BC measures EF, q. e. d. 

If there be four numbers z, m, a, Ma (such that i measures m the same 

number of times that a measures ina), I measures a the same number of 
times that m measures tna. 

Except that the first number is unity and the numbers arc said to measure 
instead of being a part of others, this proposition and its proof do not differ 
from vu. 9; in fact this proposition is a particular case of the other. 
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Proposition i6. 

1/ two numbers by multiplying one another maJte certain 
numbers^ the numbers so produced will be equal to one another. 

Let A, B two numbers, and let A by multiplying B 
make C, and B by multiplying 

A make D ; /^ 

I say that C is equal to D. b 

For, since A by multiply- c — 

\x\\r /) has made C 0 • 

therefore B rrjeasures C ac- E 

cording to the units in A, 

But the unit E also measures the number A according to 
the units in it ; 

therefore the unit E measures A the same number of times 
that B measures C. 

Therefore, alternately, the unit E measures the number B 
the same number of times that A measures C. [m 15] 

Again, since B by multiplying A has made Z>, 

therefore A measures D accordine^ to the units in B. 

But the unit £ also measures B according to the units 
in it ; 

therefore the unit E measures the number B the same 
number of times that A measures D» 

But the unit E measured the number B the same number 
of times that A measures C ; 

therefore A measures each of the numbers C, D the same 
number of times. 

Therefore C is equal to D. q. e. d. 

1. The numbers so produced. Tlic tJrcok has oJ ytvi^tvoi oi/twk, "the (nunil»ers) 
produced from ihau.' By "from them" Euclid means "from the original numbers,' though 
tkis is not TC17 dear even in the Greek. I think Mnbiguity is best Kvoided \gf leaving out 
the woirds. 

This proposition proves that, if any numbers be muitt^tied iogetketf tke order 

of multiplication is indifferent, or ab ha. 

It is important to get a clear understanding of what Euclid means when 
he speaks of ^ number multiplying anatker, vti. Def. 15 states that the 
effect of "a multiplying Is taking a times h. We shall always represent 
"a times by al> and " /' times a" by ba. This bein^' premised, tfie proof 
that ab = ba may be represented as follows in the language of proportions. 
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By VII. Def. 20, i a - b ab. 

Therefore, alternately, i : b = a : ab. [vii. 13] 

Again, by vii. Def. 20, \ : b - a : ba. 

Therefore a ab~a : ba^ 

or ab = ba. 

Euclid does not use the language of proportions but that of ftactions or 
their e(iuivalent measures, quoting vii. 15, a particular case of vii. 13 
differently expressed, instead of vii. 13 itself. 

Proposition 17, 

If a number by multiplying hvo luimbcrs make certain 
numbers, the nu fibers so produced will have the same ratio 
as the ftumbers fnultiplied. 

For let the number A by multiplying the two numbers B, 

C make D, E ; 

I say that, as B is to C, so is D to E, 

For, since A by multiplying B has made 
therefore B measures D according to the units in A, 

A 



B o- 



— F 

But the unit F also measures the number A according to 

the units in it ; 

therefore the unit F measures the number A the same number 
of times that B measures D. 

Therefore, as the unit F is to the number At^'v& B \x> D* 

[vn. DeC 30] 

For the same reason, 
as the unit F is to the number A^ so also x&Ckq E\ 
therefore also, as ^ is to A so is C to 

Therefore, alternately, as is to C, so is Z> to [vn. 13] 

Q. E. D. 

b \ c^ab \ ac. 

In this case Euclid translates the language of ineasuies into that of 
proportions, and the proof is exactly like that set out in the last note. 

By VII. Def. ao^ i xa^biabt 

and I : o-cxoc 

Therefore b i ab^c i at, 

and, altenuLtely, bit^^ i ac. [vn. 13] 
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Proposition 18. 

If two numbers by tmUHplying any number make certain 
numbers, the numbers so produced will have the same ratio as 

the multipliers* 

For let two numbers A, B hy multiplying any number C 

make D, E \ 

I say that, as is to i^, so is c ^ 
toE. ^ 



For, since A by multiplying e 

C has made D, 

therefore also C by multiplying A has made D, [vn. 16] 

For the same reason also 

C by multiplying B has made E, 

Therefore the number C by multiplying the two numbers 
At B has made D, E. 

Therefore, as ^ is to B^ so is D to E, [vii. 17] 

It is here proved that a\b^ec\bc 
The atgument is as follows. 

a£=^ca, [VII. 16] 

Similai'ly 6€=^. 
And a '. b = ca'. cb] [vil. 17] 

therefore a : b = ac: be. 



Proposition 19. 

J f four niiuibo'S he proportional, the number produced frofn 
the first and fourth luill be equal to the nujutyer produced from 
the second ajid third; and, if the nuruber produced /ro??i the 
first and Jourth be equal to that produced from the second and 
thirdy the Jour numbers ivill be proportional. 

Let A, B, C, be four numbers in proportion, so that, 
as ^ is to ^, so is C to ; 

and let A by multiplying D make E, and let B by multiply- 
ing C make F\ 
I say that E is equal to F. 

For let A by multiplying C make G. 
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Since, then, A by multiplying C has made and by 
multiplying D has made E, 
the number A by multiplying the two 
numbers C, D has made G, E, 

Therefore, as C is to Z?, so is ^ to E, 

[vii. 17] 

But, as C is to so is to ^ ; 

therefore also, as A is to B, so is G 
to E. 

Again, since A by multiplying C 

has made 6r, 

but, further, B has also by multiplying 

C made /% 

the two numbers A^ B by multiplying a certain number C 
have made F, 

Therefore, as is to so is 6^ to /^ [vii. 18] 

But further, as A is to so is G to E also ; 

therefore also, as is to so is 6^ to F, 

Therefore G has to each of the numbers E^ Fi^<t same 
ratio; 

therefore E is equal to F. [cT. v. 9] 

Again, let E be equal to F\ 
I say that, as A is to so is C to D. 

For, with the same construction, 
since E is equal to F, 

therefore, as G is to £t so is G to /^ [cf. v. 7] 

But, as 6^ is to so is C to Z>, [vii. 17] 

and, as ^ is to ^, so is ^ to ^. [vii. 18] 

Therefore also, as A is to B^ so is C to D. 

Q. E. D. 



■ If ait^cid, 

then ad-hci and conversely. 

The proof is equivalent to the following. 
(i) aciad^c.d 

sa : A 

But a\b^ae\bc. 
Therefore ae\ad^ac\he^ 
or ad^ic 



[vn. 17] 
[vii. 18] 
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(2) Since adafic^ 

But ac\ad^€idt . [vii. 17] 

and ae:hc~a:b, [vn. 18] 

Therefore a : b-c \ d. 



As indicated in the note on vn. 14 above, Heiberg regards Euclid as 
basing the inferences contained in the last step of part (i) of this proof and 
in the first step of part (2) on the propositions v. 9 and v. 7 respectively, 
since he has not proved those propositions separately for numbers in this 
Book. I prefer to suppose that he rci^anlcd the inferences as ob\nous and 
not needing proof, in view of the dctmition of numbers which are in pro- 
portion. E.g., if ac is the same fraction (" part " or "parts ") of ad that ac is 
of it is obvious that ad must be equal to be. 

Heibog omits from his text here, and relegates to an Appendix, a 
proposition ap|>earing in the manuscripts V, p, 0 to the effect that, if three 
numbers be proportional, the product of the extremes is equal to the square 
of the mean, and conversely. It does not appear in P in the first hand, B has 
it in the niaigin only, and Campanus omits it, remarking that Eudul does 
not give the proposition about three proportionals as he does in vi. 17, since 
it is easily proved by the proposition just giv'en. Moreover an-Nairizi ijuotus 
the proposition about three proportionals as an obseniation on vii. 19 probably 
due to Heron (who is mentioned by name in the preceding paragraph). 



Proposition 20. 



B 



The least numbers of those which have the same ratio with 
them measure those whuh have the same ratio the same number 
of times^ the greater the greater and the less the less. 

For let CD, EF be the least numbers of those which have 
the same ratio with A, ; 
I say that CD measures A the same number 
of times that EF measures B. 

Now CD is not parts of A. 
For, if possible, let it be so; 

therefore EF is also the same parts of B 
that CD is of [vn. 13 and Def. ao] 

Therefore^ as many parts of as there 
are in CD, so many parts of B are there also 

in EF. 

Let CD be divided into the parts of A, namely CG, GD, 
and EF into the parts of B, namely EH, HF\ 

thus the multitude of CG, GD will be equal to the multitude 
of EH, HF. 



H 
F 
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Now, since the numbers C(j, GD are equal to one another, 
and the numbers /: //, IIF are also equal to one another, 

while the multitude of CCr, GD is equal to the multitude of 
EH, HF, 

therefore, as CG is to EHt so is GD to HF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents. [vii. la] 

Therefore, as CG is to EH, so is CD to EF. 

Therefore CG, EH are in the same ratio with CD^ £F, 
being less than they : 

which is impossible, for by hypothesis CD, EF are the least 
numbers of those which have the same ratio with them. 

Therefore CD is not parts of A ; 

therefore it is a part of it. [vii. 4] 

And EF is the same part of E that CD is of ^ ; 

[vn. 13 and Def. 20] 

therefore CD measures A the same number of times that EF 
measures B, 

Q. E. D. 

If a, d are the least numbers among those which have the same ratio 
(i.e. if ajlt is a fraction in its lowest terms), and d are any others in the same 
ratio, Le. if 

then a^-c and ^ = - </, where n is some int^ser. 

The proof is by reductio ad absurdum, thus. 

[Since a <c, a is some proper fraction ("part" or "parts") of by vn. 4.] 
Now a cannot be equal to where m is an integer less than n but 
greater than i. 

For, if = - r, ^ d alsa fvu. 13 and Def. aol 

Take each of the m parts of a with each of the m parts of two and two ; 

the ratio of the members of all pairs is the same ratio — a ; — ^. 
Therefore 

— « : — ; 3. [vii. 12] 

mm -* 

But — a and — ^ are respectively less than a, b and they are in the same 
m m 

ratio : which contradicts the hypothesis. 

H. s. II. 21 
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Hence a can only be *'a part" of or 

a is of'the form - 
a 

and therefore ^ is of the form ^ i. 

n 

Here also Hciberg omits a proposition which was no doubt interpolated 
by Theon (B, V, p, <^ have it as vii. 22, but P only has it in the margin 
and in a later huid; Campanus also omits it) pro>nng for numbers the ex 
aequali proposition when '* the proportion is perturbed," Le. (cf. enunciation 



of V. 22) if 

a.h^e.f, (i) 

and b : c : e, (2) 

then a : c - d : f. 

'1 iic proof (see Heiberg's Appendix) depends on vii. 19. 
From (i) we have a/^be^ 
and from (2) ht—dL [^'1^-19] 

Therefore 

and accordingly a'.e-dif. [^^1-19] 



Proposition 21. 

Numbers prime to one another are the least of those which 
have the same ratio with them. 

Let A, B he numbers prime to one another; 
I say that . B are the least of 

those which have the same ratio 1- 
with them. ^ b ^ ° 1 

For, if not, there will be some 
numbers less than A, B which are ^ 
in the same ratio with A^ B, 

Let them be C D. 

Since, then, the least numbers of those which have the 
same ratio measure those which have the same ratio the 
same number of times, the greater the greater and the less 
the less, that is, the antecedent the antecedent and the 
consequent the consequent, [vn. 20] 

therefore C measures A the same number of times that D 
measures B, 

Now, as many times as C measures A^ so many units let 
there be in 

Therefore D also measures B according to the units in £, 
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And. since C measures A according to the units in 

therefore £ also measures A according to the units in C. 

[vii. i6j 

For the same reason 
£ also measures B according to the units in D. [vn. 16] 

Therefore B measures A^ B which are prime to one 
another ; which is impossible. [vn. Dcf. 12] 

Therefore there will be no numbers less than A^ B which 
are in the same ratio with A, B. 

Therefore A, B are the least of those which have the same 
ratio with them. 

Q. E. D. 

In other words, if a, ^ are prime to one another, the ratio a : ^ is " in its 
lowest terms." 

The proof is equivalent to the following. 

If nut, suppose that d are the least numbers for which 

[Eudid only supposes some numbers d in the ratio of a to ^ such that 
r<<i, and (consequently) d<.l'. It is however necessary to suppose that 
c, d are the least numbers in that ratio in order to enable vn. ao to be 

used in the proof.] 

Then [vn. 20] a - mc^ and b — md^ where m is some integer. 

Therefore a^m, b-dm^ [vn. 16] 

and m is a common measure of a, by though these are prime to one anoUior: 
which is impossible. [vn. Def. lal 

Thus the least numbers in the ratio of « to ^ camiot be less than «, b 

themselves. 

Where 1 have quoted vn. i6 Heiberg regards the reference as being lu 
vti. 15. I think the phraseology of the text combined with that of DeC 15 
suggests the former rather than the latter. 



Proposition 22. 

The least numbers of those which have the same ratio with 
them are prime to one another. 

Let A, B he the least numbers of those which have the 
same ratio with them ; . 

A — — — ^— — — — — 

I say that A, B are prime to one ^ 

another. 

For, if they are not prime to one ^ 

another, some number will measure g 

them. 

Let some number measure them, and let it be C 

a I — a 
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And, as iiiany limes as C measures A, so many units 
let there be in 

and, as many times as C measures so many units let there 
be in B. 

Since C measures A according to the units in D, 
therefore C by multiplying D has made A, [vii. Def. 15J 

For the same reason also 

C by multiplying E has made B, 

Thus the number C by multiplying the two numbers D, 
E has made A, B ; 

therefore, as D is to E, so is ^ to i9 ; [vii. 17] 

therefore D, E are in the same ratio with being less 

than they : which is impossible. 

Therefore no number will measure the numbers A^ B, 
Therefore A^ B are prime to one another. 

Q. E. D. 

\{ a '. b is " in its lowest terms,'' ^ are prime to one another. 

Again the proof is indirect. 

If b are not prime to one another, they have some common measure 
and 

Therefore mxn^a -.b. [vn. 17 or 18] 

f?iit 771, 71 are less than a, b rcs[)ectively, so that a\b \& not in its lowest 
terms : wliicii is contrary to the hypothesis. 
Therefore etc. 



Proposition 23. 

JJ tivo numbers be prime to o?ie another, the number which 
measures the one of them will be prime to the remaining 
number. 

Let A, be two numbers prime to one another, and let 

any number C measure A ; 

I say that C, B are also prime to one another. 

For, if B are not prime to one another, 
some number will measure C, B, 

Let a number measure them, and let it be D, 

Since D measures C, and C measures A^ \ 
therefore D also measures A, a b c o 

But it also measures B ; 
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therefore D measures A, B which are prime to one another : 
which is impossible. [vii. Def. la] 

Therefore no number will measure the numbers C B, 
Therefore C, B are prime to one another. 

Q. E. D. 

If a, mb are prime to one another, h is prime to a. For, if not, some 
number d will measure both a and ^, and therefore both « and : which is 

contrary to the hypothesis. 
Therefore etc. 

Propositton 24. 

// /tl V) numbers be prime to any number, ikeir product also 
will be prune to the same* 

For let the two numbers A, B ha prime to any number C, 
and let A by multiplying B make D ; 

I say that C D are prime to one another. 

For, if C ^ are not prime to one another, 

some number will measure C, D. 

Let a number measure them, and let it 1b 
be B. 

Now, since C, A are prime to one 
another, 

and a certain number E measures C, 

therefore A, £ are prime to one another. [vn. 23] 

As many times, then, as £ measures so many units let 
there be in 

therefore £ also measures D according to the units in £. 

[vii. 16] 

Therefore £ by multiplying £ has made D, [vii. Def. 15] 

But, further, A by multiplying B has also made D ; 

therefore the product of £, £ is equal to the product of A, B, 

Hut. if the product of the extremes be equal to that of the 
means, the four numbers are proportional ; [vii. 19] 

therefore, as £ is to A, so is B to £. 

But A, E are prime to one another, 
numbers which are prime to one another are also the least of 
those which have the same ratio, [vii. ai] 

and the least numbers of those which have the same ratio 
with them measure those which have the same ratio the same 
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number of times, the greater the greater and the less the less, 
that is, the antecedent the antecedent and the consequent the 
consequent ; [vii, 20] 

therefore E measures />. 

But it also measures C ; 

therefore E measures C which are prime to one another : 
which is Impossible. [vn. Def. la] 

Therefore no number will measure the numbers Q D. 
Therefore C, D are prime to one another. 

Q. E. D. 

1. their product. 6 adrwr Yey6^»>of, literally " the (number) produced front them," 
will henceforth be tnuidated ss "their pradnet.** 

If <i, b arc ix)th prime to ^, then ab^ c are prime to one another. ■ 
The proof is again by reduOh ad ahsurthtm. 

If af>, c are not prime to one anotiier, let them be measured by d and be 

equal to mdy mi, say, respectively. 

Now, since a, c are prime to one another and d measures 

a, d are prime to one another. [vii. 23] 

But, since ab = mdy 

d . a = b : m. [vn. 19] 

Therefore [vii. 20] d measures b, 

m b^pdy say. 

But e-nd. 
Therefore d measures both b and ^, which are therefoie not prime to one 
another : which is impossible. 
Therefore etc 

Proposition 25. 

If two numbers be prime to one another^ the product of one 
of them into itself will be prime to the remaining one. 

Let Ay B be two numbers prime to one another, 
and let A by multiplying itself make C \ 
I say that B, C are prime to one another. 

For let D be made equal to A, 

Since B are prime to one another, 1 b 

and A is equal to 

therefore D, B are also prime to one another. 

Therefore each of the two numbers A is 
prime to B ; 

therefore the product of Z?, A will also be prime to B. [vii. 24] 
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But the number which is the product of D, A is C 
Therefore C» B are prime to one another. q. e. d. 

I. the product of one of them into itself. The Greek, b (k tov ivht avrwv y(i>6fityoitt 
literally " the namber produced from the one of them," leaves " multiplied into itself" to be 
imdentood* 

If a, d are prime to one another, 

(i- is prime to A. 

Euclid takes equal tu a, no that </, a arc both prime to /k 
Hence^ by vii. 24^ da^ i.e. a*, is prime to ^. 

The proposition is a particular case of the preceding proposition ; and the 
method of proof is by substitution of different numbers in the result of that 
proposition. 

Proposition 26. 

If two numbers be prime to two numbers^ both to each, their 
promts also will be prime to one another. 

For let the two numbers A, B be prime to the two 
numbers C, both to each, 

and let A by multiplying B a_ q 

make E, and let C by multi- q o 

plying D make F\ ^ 

I say that E, E are prime to p 

one another. 

F"or, since each of the numbers A, B is prime to C 
therefore the product of A, B will also be prime to C. [vn. 34] 

But the product o( At B is £ ; 
therefore £, C are prime to one another. 

For the same reason 
£, D are also prime to one another. 

Therefore each of the numbers C, D is prime to E. 

Therefore the product of C, D will also be prime to E. 

[vii. 24] 

But the product of C D is F, 

Therefore i^are prime to one another. q. e. d. 

If both a and b are prime to each of two numbers ^, then o^, cd will be 
fffime to one another. 

Since a, ^ are both prime to 

ab, c are prime to one another. [vtL 34] 

Similarly ab^ d are prime to one another. 

Therefore c, d both prime to ab, 

and so therefore is cd, [vii. a4] 
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Proposition 27. 

If two numbers he prime to one another^ and each by 
multiplying itself make a certain number^ the products will be 
prime to one another; and, if the original numbers by multi- 
plying the products make certain nuniers^ the loiter will also 
be prime to one another [and this is always the case with the 
extremes'i, 

Let B be two numbers prime to one another, 

let A by multiplyini^ itself make C, and by 
multiplying C make V, 

and let B by multiplying itself make £, and 
by multiplying I£ make I^; 

1 say that both C, E and F are prime 
to one another. 

For, since B are prime to one another, 
and A by multiplying itself has made C, 
therefore C, B are prime to one another. [vn. 25] 

Since then C, B are prime to one another, 
and B by multiplying itself has made Ey 
therefore C, E are prime to one another. \id.\ 

Again, since A, B are prime to one another, 
and B by multiplying itself has made 

therefore A^ E are prime to one another. [a/.] 

Since then the two numbers A^ C are prime to the two 
numbers B^ E, both to each, 

therefore also the product of A, C is prime to the product of 

Bf E, [vii. 26] 

And the product of . C is and the product of B, E 
is F. 

Therefore D, F are prime to one another. 

Q. E. D. 

If ^7, b are prinic to one another, so are a\ ^ and SO are and, 
generally, a", tf^ arc prime to one another. 

The words in the enunciation which assert the truth of the proposition for 
affjr powets are suspected and bracketed by Heibeig because (i) in vcpt roftc 

oKpov? the use of aicpot is peculiar, for it can only mean " the last products,** 
and (2) the words have nothing corresponding to them in the proof, much 
less is the generalisation proved. Campanus omits the words in the enuncia- 
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tion, though he adds to the proof a remark that the jiroposition is true of any, 
the same or different, powers of a, b. Heiberg concludes that the words are 
an interpobtion of date earlier than Tbeon. 
Euclid's proof amounts to this. 

Since a, ^ are prime to one another, so are a*, ^ [vii. 35],.and therefore 
also a^ [vii. 25] 

Similarly [vii. 25] a, ^ are prime to one another. 

Therefore a* and ^ satisfy the description in the enunciation of 
VII. 26. 

Hence a', if are prime to one another. 



Proposition 28. 

If two niu)ibers be prime to one another, the sum ivill also 
be prime to each of them ; and, if the sum of two numbers be 
prime to any one of t/iem^ the original numbers will also be 
pri?ne to one another. 

For let two numbers AB^ BC prime to one another be 
added; 

1 say that the sum AC is also prime x a 6 

to each of the numbers AB, BC. 

o 

For, if CA, AB are not prime to 
one another, 

some number will measure CA, AB, 

Let a number measure them, and let it be Z?. 
Since then D measures CA, AB, 

therefore it will also measure the remainder BC, 

But it also measures BA ; 

therefore D measures AB, BC which are prime to one another: 
which is impossible. [vii. Def. 12] 

Therefore no number will measure the numbers CA, AB\ 
therefore CA, AB are prime to one another. 
For the same reason 

AC, CB are also prime to one another. 

Therefore CA is prime to each of the numbers AB, BC 

Again, let CA^ AB be prime to one another ; 

I say that . IJJ, BC are also prime to one another. 

For, \f AB, BC are not prime to one another, 
some number will measure AB, BC, 
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Let a number mrasure them, and let it be D. 
Now, since D measures each of the numbers AB^ BC, it 
will also measure the whole CA. 
But it also measures A B \ 

therefore D measures CA^ AB which are prime to one another: 
which is impossible. [vn. Def. 12] 

Therefore no number will measure the numbers AB^ BC, 
Therefore AB^ BC are prime to one another. 

Q. E. D. 

If tf, ^ are prime to one another, a-¥b wU! be prime to both a and b\ and 
conversely. 

For suppose {n + h), a arc not prime to One another. They must then 
have some common measure d. 

Therefore d also divides the difference (<i + ^) - a, or ^, as well as a ; and 
therefore a, ^ are not prime to one another: which is contrary to the 
hypothesis. 

Therefore a + b\s prime to a. 

Similarly a + ^ is prime to b. 

The converse is provctl in the same way. 

Heiberg remarks on Euclid's assumption that, if c measures both a and 
it also measures a±b. But it has already (vn. i, 9) been assumed, more 
generally, as an axiom that, in the case supposied, c measures a±pb. 



Proposition 29. 

Any prime number is prime to any number which it does 
not measure. 

Let ^ be a prime number, and let it not measure B ; 
1 say that B, A are prime to one another. 

For, if Bt A are not prime to one a 

another, B 

some number will measure them. — c 

Let C measure them. 

Since C measures B, 
and A does not measure B, 
therefore C is not the same with A, 

Now, since C measures B, A, 

therefore it also measures A which is prime, though it is not 

the same with it : 

which is impossible. 
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Therefore no number will measure y i. 
Therefore A, B are prime to one another, 

Q. E. D. 

If a is prime and does not measure then a^bm prime to one another. 
The proof is self-evident 

Proposition 30. 

If two numbers by multiplying one another make some 
number, and any prime number measure the product^ it will 
also measure one of the original numbers. 

For let the two numbers //, B by multiplying one another 



make C, and let any prime number 

D measure C ; ^ 

I say that D measures one of the q 

numbers Ay B. c 

For let it not measure A. o 

Now D is prime ; E 

therefore D are prime to one 

another. [vn. 29] 



And, as many times as D measures C, so many units let 
there be in 

Since then D measures C according to the units in 

therefore D by multiplying E has made C [vn. Def. 15] 

Further, A by multiplying B has also made C; 

therefore the product of Z7» ^ is equal to the product of 
A, B, 

Therefore, as D is to . 7, so is B to E. [vn. 19] 

But D, A are prime to one another, 
primes are also least, [vii. 21] 

and the least measure the numbers which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent ; [vn. 20] 

therefore D measures £, 

Similarly we can also show that» if D do not measure B^ 
it will measure 

Therefore D measures one of the numbers A, B. 

Q. £. D. 
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If a prime number, measure ab^ c will measure either a or b. 
Suppose e does not measure a. 

Therefore a are prime to one another. [vil 39] 

Suppose ab^mc 

Therefore c:a^d:m, [vit. 19] 

Hence [vH. 20, 2t] r measures A 

Similarly, if c does not measure ^, it measures a. 
Therefore it measures one or other of the two numbers a, d. 



Proposition 31. 

Anjf composite number is measured by some pritne number. 

Let ^ be a composite number ; 
I say that A is measured by some prime number. 

For, since A is composite, 

5 some number will measure it a 

Let a number measure it, and let it b 

be B. 0 

Now, if B is prime, what was en- 
joined will h;i\-(' been done. 
10 But if it is composite, some number will measure it 
Let a number measure it, and let it be C 
Then, since C measures 

and B measures 

therefore C also measures A, 

15 And, if C is prime, what was enjoined will have been 
done. 

But if it is composite, some number will measure it 
Thus, if the investigation be continued in this way, some 

prime number will be found which will measure the number 
ao before it, which will also measure A, 

For, if it is not found, an infinite series of numbers will 

measure the number A, each of which is less than the other : 

which is impossible in numbers. 

Therefore some prime number will be found which will 
25 measure the one before it, which will also measure A. 

Therefore any composite number is measured by some 
prime number. 

Q. E. D, 
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8. if B is prime, what was enjoined will have been done, Le. the implied 

problem of finding a prime number which measures A. 

18. some prime number will be found which will measure. In the Greek the 
sentence stops here, but it is necessary to add the words " the number before it, which will 
also measure which are foand a few tines further down. It is possible that the words 
may have fallen ont of P here by a simple mistake due to hiiowriKuvnm (Heiberg). 

Heiberg relegates to the Appendix an alternative proof of iliis proposition, 
to the following effect. Since A is composite, sonic number will measure it. 
Let .ff be the Uasf such number. I say that B is prime. For, if not, B is 
€x>mposite^ and some number will measure it, say C; so that C is less than B. 
But, since C measures B, and B measures //, C must measure A, And C is 
less than £ : which is contrary to the hypothesis. 



Proposition 32. 

A ny number either is prime or is measured by some prime 
number. 

Let Ah^2i number; 

I say that A either is prime or is measured by some prime 
number. 

If now A is prime, that which was a 

enjoined will have been done. 

But if it is composite, some prime number will measure it 

[VII. 31] 

Therefore any number either is prime or is measured by 
some prime number. 

Q. B. D. 



B 



H 



Proposition 33. 

' * Given as many numbers as ivc please^ to find the least of 
those 10 kick have the same ratio with them. 

LttA, B, C be the given numbers, as many as we please ; 
thus it is required to find the least of 
5 those which have the same ratio with 

A, B, C, 

A, B, C are either prime to one 
another or not. 

Now, i( A, B, C are prime to one 
to another, they are the least of those 
which have the same ratio with them. ^ 

[vii. 21] 

But, if not, let D the greatest common measure oi A, B, C 
be taken, [vii. 3] 
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and, as many times as D measures the numbers B, C 
IS respectively, so many units let there be in the numbers 

£, Ft G respectively. 

Therefore the numbers E, G measure the numbers 
B, C respectively according to the units in D. [vii. i6] 

Therefore £, G measure A, B, C the same number of 
ao times ; 

therelore G are in the same ratio with A^ B, C. ' 

[vii. Dcf. 20] 

I say next that they are the least that are in that ratio. 
For, if E, F, G are not the least of those which have the 
same ratio with A, B, C, 

»S there will be numbers less than £, F, G which are in the 
same ratio with A^ By C. 

Let them hGH, L\ 

therefore H measures A the same number of times that the 
numbers L measure the numbers B, C respectively. 

30 Now, as many times as // measures A^ so many units let 
there be in M ; 

therefore the numbers A', L also measure the numbers B^ C 
respectively according to the units in M. 

And, since H measures A according to the units in 

35 therefore M also measures A according to the units in H, 

[vii. 16] 

For the same reason 

M also measures the numbers B^ C according to the units in 
the numbers L respectively ; 

Therefore M measures A, B, C 
40 Now, since H measures A according to the units in M, 
therefore H by multiplying M has made A, [vit. Def. 15] 
For the same reason also 

E by multiplying D has made A. 

Therefore the product of E, D is equal to the product of 

Therefore, as E is to //, so is M to D, [vii, 19] 

But E is greater than H \ 

therefore M is also greater than Z>. 

And it measures A^B^ C\ 
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50 which is impossible, for by hypothesis D is the greatest 
common measure oi A, B, C 

Therefore there cannot be any numbers less than G 
which are in the same ratio with A, B, C, 

Therefore G are the least of those which have the 
55 same ratio with A, B, C. 

Q. B. D. 

17. the numbers £, F, G measure the numbers A, B, C respectively, 
litenulj (as usual) "each of the numlicrs G measures each of the numbers A, 

B, cr 

Given any numbers a, <r, to And the least numbers that aie in the 
same ratio. 

Euclid's method is the obvious one, and the result is verified by ntbtetio 

ad absurd urn. 

We will, like Euclid, take three numbers only, a, b, c. 

Let ^, their greatest common measure, be found [vii. 3], and suppose that 

a - mg^ i.e. gm^ [vii. i6j 

b = ng, i.e. gn. 

It follows, by VII. Def. ao, that 

m^n^P shall be the numbers required. 

For, if not, let .r, ,v, s be the least numbers in the same ratio as ^, 

being less than m, n,j>. 

Therefore a - Lx (or xk, vii. 16), 

b = k}' (or >■/•), 

£ = At (or zk)f 

where A is some integer. [vii. 20] 

Thus mg=a = xk. 

Therefore m :x~A :g. [vii. r9] 

And m> x'f therefore k>g. 

Since then k measures a, ^, r, it follows that g is not the greatest common 
measure: which contradicts the hypothesis. 
Therefore etc 

It is to be observed that Euclid merely supposes that jc, ^, z are smaller 
numbers than w, «, / in the ratio of a, l>, c ; but, in order to justify the next 
inference, which apparently can only depend on vii. 20, Xty, z must also be 
assumed to be the Utui numbers in the ratio of a, b, c. 

The inference from the last proportion that, since m > jr, ^ > ^ is supposed 
by Heiberg to depend upon vii. 13 and v. 14 together. I prefer to regard 
Euchd as making the inference quite independently of Book v. £.g., the 
proportion could just 2^ well be written 

X \m-g \ 

when the definition of proportion in Book vri. (Def. 20) gives all that we want, 
since^ whatever proper fraction is of sv, the same proper fraction vigtlLk, 
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Proposition 34. 

Given two numbers, to find the least number which tJuy 
measure. 

Let At B\)G the two given numbers ; 

thus it is required to find the least number which they 
measure. 

Now A, B are either prime to one b 

another or not. ^ 

First, let A^ B be prime to one p 

another, and let A by multiplying B 

make C; ^ ^ 

therefore also B by multiplying A has 

made C. [vn. 16] 

Therefore A, B measure C. 

I say next that it is also the least number they measure. 
F"or, if not. A, B will measure some number which is less 
than C. 

Let them measure D. 

Then, as many times as A measures so many units let 

there be in E, 

and, as many times as B measures so many units let there 

be in F \ 

therefore A by multiplying E has made 

and B by multiplying F has made D ; [vn. Def. 15} 

therefore the product of A^ E is equal to the product of B, F. 

Therefore, as A is to B, so is F to E, [vn. 19] 

But A, B are prime, 
primes are also least, [vii. 21] 

and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and tlu- less 
the less ; [ui. ^o] 

therefore B measures /:", as conse{|uent consequent. 

And, since A by multiplying B, E has made C, U, 
therefore, as is to so is C to [vn. 17] 

But B measures E ; 
therefore C also measures D, the greater the less : 
which is impossible. 
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Therefore B do not measure any number less than C ; 
therefore C is the least that is measured by A, B, 

Next, A, B not be prime to one another, 

and let E, the least numbers of those which have the same 
ratio with A, B, be taken ; [vn. 33] 

therefore the product of A, £ is equal to the product of B, F. 

And let A by multiplying E 

make C ; A B 

therefore also B by multiplying F p c 

has made C ; 

therefore A, B measure C. o 

I say next that it is also the least q h 

number that they measure. 

For, if not, A^ B will measure some number which is less 

than C. 

Let them measure D. 

And, as many times as A measures so many units let 
there be in Cr, 

and, as many times as B measures so many units let there 
be in H, 

Therefore A by multiplying G has made Z>, 
and B by multiplying H has made D. 

Therefore the product of A^ G is equal to the product of 

B. H ; 

therefore, as A is to so is // to G, fvii, 19] 

But, as A is to B, so is F to E. 
Therefore also, as F\& to £, so is H to G, 
iiut E are least, 

and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the 
less the less ; [vn. 20] 

therefore E measures G, 

And, since A by multiplying E, G has made C, D, 

therefore, as E is to G, so is C to D, [vn. 17] 

But E measures G ; 
therefore C also measures the greater the less : 
which is impossible. 

M. B. ti. 39 
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Therefore y^, B will not measure any number which is less 
than C 

Therefore C is the least that is measured by A, B. 

Q. E. D. 

This is the problem of finding the kaa common muiiipie of two numbers, 
as a, d, 

I. If 0, ^ be prime to one another, the ucm. is o^. 

For, if not, let it be d, some number less than ah. 

Then d = ma ~ nfi, where w, n are integers. 

Therefore a : h - n : Wt 

and hence, a, d being prime to one another, 

h measures m. 

But h: m^ahiom 

^abid. 

Therefore measures d; which is impossible. 

II. If a, h hv not prime to one another, find the numbers which are the 
least of those liuving the ratio of a to V', suy w, « ; 

then a : b = m '. 

and an-^m say) ; 

c is then the ucm. 

For, if not, let it be ^ (< c), so that 

ap^bq d, where q tcrt integers. 



[vii. i9j 

[Vll. 20^ 3l] 

[vii. 17] 



[vii. 33J 
[VII. 19] 



Then 

whence 
so that 

And 
so that 

which is impossible. 
Therefore etc. 

By VII. 33, 



a-.h-^q-.p, 
m : n~q '. /, 
n measures p. 
n \ p^ an x ap^t dt 
c measures d : 



[vii. 19] 
[vii. 20^ 21] 




where g is the g.c.m. of rt, b. 



Hence the L.C.M. is — . 

g 
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Proposition 35. 

If two numbers measure any number, ilie kast number 
measured by them will also measure the satne. 

For let the two numbers A, B measure any number CD, 
and let E be the least that they 
measure ; ^ P ^ 

I say that £ also measures CD, ^ ' ^ 

For, if E does not measure ^ 
CD, let £y measuring DF, leave CF\es& than itself. 

Now, since A, B measure E^ 
and E measures DF^ 
therefore A, B will also measure DF, 

But they also measure the whole CD ; 

therefore they will also measure the remainder CF which is 

less than £ : 

which is impossible. 

Therefore E cannot fail to measure CD ; 
therefore it measures it 

Q. E. D. 

The /east common multiple of any two numbers must measure any other 
common multiple. 

The proof is obvious, depending on the fact that, if any number divides a 
and d, it also divides a~/d. 



Proposition 36. 

Given three numbers^ to find tlie least number which they 

measure. 

Let At B, C be the three given numbers ; 
thus it is required to find the least 
number which they measure. a 

Let the least number mea- b 

sured by the two numbers A, B, c 

be taken. [vn. 34 J d 

Then C either measures, or e 

does not measure, D, 

First, let it measure it. 
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But A, B also measure D ; 

therefore A, B, C measure D, 

I say next that it is also the least that they measure. 
For, if not, A^ C will measure some number which is 
less than D. 

Let them measure E, 
Since A^ B, C measure 

therefore also A, B measure E, 

Therefore the least number measured by B will also 
measure Ji. [vu. 35] 

But D is the least number measured b) . 7, B \ 

therefore D will measure the greater the less : 

which is impossible. 

Therefore A^ B, C will not measure any number which is 
less than D ; 

therefore D is the least that A^ B, C measure. 

Again, let C not incasiu'e D, 

and let /f, the least number measured by ^ 

C B>, be taken. [vii. 34] 

Since A^ B measure q 

and D measures E, d 

therefore also A, B measure E, E 

But C also measures E ; ^ 

therefore also A^ C measure E. 

I say next that it is also the least that they measure. 
For, if not, A, B^ C will measure some number which 
is less than E, 

Let them measure F, 
Since A^ B^ C measure 

therefore also A^ B measure F\ 

therefore the least number measured by A^ B will also 
measure F, [vu. 35] 

But D is the least number measured by ^i, B ; 
therefore D measures F. 

But C also measures F \ 
therefore D, C measure F, 

so that the least number measured by Z^, C will also measure F, 
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But E is the least number measured by C, D\ 

therefore E measures the greater the less : 

which is impossible. 

Therefore C will not measure any number which is 

less than E, 

Therefore E is the least that is measured by Ay By C 

Q. E. D. 

Euclid's rule for finding ihe l.c:m. of tkne numbers a, ^, ^ is the rule with 
which we are familiar. The l.cm. of a« ^ is fiist found, say and then tiie 

L.C.M. of// and c is found. 

Euclid distinguishes the cases (i) in which c measures (2) in which c 
does not measure </. We need only reproduce the proof of the general case 
(3). The method is that of r^uOio ad aksurdim, 

IxJt e be the I..C.M. of dy €. 

Since a, b both measure dy and d measures €y 

Oy b both measure «. 

So does c. 

Therefore e is some common multiple of tf, by c. 
If it is not the kast^ let / be the uch. 
Now tf, b both measure/; 

therefore dy their l.cm., also measures / [vii. 35] 

Thus dy € both measure /; 

therefore ^, their l.c.m., measures /: [vii. 35] 

which is impossible, since / <€. 
Therefore etc. 

The process can be continued ad Ubitum, so that we can find the L.C.M., 
not only of three, but of as many numbers as we please. 



Proposition 37. 

If a nwnber be measured by any number, the number which 
is measured will have a part called by the same name as the 
measuring number. 

For let the number A be measured by any number B ; 
I say that A has a part called by the same 
name as B. a 

For, as many times as B measures Ay b 

so many units let there be in C ^ 

Since B measures A according to the d 

units in C, 

and the unit D also measures the number C according to the 
units in it, 
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therefore the unit D measures the number Cthe same number 
of times as B measures A, 

Therefore, alternately, the unit D measures the number B 
the same number of times as C measures A ; [vu. 15] 

therefore, whatever part the unit D is of the number the 
same part is C of ^4 also. 

But the unit D is a part of the number B called by the 
same name as it; 

therefore C is also a part of A called by the same name as 
so that A has a part C which is called by the same name as B. 

Q. E. D. 

If b measures a, then j th of a is a whole number. 

o 

Let a = m .b. 

Now pn = m . i. 

Thus I, w, b, a satisfy the enunciation of vii. 15 ; 
therefore m measures a the same number of times that i measures b. 

But I is ^th port of ^; 

therefore m is j th part of a. 



PROPOSmON 38. 

1/ a number have any part whatever, it will be measured 
by a number called by the same name as the part. 

For let the number A have any part whatever, B^ 

and let C be a number called by the same 
name as the part B ; 

I say that C measures A. * " 

For, since B is a part of A called by ® 

the same name as C, ^ 

and the unit D is also a part of C called ° 
by the same name as it, 

therefore, whatever part the unit D is of the number C, 

the same part is B of A also ; 

therefore the unit D measures the number C the same number 
of times that B measures A, 
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Therefore, alternately, the unit D measures the number B 
the same number of times that C measures A, [vil 15] 

Therefore C measures A, 

Q. E. D. 

This proposition is practically a restatement of the preceding proposition. 
It asserts that, if ^ is th part of tf^ 

i.e., if ^ = — <^ 

Ml 

then m measures «. 

We have d-- a. 

m 

and I s= — «r. 

m 

Therefore i, w, fi, n, satisfy the enunciation of vii. 15, and therefore m 
measures a the same number of times as i measures or 

I 



Proposition 39. 

To find ike numder wkuA is Uu least tfiat will have given 
parts. 

Let A, B, C be the i^iven parts ; 

thus it is required to find the number which is the least that 
will have the parts A, B, C. 

A B O 



Q 

H 

Let A ^> ^be numbers called by the same name as the 
parts At Bt C, 

and let G, the least number measured by D, E, /^ be taken. 

[vii. 36] 

Therefore G has parts called by the same name as />, E, F, 

[vii. 37] 

But A, B, Care parts called by the same name bsD,£,F; 
therefore G has the parts A,B, c. 

I say next that it is also the least number that has. 



Digitized by Google 



344 BOOK VII [vii. 39 

For, if not, there will be some number less than G which 
will have the parts A, C, 
Let it be H» 

Since H has the parts B, C, 
therefore H will be measured by numbers called by the same 
name as the parts A, B, C, [vn. 38] 

But Ey /^are numbers called by the same name as the 
parts Ay B, C; 

therefore // is measured by D, B, F, 

And it is leiss than G : which is impossible. 
Thcrelore there will be no number less than G that will 
have the parts A, C, 

Q. E. D. 

This again is practically a restatement in another form of the problem of 
finding the L.CM. 

To find a number whidi has - th, rth and - th parts. 

Let (i be the l,c.m. of a, c. 

Thus d has ^th, ^th and ^th parts. [vii. 37] 

If it is not die least number which has, let the least such number be c. 
Then, since e has those parts, 

t is measured by <t, c; and t<d: 

which is impossible. 



Ijiyiiizca by GoOglc 
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Proposition i. 

If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the numbers are the least of those which ttave the same ratio 
with them. 

Let there be as many numbers as we please, A, B, C, A 
in continued proportion, 

and let the extremes of them A E — 

A, D hit prime to one another; B F 

I say that A, B, C D are the © O 

least of those which have the ^ " M 

same ratio with them. 

For, if not, let F, G, H ho. less than A^ B, C, Z?, and 
in the same ratio with them. 

Now, since A, B, C\ D are in the same ratio with if, F^ 
G,H, 

and the multitude of the numbers A, B^ C, D is equal to the 

multitude of the numbers E^ F, G^ 

therefore, ex aequalit 

9&A is to Z^, so is .fi* to [vn. 14] 

But A^D zx^ prime, 
primes are also least, [vii. ai] 

and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent. [vn. 20] 



Digitized by Google 



346 BOOK VIII [viii. I, 2 

Therefore ^4 measures the greater the less : 

which is im[)ossil)le. 

Therefore £, F, G, H which are less than B, C, D 
are not in the same ratio with them. 

Therefore A, B, C, D are the least of those which have 
the same ratio with them. 

Q. E. D. 

What wc ( all a i^romctn'oi/ /*ro:^rcsuoH is with £ucli(l a series of terms "in 
continued proportion" (c^iys dvako-^ov). 

This proi)osition proves that, if a, c, ... ^ are a series of numbers in 
geometrical progression, and if a^kzn prime to one another, the series is in 
the lowest terms possible with the same common ratio. 

1 he proof is in form by rcdtidio ad ahsurdum. We should no doubt 
desert this form while retaining the substance. If a', b\ c\ ... k be any other 
series of numbers in ap. witfi the same common ratio as before, we have^ 
ex aequaUt 

a : k -a : k\ [vii, 14] 

whence, since a, k are jtrimc to one another, a, k measure a\k' respectively, so 
that a', k' are greater than a, k respectively. 

Proposition 2. 

Ta find numbers in continued proportioK^ as many as may 
be prescribed^ and the least that are in a given ratio* 

Let the ratio A to be the given ratio in least 
numbers ; 

thus it is required to find numbers in continued proportion, 
as many as may be prescribed, and the least that are in the 
ratio of A to B» 

A C 

B O 

e 

F Q 

H 

K 

Let four be prescribed ; 
let A by multiplying itself make C, and by multiplying B let 
it make D ; 

let B by multiplying itself make E\ 

further, let A by multiplying C, D, E make G, H, 
and let B by multiplying E make A. 
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Now, since A by miiltiplyinpf itself has made C, 
and by multiplying B has made D, 

therefore, as ^ is to B, so is C to D. [vu. 17] 

Again, since A by multiplying B has made D, 

and B by multiplying itself has made B, 

therefore the numbers A, B by multiplying B have made the 
numbers D, E respectively. 

Therefore, as A is to /A so is D to E, [vii. i8] 

But, as A is to i9. so is C io D \ 

therefore also, as 6" is to D, so is D to It, 

And» since A by multiplying C, has made 

therefore, as C is to Z?, so is Z'' to G» [vii. 17] 

But, as C is to D, so was A to B ; 

therefore also, sls A h to B, so is E to G. 

Again, since A by multiplying £ has made //, 

therefore, as is to i?, so is 6^ to [vn. 17] 

But, as /> is to ^, so is to 
Therefore also, as is to ^9, so is CP to If, 
And, since A, B by multipl) ing E have made H, /C, 
therefore, as ^ is to i9, so is to -AT. [vu. 18] 

But, as A is to B, so is E to G, and G to //. 
Therefore also, as F is to C, so is G to and // to A' ; 

therefore C, £>, E, and /s 6^, Zf, A' are proportional in the 
ratio of A to B. 

I say next that they are the least numbers that are so. 
For, since A, B are the least of those which have the 
same ratio with them, 

and the least of those which have the same ratio are prime 
to one another, [vu. 23] 

therefore A^ B are prime to one another. 

And the numbers A^ B by multiplying themselves re- 
spectively have made the numbers C, E^ and by multiplying 
the numoers C, E respectively have made the numbers K\ 
therefore C, E and F^ A' are prime to one another respectively. 

[VII. 27] 

But, if there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
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they are the least of those which have the same ratio with 
them. [vin. i] 

Therefore C, D, E and /% G, H, K are the least of those 
which have the same ratio with -nf, B, q. e. d. 

PoKiSM. From this it is manifest that, if three numbers 
in continued proportion be the least of those which have the 
same ratio with them, the extremes of them are squares, and, 
if four numbers, cubes. 

To find a series of numl^ers in geometrical progression and in the least 
terras which have a given common ratio (understanding by that term fke raiia 
of one term to the next). 

Ri -duce the given ratio to its lowest terms, say, a : b, (This can be done 
by vn. 33-) 

Then a*, <i'*-'/>, a"--^, ... ^rA""-, A" 

is the rctiuircd series of minibcrs if (// + i) terms are required. 

That this is a series of terms with the given common ratio is clear from 
VII. 17, 18. 

That the g.p. is in the smallest terms possible is proved thus. 

a, ^ are prime to one another, since the ratio a : ^ is in its lowest terms. 

[vii. 22] 

Therefore a", ^ are prime to one another ; so are a", ^' and, generally, 
a* ^. [vii. 27] 

Whence the g.p. is in the srn.illcst possible terms, by viii. r. 
The Porism ohst^rves that, if there are n terms in the series, the 
extremes are (« - i)th powers. 



Proposition 3. 

// as many ninnhers as we please in coniinned proportion 
be the least of those wkUh have the same rtUio with them^ the 
extremes of them are prime to one another. 

Let as many numbers as we please, B, C, i9, in con- 
tinued proportion be the least of those which have the same 
ratio with them ; 

A B 0 

D 

— E F 

Q H K 

L M N 

O 
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I say that the extremes of them A, D are prime to one 
another. 

For let two numbers the least that are in the ratio 
of A, B, C Z>, be taken, [vii, 33] 

then three others G, //, K with tht^ same property ; 

and others, more by one continually, [vm. 2] 

until the multitude taken becomes equal to the multitude of 
the numbers A, C, D, 

Let them be taken, and let them L, M, N, O, 
Now, since £, F zre the least of those which have the 
same ratio with them, they are prime to one another, [vn. aa] 
And, since the numbers B, F by multiplying themselves 
respectively have made the numbers K, and by multipl) ing 
the numbers G, K respectively have made the numbers Z, 

[vni. a, Por.] 

therefore both (7, A^and Z, O are prime to one another, [vn. ay] 

And, since //. C, D are the least of those which have 
the same ratio with them, 

while J/, iV, ^ are the least that are in the same ratio with 
A, B, C. A 

and the multitude of the numbers A^ B^ C, D is equal to the 
multitude of the numbers Z, 

therefore the numbers .1, B, C, D are equal to the numbers 
L, M, N, O respectively ; 

therefore A is equal to Z, and D to O, 

And Z, O are prime to one another. 
Therefore A^ D are also prime to one another. 

Q. s. D. 

The proof consists in merely ct^uating the given numbers to the terms of 
a series found in the manner of vni. a. 

If a, b, ... fc {'I terms) be a geonietrical progression in the lowi-st terms 
having a given common ratio, the terms must respectively l^e of the form 

found by viii. 2, where a : )3 is the ratio a : b expressed in its lowest terms, so 
that a, arc prime to one another [vii. 22J, and hence a""*, /3" ' are prime 
to one another [vn. ay]. 

But the two series must be the same, so that 
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Proposition 4. 

Given as man^ ratios as we please in least numbers^ to find 
numders in continued proportion which are the least in the 
given ratios. 

Let the given ratios in least numbers be that o{ A to By 
5 that of C to A and that of E to F\ 

thus it is required to find numbers in continued proportion 
which are the least that are in the ratio of A to in the 
ratio of C to Z>, and in the ratio of E to F, 

A-^ B 

C — . O 

£ F 




H 



Let G, the least number measured by B, C, be taken. 

[VIL 34) 

10 And, as many times as B measures G, so many times also 
let A measure //, 

and, as many times as C measures G, so many times also let 
D measure K. 

Now E either measures or does not measure IC, 
15 First, let it measure it. 

And, as many times as E measures IC, so many times let 
E measure L also. 

Now, since A measures // the same number of times that 
B measures G, 

90 therefore, as A is to B^soxs H to G, [vn. Def. so, vii. 13] 

For the same reason also, 

as C is 10 D, so is G to A', 
and further, as E is to F, so is A' to Z. ; 
therefore (7, K, L are continuously proportional in the 
25 ratio of A to B^ in the ratio of C to and in the ratio of E 
to F. 

I say next that they are also the least that have this 
property. 
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For, if //f G, A', L are not the least numbers continuously 
30 proportional in the ratios of ^ to of C to Z?, and of £ 
to F, let them be A^. O, P. 

Then since, as ^ is to so is to 

while B are least, 

and the least numbers measure those which have the same 
35 ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; 

therefore B measures O, [vii. 20] 

For the same reason 

40 C also measures O ; 

therefore C measure 0\ 

therefore the least number measured by B, C will also 
measure O. [vn. 35] 

But G is the least number measured by C; 
4S therefore G measures the greater the less : 
which is impossible. 

Therefore there will be no numbers less than H, G, K, L 
which are continuously in the ratio of A to B^ of C to A and 
o{Ex.oF. 

so Next, let E not measure K. 



A o— E 

B O F 

Q , H 

K Q 

M R 

O 8 

N T 

p 



Let Af, the least number measured by F, K, be taken. 
And, as many times as K measures iJ/, so many times let 
H, G measure A', O respectively, 

and, as many times as E measures J/, so many times let F 

55 measure P also. 

Since H measures N the same number of times that G 
measures 

therefore, as is to 6^, so is A^ to O. [vii. 13 uid Def. 20] 
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But, as H is to (/, so is A \o B \ 
60 therefore also, as ^/ is to B, so is N to O, 
For the same reason also, 

as C is to D, so is O to M, 
Again, since E measures M the same number of times that 
F measures /^ 

65 therefore, as ^ is to so is ^ to ; [vii. 15 and Def. 20] 

therefore P are continuously proportional in the 

ratios of to of C to A and oi E to F, 

I say next that they are also the least that are in the ratios 
A '.B, C'.D, E:F, 
70 For, if not, there will be some numbers less than N, O, 
P continuously proportional in the ratios A\B^ CxD, 
E\F. 

Let them be Q, Ry 5, 71 
Now since» as ^ is to so is to 
75 while A, B are least, 

and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent, [vn. 20] 

therefore B measures R. 
go For the same reason C also measures A' ; 
therefore /i, C measure i?. 

Therefore the least number measured- by B^ C will also 
measure A'. [vii. 35] 

But G is the least number measured by ^, C\ 
8s therefore G measures 

And, as is to ^, so is to 5 : [vii. 13] 

therefore K also measures S. 

But E also measures S ; 
therefore E, K measure 5". 

90 Therefore the least number measured by E^ K will also 

measure 6. [vu. 35J 

But AI is the least number measured by E, A'; 

therefore M measures 6", the greater the less : 

which is impossible. 
95 Therefore there will not be any numbers less than N , O, 

Af, P continuously proportional in the ratios of A to B^ of 

C to and of E to E \ 
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therefore A^, O, M, P are the least numbers continuously 
proportional in the ratios A : B, C : D, H : F. q. e. d. 

69, 71, 91;. the ratios A : B, C : D, £ : F. This abbreviated expiession is in the 

Greek (M AB, i'A, EZ Xi^oi. 

The term "in continued proportion " is hcrv not used in its proper sense, 
since a geometrical progression is not meant, but a series of terms each of 
which bears to the succeeding term a givtn^ but not the sanu^ ratio. 

The proposition furnishes a good example of the cumbrousness of the 
Greek method of dealing Mrith non-determinate numbers. The proof in fact 
is not ea.sy to follow without the hel[) of nmdern symbolical notation. If 
this be used, the reasoning can be made clear enough. 

Euclid takes thret given ratios and therefore requires to find four numbers. 
We will leave out the simpler particular case which he puts first, that namely 
in which E accidentally measures the multiple of D found in the first few 
lines ; and we will reproduce the general case with thru ratios. 

Let the ratios in their lowest terms l>e 

a .b, c . d, e :/. 

lake /j, the l.c.m. of l>, and suppose that 

l^^mb- fic. 

Form the numbers mOf mt s^nd, 

^nc \ 

These are in the ratios of a to ^ and otctod respectively. 
Next, let it be the l.cm. of ^ and let 

Now form the numbers 

puta, pmdu ^ U if* 

= pm ) = ^ J 

and these arc the four numbers recjuired. 

If they arc noi the least in the given ratios, let 

be less numbers in the given ratios. 
Since a : ^ is in its lowest terms, and 

b meastircs y. 

Similarly, since € id-y .3^ 

c measures y. 

Therefore the i>.C.M. of r, measures^. 

But /, : nd\-c '.d\^y \ z. 

Therefore nd measures s. 

Andt since ei/^tiM^ 

e measures z. 

Therefore 4, the L.C.II. of nd, €, measures s : which is impossible, since 
s</3 or />nd. 

The step (line 86) inferring that G iH^JC: Sis of course aHimanda 
from G . K[=C. D] = R'.S, 

It will be observed that viii. 4 corresponds to the portion of VI, 23 which 
shows how to compound two ratios between straight lines. 

H. E. II. 2t 
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Proposition 5. 

Plane numbers have to one another the ratio compounded 
of the ratios of their sides. 

Let A, B be plane numbers, and let the numbers C, D 

be the sides of A, and E, Fdi B\ 

5 I say that A has to /? the ratio com- ^ 

pounded of the ratios of the sides. — c — D 

F"or, the ratios being ,£^iven which C ^ p 

has to E and D to F, let the least q 

numbers G, II, A' that are continuously 

10 in the ratios C\E^ D '.F\}G. taken, so ^ 

that, i_ 

as C is to E, so is G to 

and, as is to /% so is // to K. [viu. 4] 

And let D by multiplying E make L, 

15 Now, since D by multiplying C has made and by 
multiplying E has made 

therefore, as C is to so is to Z: [vii. 17] 

But, as C is to Ey so is to //^ ; 

therefore also, as G is to H, so is A to L. 

ao Again, since E by multiplying D has made and further 
by multiplying F has made 

therefore, as D is to /^ so is L to B. [vn. 17] 

But, as Z> is to /% so is to K\ 
therefore also, as ^ is to A*, so is Z to 
25 But it was also proved that, 

as G is to so is to Z, ; 

therefore, ex aequali, 

as G is to A^, so is ^ to B. [vn. 14] 

But G has to A' the ratio compounded of the ratios of the 
30 sides ; 

therefore A also has to B the ratio compounded of the ratios 
of the sides. q. b. d. 

>t 5f 31' compounded of the ratios of their aides. As in vi* 43, the Greek 
has the less exact phrase, ** compounded of their sides." 

If a^cd, b^cf, 

then a has to b the ratio compounded of ^ : ^ and d : / 

Take three numbers the least which are continuoiisly in the given ratios. 
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If / is the L.CM. of d and l=me~ nd^ the three numbers are 

mcy me \^ n/* [vin. 4] 

^nd) 

Now ' dc.de~c\e [vn. 17] 

-mc '.me- mc : nd. 
Ako td\ef-d\f [vu. 17] 

Therefove^ ex aequali, id i^^m xitf 

= (ratio compounded o{ eie and d : /). 

It will be seen that this proof follows exactly the method of vi. 23 for 
parallelograms. 



Proposition 6. 

If there be as many nunibcrs as 2ve please in coHlinucd 
proportion, and the fust do ?iot measure the second^ tieither 
will any other measure any other. 

Let there be as many ntimbers as we please, 
in continued proportion, and let A not measure B ; 

I say that neither will any other measure any other. 

A 

B 

C 

D 

e 

— F 
— • — <i 

H 

Now it b manifest that A^ B^ C, D, E do not measure 
one another in order ; for A does not even measure B. 

I say, then, that neither will any other measure any other. 
For, if possible, let A measure C. 

And, however many A^ B^ C are, let as many numbers 
6\ //, tlT< least of those which have the same ratio with 

A, B, C, be taken. [mi. 33] 

Now, since F, G, H are in the same ratio with A, B, C, 

and the multitude of the numbers A^ B, C is equal to the 

multitude of the numbers /% 6r, i/» 

therefore, ex aequalh as >4 is to C, so is to [m 14] 

23— a 
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And since, as A is to so is F to G, 
while A does not measure 

therefore neither does F measure G ; [vii. Def. ao] 

therefore F is not an unit, for the unit measures any number. 

Now J'\ H are prime to one another. [viii. 3] 

And, as F is to //, so is A to C \ 

therefore neither does A measure C, 

Similarly we can prove that neither will any other measure 
any other. 

Q. E. D. 

I^t <7, r ... ^ be a geometrical progression in which a does not measure b. 
Suppose, if possible, that a nieaiiures sonic term of the series, as 
Take jr, y\ s, 1/, w the least numbers in the ratio a, </, ^,/. 

Since xxy^axb^ 
and a does not tneasttre ^, 
dp does not measure y \ therefore x cannot be unity. 

And, ex aequali^ xiw~a\/. 

Now X, w are prime to one another. [viil 3] 

Therefore a does not measure / 

We can of course prove that an intermediate term, as b, does not measure 
a later term / by using the series ^, (» ii, f,/ and rememberii^ that, since 
b ic^a : Iff b does not measure c» 



Proposition 7. 

If there be as many numbers as ive please in continued 
proportion, and the Jirsl measure the last, it will measure ilu 
secoftd also. 

Let there be as many numbers as we please, A, C, D, 
in continue proportion; and 
let A measure D ; ^ 

I say that A also measures B, ® 

For, if A does not measure ® 
B, neither will any other of the o — 
numbers measure any other. [vnt. 6] 

But A measures Z>. 

Therefore A also measures B, 

Q. B. D. 

An obvious proof by reductio ad absurdum from viii. 6. 
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Proposition 8. 

If between two numbers there fall numbers in continmd 
proportion with them, then, however many numbers fall between 
them in continued proportion, so many will also fall in con- 
tinued proportion between ike numbers which ham the same 
ratio with the original numbers. 

Let the numbers C, D fall between the two numbers Ay 
B in continued proportion with them, and let E be made in 
the same ratio to as ^ is to B ; 

I say that, as many numbers as have fallen between A, B in 
continued proportion, so many will also fall between F in 
continued proportion. 



A e- 

c M 

O N. 

B F- 

O 

H 

K 

L 



For, as many as A, Q D are in multitude, let so many 
numbers K, Z, the least of those which have the same 

ratio with A, C, A be taken ; [v n. 33] 

therefore the extremes of them L are prime to one another. 
Now, since Ay C, Z?, B are in the same ratio with 6', //, 

A' 

and the multitude of the numbers r/, C, B is equal to the 
multitude of the numbers G, H, A' L, 

therefore, ex aequali, as A is to B, so is G to L, [vu. 14] 

But, as ^ is to B, so is E to F\ 
therefore also, as 6^ is to Zr, so is ^ to F. 

But L are prime, 

primes are also least, [vn. 21] 

and the least numbers measure those which have the same 
ratio the same number of times, the greater the i^reater and 
the less the less, thai is. the antecedent the antecedent and the 
consequent the consequent. [vn. 20] 
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Tlierefore G measures £ the same number of times as L 

measures F. 

Next, as many times as G measures jfi", so many times let 
//, K also measure M, N respectively ; 

therefore G, L measure M, F the same number 

of times. 

Therefore L are in the same ratio with M, 

N, F. [vii. Def. 20] 

But G, Ht K, L are in the same ratio with C^D^ B\ 
therefore Q D, B bx^ also in the same ratio with M, 

But A, C, Dy B are in continued proportion ; 

therefore E, M, N, F are also in continued proportion. 

Therefore, as many numbers as have fallen between A, B 
in continued proportion with them, so many numbers have also 
fallen between E^ F in continued proportion. 

Q. E. D. 

I. fBll. The Gmk word is ifxivrtWt *' £dl m "s*>can be interpolated." 

If a '. b ~ e : J\ and between «, b there are any number of geometric 
means there will be as many such means between / 

I^t a, /S, y, 8 be the least possible terms in the same ratio as 

€^ d, ...f\ 

Then a, S are prime to one another, [vni. 3] 

and, €X iuquali, a : 6 = a : fi 

Therefore c - ///a, /- w8, where m is some integer. [vii. aoj 

Take the iiii 111 hers wa, wy, ... wS. 

This i.s a scries in the given ratio, and we have the same number of 
geometric means between ma, mS, or ^,/, that there are between <x, 

Proposition 9. 

If two numbers be prime to one another, and numbers fall 
between them in continued proportion, then^ however man^ 
numbers fall between them in continued proportion, so many 
will also fcUl between ecuh 0/ them and an unit in continued 
proportion. 

Let A, Bh^ two numbers prime to one another, and let 
C D fall between them in continued proportion, 

and let the unit E be set out ; 

I say that, as many numbers as fall between ^ in con* 
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tinucd proportion, so many will also fall between either of 
the numbers A, B and the unit in continued proportion. 

For let two numbers (7, the least that are in the ratio 
of A, C, D, B, be taken, 

three numbers //, A', L with the same properly, 

and others more by one continually, until their multitude is 
equal to the multitude of C, £>, B, [vm. 2] 



A H 

0 K 

D L 

B 

E- M 

F- N 

Q— O 

P 



Let them be taken, and let them be Af, O, P. 

It is now manifest that /^^ by multi[)lyinnr itself has made 
// and by multiplying // has made /I/, while G hy multiplying 
itself has made L and by multiplying L has made P. 

[viii. 2, For.] 

And, since A/, N, O, P are the legist of those which have 
the same ratio with /% 6", 

and A. C, D, B are also the least of those which have the 
same ratio with F, G, [vm. i] 

while the multitude of the numbers J/, A^, P is equal to the 
multitude of the numbers A, C, B^ 

therefore My O, P are equal to Q B respectively ; 

therefore M is equal to A, and P to B, 

Now, since Fhy multiplying itself has matU- //, 

therefore F measures H according to the units in F, 

But the unit E also measures F according to the units in it ; 

therefore the unit E measures the number F the same number 
of times as F measures H, 

Therefore, as the unit E is to the number F^sots F to 

[vii. Def. 20] 

Again, since F by multiplying H has made if/, 
therefore H measures J/ according to the units in 7^ 
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But the unit E also measures the number F according to 
the units in it ; 

therefore the unit E measures the number F the same number 
of times as H measures M. 

Therefore, as the unit E is to the number F^^v&H to M. 

But it was also proved that, as the unit E is to the number 

F,%o\%FxoH\ 

therefore also, as the unit E is to the number F^ so isFtoIft 
and H to M. 

But J/ is equal to A ; 
therefore, as the unit £ is to the number F^ so is F to 
and H to A, 

For the same reason also, 
as the unit E is to the number so is 6^ to Z. and L to B. 

Therefore, as many numbers as have fallen between 
B in continued proportion, so many numbers also have fallen 
between each of the numbers B and the unit E in continued 
proportion, 

Q. E. D. 

Suppose there are // geometric means between <7, by two numbers prime to 
one another ; there arc the same number (//) of geometric means between i 
and 0 and between i and A 

If ^ aie the « means between by 

€iy d b 

aie the least numbers in that xatio, since a, ^ are prime to one another, [viii. i] 

The terms are therefore respectively identical with 

o*«, a"/?, a"-»/8» ... a/8», 
where a, ^ is the common ratio in its lowest terms. [vni. tf. For.] 

Thus tf = a"*S b^^^\ 

Now I : a = a : a'-a^ : a'... =.a" : a"", 

and I :/3 = )9:/8^ = )8-^:/8^...-/3":/5»+'; 

whence there are n geometric means between z, a, and between i, b. 



Proposition id. 

If nuDibcrs fall between each of two numbers and an unit 
in contiriKcd p7-opoi'tion, however many numbers fall between 
each of them and an unit in continued proportion, so many 
also will fall between the numbers themselves in continued 
proportion. 
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For let the numbers D, E and G respectively fall 
between the two numbers Ay B and the unit C in contmued 
proportion ; 

I say that, as many numbers as have fallen between each of 
the numbers B and the unit C in continued proportion, so 
many numbers will also fall between A^ B in continued pro- 
portion. 

For let D by multiplying F make and let the numbers 
Z>, F by multiplying H make L respectively. 

Q— A 

B 

D — 

E H 

F K 

G L 

Now, since, as the unit C is to the number D, so is D to E, 

therefore the unit C measures the number D the same numbtT 
of times as D measures E, [vn. Def. 20] 

But the unit C measures the number D according to the 
units in D ; 

therefore the number D also measures E according to the units 
inZ»; 

therefore D by multiplying itself has made E. 

Again, since, as C is to the number D, so is E to A^ 

therefore the unit C measures the number D the same number 
of times as E measures A, 

But the unit C measures the number D according to the 
units in D \ 

therefore E also measures A according to the units in D \ 

therefore D by multiplying li has made A, 

For the same reason also 

F by multiplying itself has made and by multiplying G has 
made B, 

And, since D by multiplying itself has made E and by 
multiplying /^has made 

therefore, as D is to F, so is E to H. [vn. 17J 
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For the same reason also, 

93 D is to sois H to G, [vil i8] 

Therefore also, as ^ is to /T, so is to 6^. 

Again, since D by multiplying the numbers H has 
made K respectively, 

therefore, as E is to so is . i lo K. [vn. 17] 

But, as H is to //, so is D lo F\ 

therefore also, as is to i% so is ^ to K, 

Again, since the numbers F by multiplying H have 
made L respectively, 

therefore, as is to so is A!' to L, [vii. 18] 

But, as /7 is to so is xo K\ 

therefore also, as A is to so is K to L. 

Further, since F by multiplying the numbers //, G has 

made Z, B respectively, 

therefore, as H is to Cr, so is L to B, [vu. 17] 

But, as is to 6^, so is Z> to 
therefore also, as Z7 is to so is Z to 

But it was also proved that, 

as D is to F, so is A to K and K to L \ 
therefore also, as A is to K, so is K to L and L to B. 

Therefore A^ A', Z, B are in continued proportion. 

Therefore, as many numbers as fall between each of the 
numbers A, B and the unit C in continued proportion, so 
many also will fall between ^, ^ in continued proportion. 

Q. £. D. 

If there be n geometric means between i and a, and also between i and 
^, there will be n geometric means between a and 

The proposition is the converse of the preceding. 

The tt means with the extremes form two geometric series of the form 

I, a, ... a*, a" + ', 

I. A 

where a-^»^rt, /J-'+'^A 

By multiplying the last term in the first Hne by the first in the second, 
the last but one m the first line by the second in the second, and so on, we 
get the series 

a»*», a»/?, a"-»i8» ... a«^-S a/3», /8*^» 

and we have the n means between a wwAb. 

It will bo observed that, when ICuclid says J-'ot i/ie sarnr reason a]so^ as 
D is to F, so is to 6^," the reference is really to vu. 18 instead of vii. 17. 
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He infers namely tliat D k F \ Fy> D \ But since, by vn. 16, the 
order of multiplication is mdiffereiit> he is practically justified in saying *'for 
the same reason." The same thing occurs in later prdfxmtions. 

Proposition ii. 

Behveen tivo square niDnbcrs there is one fuean proport lotial 
number, and the square has to the square the ratio dupticalc 
of that which the side has to the side. 

Let A, B he square numbers, 

and let C be the side of A, and D o{ £\ 

I say that between A, B there is one mean proportional 

number, and A has to B the ratio 

duplicate of that which C has to D, a 

For let C by multiplying D make E. b 

Now, since is a square and C is o d 

its side, ^ 

therefore C by multiplying itself has 
made A. 

For the same reason also 

D by multiplying itself has made B. 

Since then C by multiplying the numbers C, D has made 
At E respectively, 

therefore, as C is to so is to E. [vii. 17] 

For the same reason also, 

as C is to D, sio\s E to B. [vii. 18] 

Therefore also, as . / is to E, so is /i to />. 
Therefore between ^i, B there is one mean proportional 
number. 

I say next that A also has to B the ratio duplicate of 
that which C has to D. 

For, since A, E^ B three numbers in proportion, 

therefore A has to B the ratio duplicate of that which A has 
to ^. [v. Def. 9] 

But, as >^ is to iS*, so is C to D, 

Therefore A has to B the ratio duplicate of that which 
the side C has to D, q. e. a 

According to Nicomachus the theorems in this proposition and the next, 
that two squares have one geometric mean, and two cubes two geometric 
means, between them are Platonic. Cf. Timaeus, 32 a sqq. and the note 
thereon, p. 194 above. 
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a', ^ being two squares, it is only necessary to form the product ab and 
to prove that 

are in geometrical progression. Euclid proves that 

by means of vn. 17, 18, as usual. 

In assuming that, since is to ^' in the duplicate ratio of a- to al\ a' is 
to tr in the (lu[)licate ratio of a to h, Euclid assumes that ratios which are 
the duplicates of equal ratios are equal. This, an obvious inference from 
V. 22, can be inferred just as easily for numbers from vti. 14. 



Proposition 13. 

Between two cube numbers there are two mean proportional 
numbers, and the cube has to the cube the ratio triplicate of that 
which the side has to the side. 

Let A, B be cube numbers, 
and let C be the side of A, and D oi B \ 
I say that between A, B there arc two mean proportional 
numbers, and A has to B the ratio triplicate of that which C 
has to Z>. 

A E 

B F 

C H Q 

O K 

F or let C by multiplying itself make^, and by multiplying 
D let it make F\ 
let D by multiplying itself make 

and let the numbers C, D by multiplying F make K 
respectively. 

Now, since A is a cube, and C its side, 

and C by multiplying itself has made E, 

therefore C by multiplying itself has made E and by multiply- 
ing E has made A. 

For the same reason also 
D by multiplying itself has made G and by multiplying G has 
made B, 

And, since C by multiplying the numbers C, D has made 
F respectively, 

therefore, as C is to D, so is E to F, [vii. 1 7] 



Digitized by Google 



viii. 12, 13] PROPOSITIONS 11—13 3*5 

For the same reason also, 

as C is to D, so is F to G, [vn. 18] 

Again, since C by multiplying the numbers F has 
made A, H respectively, 

therefore, as ^ is to so is ^ to H, [vii. 17] 

But, as ^ is to jp, so is C to Z>. 
Therefore also, as C is to A so is ^ to H. 
Again, since the numbers C, D by multiplying F have 
made Hy K respectively, 

therefore, as C is to 79, so is H to K. [vii. i8j 

Again, since D by multiplying each of the numbers G 
has made A', respectively, 

therefore, as is to 6^, so is AT to ^. [vn. 17] 

But, as ^ is to (7, so is C to Z7 ; 

therefore also, as C is to D, so is A to H, H to K, and A' to JJ. 
Therefore//^, A' are two mean proportionals between A, B, 

I say next that A also has to B the ratio triplicate of that 
which C has to D. 

For, since A, H, K, B are four numbers in proportion, 
therefore A has to B the ratio triplicate of that which A has 
to H, [v. Def. 10] 

But, as A is to //, so is C to L> ; 
therefore A also has to B the ratio triplicate of that which C 
has to £>, 

Q. E. D. 

The cube numbers ^i*, ^ being given, Euctid fonns the products 
and then proves, as usual, by means of vu. 17, x8 that 

are in continued proportion. 

He assumes that, since a* has to ^ the ratio triplicate of 41* : o*^, the 
ratio a* : ^ is triplicate of the ratio a : b which is equal to a" : t^b. This 
is again an obvious inference from vn. 14. 

Proposition 13. 

If there be as many numbers as we please in continued 

proportion^ and each by multiplying itself make some number^ 
the products will be proportional ; and^ if the original numbers 
by multiplying the products make certain numbers^ the loiter 
will also be proportional. 
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Let there be as many numbers as we please, A, B, C, in 
continued proportion, so that, as ^ is to ^, so is ^ to C; 

let A, B, C by multiplying themselves make Z>, /%and by 
multiplying D, E, E\ex them make G, J I, K; 

I say that D, E, F and K are in continued proportion^ 

Q 

H 

K 

M 

H 

P 

Q 

For let A by multiplying B make Z,, 

and let the numbers A, B by multiplying L make N 
respectively. 

And s^in let B by multiplying C make 

and let the numbers i>', C by multiplying O make Q 
respectively. 

Then, in manner similar to the forgoing, we can prove 
that 

A Z, B and M, If are continuously proportional in the 
ratio* of A to B, 

and further E, O, E and //, P, Q, K are continuously propor- 
tional in the ratio of B to C. 

Now, as is to i?, so is i9 to C ; 
therefore D, L, E are also in the same ratio with E, O, E, 

and further M, N, II in the same ratio with //, P, Q, K. 

And the multitude of D, Ly E is equal to the multitude of 
E, ft /% and that of G, M, N, H to that oi H, P, K \ 

therefore, ex aeguali, 

as Z> is to E, so is E to E, 

and, as 6^ is to so is // to AT. [vti. 14] 

Q. ■B.*D. 



A 
B 

c 

D 

B' 
F 
I. 
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If a, r ... be a series in geometrical progression, then 

*g' ^' I are also in geometrical progression. 

Heibeig brackets the words added to the enunciation which extend the 

theorem to any powers. The words are " and this always occurs with the 
extremes " (kuI aei Trcpt tou5 uKpoxK touto cru/x/fatV<i). They seem to be rightly 
suspected on the same grounds as the same words added to the enunciation 
of VII. 27. There is no allusion to them in the proof, much less any proof 
of the extension. 

Euclid forms, besides the squares and cul)es of the given numb^ the 
products ad, a'-/>, al?, be, l>\\ bc'^. When he says that " we prove in manner 
similar to the foregoing," he indicates successive uses of vii. 17, 18 as 
in VIII. 13. 

With our notation the proof is as easy to see for powers as for squares 
and cubes. 

To prove that a*, are in geometrical progression. 

Form all the means between z^", and set out the series 

rt", if'-^b, a^^-W ... ab*-\ b\ 
The common ratio of one term to the next is fl : ^. 
Next take the geometrical j)rogression 

/ • V, <5«-V ... b(r-\ 
the common ratio of which \^ b : c. 

Proceed thus for all pairs of consecutive terms. 
Now a:3a^:^=... 

Therefore any pair of succeeding terms in one s^es are in the same ratio as 

any pair of succeeding terms in any other of the series. 

And the number of terms in each is the same, namely {n + i). 
Therefore, ex cuquali^ 



Profosition 14. 

If a square measure a square, the side 7vill also measure 
the side ; and, if the side measure the side^ the square will also 
7tieasu7'c the square. 

Let A, B he. square numbers, let C, D be their sides, and 

let A measure B ; 

I say that C also measures D. A — — 

For let C by multiplying D make E \ b 

therefore B are continuously pro- — © 1> 

portional in the ratio of Cxo D, [vni. n] e 

And, since A, E, B zxe, continuously 

proportional, and A measures B, 

therefore A also measures E. [viii. 7] 
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And, as A I's to E, so is C to Z7 ; 

therefore also C measures D. . [vii. Def. 20] 

Again, let C measure D ; 
I say that A also measures B, 

For, with the sanu! construction, we can in a similar 
manner prove that ^i, JJ are continuously proportional in 
the ratio of C to D, 

And since, as C is to D, so is A to E, 

and C measures D, 

therefore A also measures E, [vii. Def. 20] 

And A, B are continuously proportional ; 

therefore A also measures B. 
Therefore etc. 

Q. E. D. 

If a* measures a measures b ; and, if measures by €^ measures ^. 

(1) rt', are in continued proportion in the ratio of a to b. 
Therefore, since or measures ^, 

a- measures ab. [vui. 7j 

But d- \ ab~a\b. 

Therefore a measures b, 

(2) Since a measures b^ tf* measures o^. 

And a*, ab^ ^ are continuously proportional. 
Thus ab measures ^. 

And a* measures ab* 

Therefore measures ^. 

It will be seen that Euclid puts the Ust stqi shortly, saying that, since 
measures ab^ and a*, 0^, are in continued proportion, <^ measures ^. 

The same thing happens in viii. 15, where the series of terms is one more 

than here. 

Proposition 15. 

If a cube number measu7'e a cube nujnber^ the side zvill also 
vieasiwe the side ; and, if tlie side measure the side, i/ie cube 
will also fueasure the cube. 

For let the cube number A measure the cube 
and let C be the side of A and D oi B\ 
I say that C measures D, 
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For let C by multiplying itself make 
and let D by multiplying itself make G ; 
further, let C by multiplying D make 
and let C, D by multiplying /^make K respectively* 
A — 

B 



c- H 

D— K 

E — 

Q 

F— 

Now it is manifest that G and H, AT, B are 

continuously proportional in the ratio of Cto D, [viii. 11, 12] 

And, since AT, B are continuously proportional, 

and A measures B, 

therefore it also measures H. [viu. 7] 

And, as A is to //, so is C to ; 
therefore C also measures D. [vii. Def. 20] 

Next, let C measure D \ 
I say that A will also measure B. 

For, with the same construction, we can prove in a similar 
manner that Ay B are continuously proportional in the 

ratio of C to D, 

And, since C measures Z7, 

and, as C is to so is ^ to 

therefore A also measures //, [vu. Def. 20] 

so that A measures B also. 

Q. E. D. 

If measures a measures b ; and wet versa. The proof is, nut/htis 
mutandis, the same as for squares. 

( 1 ) tf, o*^, A^, ^ are continuously proportional in the ratio of a to ^ ; 
and e? measures ^. 

Therefore «* measures a'^i [vm* 7] 

and hence a measures b, 

(2) Since a measures 4^ measures e^b. 

And, a\ ivb, atr^, ^ being continuously proportional, each term measures the 

succeeding icrm ; 

therefore measures ^. 

H. K. n. 24 
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Proposition 16. 

If a S(ji(a?-c luDtibcr do not measure a square number^ neither 
will the side measure I he side ; and, if the side do not measure 
the side, neitlier will the square fneasure the square. 

Let A, Bh& square numbers, and let C,Dh& their sides; 
and let A not measure B ; 

I say that neither does C measure D. ^ 

ror, if C measures Z>, A will also b 

measure B. [viii. 14] o — 

But A does not measure B ; d 

therefore neither will C measure D. 

Again, let C not measure D ; 
I say that neither will A measure B, 

For, if . / nu'iisures />, C will also measure D. [vni. 14] 

But C dot-s not measure D ; 

therefore neither will A measure B, 

Q. £. D. 

If a* does not measure a will not measure and, if a does not 
measure a* will not measure ^. 

The proof is a mere reductio ad atfsurdum using vui. 14. 



Proposition 17. 

If a cube number do not measure a cube ftumber, neither 
will the side measure the side ; and, if the side do not measure 
the side, neitlier zuill the cube measure the cube. 

For let the cube number A not measure the cube 
number B, 

and let C be the side of A^ and D a 

ofi9; _ B- . 

I say that C will qot measure D, p 

For, if C measures A will 
also measure B, [vm. 15] 

But A does not measure B ; 

therefore neither does C measure D. 

Again, let C not measure D ; 
1 say that neither will A measure B. 
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For, if A measures C will also measure D, [yiii. 15] 
But C does not measure D ; 
therefore neither will A measure B, 

Q. E. D. 

If rt* does not measure A', a will not measure b ; and VM versa. 
Proved by redintio ad absurdum employing vm. 15. 



Proposition 18. 

Between hvo similar plane numbers there is one mean 
proportional number ; and the plane number has to the plane 
number the ratio duplicate of that which the corresponding 
side has to the corresponding side. 

Let A, Bbc two similar plane numbers, and let the numbers 
C jD be the sides of A^ and £, F of B, 

A C 

B 0 

C 

« F 



Now, since similar plane numbers are those which have 
their sides proportional, [vii. Def. 31] 

therefore, as C is to 77, so is E to F. 

I say then that betvvf^eii A, B there is one mean propor- 
tional number, and A has to B the ratio duplicate of that 
which C has to E, or D to /^ that is, of that which tlie corre- 
sponding side has to the corresponding side. 

Now since, as C is to D, so is E to F, 

therefore, alternately, as C is to E, so is D to F, [vii. 13] 
And, since A is plane, and C, D are its sides, 

therefore D by multiplying C has made A. 
For the same reason also 

E by multiplying F' has made B. 

Now let D by multiplying E make G. 
Then, since D by multiplying C has made A^ and by 
multiplying E has made G, 

therefore, as C is to so is A to [vii. 17] 

24 — a 
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But, as C is to E, so is to ; 

therefore also, as is to so is to (7. 

Agciin, since £ by multiplying D has made G, and by 
multiplying Fhss made B, 

therefore, as /> is to jF, so is G to [vii. 17] 

But it was also proved that, 

as is to JF, so is ^ to CP ; 
therefore also, as ^4 is to G^, so is C7 to B. 

Therefore A, G, B are in continued proportion. 
Therefore between Ay B there is one mean proportional 
number. 

I say next that A also has to B the ratio duplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which C has to E or D to F. 

For, since yl, G, B are in continued proportion, 

A has to B the ratio duplicate of that which it has to G. 

[v. Dec 9] 

And, as -^4 is to G, so is C to and so is D to F. 
Therefore A also has to B the ratio duplicate of that which 
C has to ^ or to B. 

Q. B. D. 

If alff cd be "similar plane numbers," i.e. products of factors such that 

a If - c : d, 

there is one mean proportional between ad and £di and is to ^ in the 
duplicate ratio of a to i or of /; to d. 

Form the product (or ad, which is equal to it, by vii. 19). 

Then ad, be\t td . 

= ad] 

is a series of terms in geometrical progression. 
For aibsicd. 

Therefore axe^bid, [vii. 13] 

Therefore at ihc-bc\ed [vii. 17 and 16] 

Thus b( (or ad) is a geometric mean between ab^ (d. 

And alf is to cd in the duplicate ratio of ab to /v or of Itc to cdy that is, of 
a to r or of btod* 
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Proposition 19. 

Between two similar solid fiumders there fall hvo mean 
proportional numbers; and the solid number has to the similar 
solid number the ratio triplicate of that which the corresponding 
side has to the corresponding side. 

Let A, B be two similar solid numbers, and let C, E 
be the sides of A, and F, G, H of B. 

Now, since similar solid numbers are those which have 
their sides proportional, [vn. Def. ai] 

therefore, as C is to Z>, so Is F to G, 

and, as is to ^, so is to H, 

I say that between B there fall two mean proportional 
numbers, and ^ has to ^ the ratio triplicate of that which C 
has \x>F, Dto G, and also E to H, 



A- 



C- F- N- 

D- Q o- 

E— H 

K— 

L 



For let C by multiplying D make A', and let F by 
multiplying G niakL L. 

Now, since C, D are in the same ratio with /% G, 

and K is the product of C, and L the product of F^ G, 
K, L are similar plane numbers ; [vn. Def. 31] 

therefore between AT, L there is one mean proportional number. 

[vui. 18] 

Let it be M. 

Therefore M is the product of D, as was proved in the 
theorem preceding this. [viii. 18] 

Now, since D by multiplying C has made AT, and by 
multiplying F has made J/, 

therefore, as C is to F, so is K to M, [vii. 17 J 

But, as A' is to M, so is M to L, 

Therefore L are continuously proportional in the 

ratio of C to F> 





Digitized by Google 



574 BOOK VIII [viit. 19 

And since, as C is to i^, so is to 
alternately therefore, as C is to so is to ^. [vii. 15] 
For the same reason also, 

as D is to G, so is E to H. 
Therefore AI, L are continuously proportional in the 
ratio of C to in the ratio of D to and also in the ratio 
of E to H. 

Next, let Ey H by multiplying M make O respectively. 
Now, since is a solid number, and C D, E are its sides, 
therefore E by multiplying the product of C, D has made A. 
But the product o{ C, D \% K \ 

therefore E by multiplying K has made A, 

For the same reason also 

H by multiplying L has made 

Now, since E by multiplying K has made and further 
also by multiplying M has made -A^, 

therefore, as A' is to so is A to A^. [vn. 17] 

But, as A' is to il/, so is C to to 6^, and also ExoH; 
therefore also, as C is to /^ to G, and B to If, sols A to N, 

Again, since if, H by multiplying M have made O 

respectively, 

therefore, as iB" is to H, so is N to O. [vii. 18] 

But, as ^ is to /r, so is C to and D to G; 

therefore also, as C is to to tr, and E to //fSO is A to 
A/' and AT to O. 

Again, since /f by multiplying M has made O, and further 
also by multiplying L has made B, 

therefore, as A/ is to Z,, so is O to B. [vii. 17] 

But, as Af is to L, so is C to /^ to G, and iS" to //, 
Therefore also, as C is to /\ to G, and £ to Jf, so not 

only is to ^, but also A to N and N to O. 

Therefore A, N,0, B are continuously proportional in the 

aforesaid ratios of the sides. 

I say that A also has to /> the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F^ot D to G^ and 
also E to H, 
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For, since At O, B are four numbers in continued 
proportion, 

therefore A has to B the ratio triplicate of that which A has 
to [v. Def. 10] 

But, z&A is to AT, so it was proved that C is to D to 
and also E to H, 

Therefore A also has to B the ratio triplicate of that which 
the correspond] ncf side has to the corresponding side, that is, 
of the ratio whicn the number C has to D to CP, and also 

E xo H. Q. E. D. 

In other words, a iln€—d le then there are two geometric means 
between abc^ ief\ and abe is to def in the triplicate ratio of « to 1/, or ^ to ^ 
orrto/ 

Euclid first takes the plane numbers ab^ de (leaving out c, /) and forms 
the product bd. Thus, as in viii. 18, 

abt bd\ , de 

are three terms in geometrical progression in the ratio of a to or of ^ to e. 
He next forms the products of f,/ respectively into the mean bd. 
Then aie, did, fbd^ def 

are in geometrical progression in the ratio of a tod etc 
For abc 

ad:fbd=c:/ V. [m 17] 



: ebd=ab : bd-a : d'i 
ifbd^exf \, 
:def=bd'.de = b:e j 



And aidsib '.e^Cif. 

The ratio of to de/ is the ratio triplicate of that of oAr to ebd, le. of 
that of a to d etc. 

Proposition 20. 

If one mean proportional nuuibcr fall between two numbers^ 
the numbers will be similar plane numbers. 

For let one mean proportional number C fall between the 
two numbers A, B; 
5 I say that A, B are similar plane numbers. 

Let D, E^ the least numbers of those which have the same 
ratio with A^ C, be taken ; [vn. 33] 

therefore D measures A the same number of times that B 
measures C [vn. 30] 

10 Now, as many times as D measures A^ so many units let 
there be in 

therefore F by multiplying D has nuidc y^i, 
so that A is plane, and F are its sides. 
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Again, since D, E are the least of the numbers which have 
IS the same ratio with C, B, 
the rc fore D measures C the same number of times that E 
measures B, [vii. ao] 

A- 



B- 
C- 



0- 



As many times, then, as E measures so many units let 
there be in <7 ; 
ao therefore E measures B according to the units in G \ 

therefore G by multiplying E has made B. 

Therefore B is plane, and E, G are its sides. 
Therefore A, B are plane numbers, 

I say next that they are also similar, 
as For, t since F by multiplying D has made At and by 
multiplying E has made C, 

therefore, as Z7 is to so is ^ to C that is, C to B. [vu. 17] 
Again, t since E by multiplying F, G has made C, B 
respectively, 

30 therefore, as F is to G, so is C to B, [vii. 1 7] 

But, as C is to B, ^o\sDx.oE\ 
therefore also, as D is to E, so is F \.o G. 

And alternately, as D is to F, so is E to G. [vn. 13] 

Therefore A,B are similar plane numbers; for their sides 

35 are proportional. q. e, d. 

45, For, since F 17. C to B. The text has clearly suffered corruption here. It 

b not necessary to tM/er from other facts that, as Z> is to so is A \o C\ for this is pari of 
the hypotheses (]!• ^> ?)• ^K^ini there is no explanation of the statement (I. 15) th.it /'bjr 
multiplying K has made C. It is the statement and explanation of this latter fact which arc 
alone wanleii ; after which the pr(H)f pnx:ecds as in 1. 58. We might therefore substitute for 
U. 25—28 the following. 

"For, since £ measures C the same number of times that D measures A £L 8], that is, 
Mcoiding to the wnits io F [1. 10], therefore F\y/ multiplying £ hu mude C. 

And, anoe JS hf multiplying F, (r,** etc. etc. 

This proposition is the converse of vi 11. 18. If d, ^ are in geometrical 

progression, a, b arc '*siniilar plane niinibers." 

Let a : y3 be the ratio a : c (and therefore also the ratio ^ : ^) in its lowest 
terms. 

Then [Vii. ao] 

as MO, € B where m is some integer, 
ers-nny i^ftfi, where n is some integer. 
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Thus (7, b are both products of two factors, i.e. plane. 
Again, a: fi = a : c - i . f> 

fii : n. [vil. 1 8] 

Therefore, alternately, a \ m ~ ft «, [vii. 13] 

and hence ///a, //)3 are similar plane numbers. 

[Our notation makes the second part still more obvious, for c=mfi = xia.] 

Proposition 21. 

1/ two mean proportional numbers fall between two uunibers, 
the numbers are similar solid numbers. 

For let two mean proportional numbers C, D fall between 
the two numbers B ; 

I say that B are similar solid numbers. 



A E- 

B F 

C Q 

D H- 

O L- 



M 

For let three numbers E, F, G, the least of those which 
have the same ratio with A, C, D,h^ taken ; [vn. 33 or vm. a] 

therefore the extremes of them G are prime to one another. 

^ [vni. 3] 

Now, since one mean proportional number F has fallen 

between G, 

therefore E, G are similar plane numbers. [vm. 20] 

Let, then, H, K be \\\v. sid(!S of E, and L, M of G. 
Therefore it is manifest from the theorem before this that 

E, /^ G are continuously proportional in the ratio of // to 

and that of K to M. 

Now, since /^ G are the least of the numbers which 

have the same ratio with C, 

and the multitude of the numbers G is equal to the 

multitude of the numbers A, C, D, 

therefore, tx aequali^ as ^ is to (r, so is ^ to Z>. [vii. 14] 

But G are prime, 
primes are also least, [vn. 31] 

and the least measure those which have the same ratio with 
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them the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 



therefore E measures A the same number of times that G 
measures D, 

Now, as many times as E measures so many units let 
there be in N, 

Therefore by multiplying E has made A, 

But E is the product of K \ 
therefore N by multiplying the product of K has made A. 

Therefore A is solid, and K, N are its sides. 

Again, since E^ /% G are the least of the numbers which 
have the same ratio as C, Z>, 

therefore E measures C the same number of times that G 
measures B, 

Now, as many times as E measures C, so many units let 
there be in O. 

Therefore G measures B according to the units in O ; 

therclore O by multiplying G has made B, 

But G is the product of A, M \ 
therefore O by multiplying the product of Z, il/has made B. 

Therefore B is solid, and Z, O are its sides ; 
therefor^ ^, ^ are solid 

I say that they are also similar. 

For since N, O by multiplying E have made A, C, 

therefore, as iV is to (7, so is ^ to C, that is^ E to F. [vii. i8] 

But, as ^ is to so is to Z and K to M\ 
therefore also, as ^ is to Z, so is to ^ and Nxo O, 

And //, K, N are the sides of A, and O, Z, M the sides 



Therefore A, B are similar solid numbers. q. e. d. 

, The converse of viii. 19. If a, </, b are in geometrical progression, a, d 
are "sunilar solid numbers." 

Let a, )3, y be the least numbers in the ratio oS a,c,d (and therefore also 



consequent the consequent ; 



[vii. 20] 



Of^. 



of </, /O- 

Therefore a, y are {)rinie to one another. 
They are also "similar plane numbers." 
Let a MN, y = 



[viL 33 or vTii. 2 
[viii. 3 
[viii. 20 



where m ; n -p : q. 
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Then, by the proof of viii. 20, 

a. \ ^ ~ m : p ~ n \ q. 

Now, ex aequali^ a d-a. : [vii. 14] 

and| since a, y are prime to one another, 

a = fu, d=ry, where r is an integer. 

But a - mn : 

therefore a = rmtty and therefore a is " soUd." 

Again, ex aequali^ r : ^ = a : y, 

and therefore c-sa^ ^ = <^t where j is an integer. 

Thus b = spq, and b is therefore "soiUd." 

Now a:/}sa:^sra:ja 

^r\s* [vii. 18] 

And, from above^ a: fismip^Mif, 

Therefore r:sszm:p=sm iq, 

and hence ^ are simUar solid numbers. 

Proposition 22. 

// three Jtumbers be in continued proportion^ and the first 

be square, the third will also be square. 

Let A. B, C be three numbers in continued proportion, 
and let A the first be square ; 
I say that C the third is also square. ^ 

For, since between A, C there is one 

mean proportional number, 

therefore A, C are similar plane numbers. [viii. so] 

But A is square ; 
therefore C is also square. Q. E. d. 

A mere application of viii. 20 to the particular case where one of the 
"similar plane numbers" is square. 

Pkoi'Osition 23. 

If four numbers be in continued proparHan^ and the first be 
cube^ the fourth will also be cu^. 

Let At Bt Ct Dh^ four numbers in continued proportion, 
and let A be cube : 

I say that D is also cube. ^ 

For, since between A, D there © 

are two mean proportional numbers o 

therefore A, D are similar solid numbers. [viu. 21] 
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But A is cube ; 
therefore £> is also cube. 

Q. E. D. 

A mere application of viii. at to the case where one of the ''sunflar solid 
numbers " is a cube. 

Proposition 24. 

If Iwo numbers have to one another the ratio which a square 
number has to a square number, and the first be square, the 
second will also be square. 

For let the two numbers A, B have to one another the 
ratio which the square number C has 

to the square number D, and let A be A 

square ; B 

I say that B is also square. q 



For, since C, D are square, 
C D are similar plane numbers. 

Therefore one mean proportional number falls between 

C [VHL 18] 

And, as C is to so ts ^ to ^ ; 

therefore one mean proportional number falls between B 
also. [vttL 8] 

And .1 is square ; 
therefore B is also square. [vni. aaj 

Q. E. D. 

If <7 : ^ = c"- : iP^ and <7 is a .s<iuare, then h is also a square. 

For d'^ have one mean proportional cd. [vni. i8j 

Therefore a, which are in the same ratio, have <Mie mean proiK>rti(Mia1. 

[viii. 8] 

And, since a is square, b must also be a square. [viii. aaj* 

Proposition 25. 

// tivo numbers have to otic another the ratio ivkich a cube 
number has to a cube number^ and the first be cube^ the second 
will also be cube. 

For let the two numbers A, B have to one another the 
ratio which the cube number C has to the cube number Z>, 
and let A be cube ; 

I say that B is also cube. 
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For, since C, D are cube, 

C, D are similar solid numbers. 

Therefore two mean proportional numbers fall between 
C, [viii. 19] 



A e 

B F 

o 

Q. 

And, as many numbers as fall between C, D in continued 
proportion, so many will also fall between those which have 
the same ratio with them ; [vm. 8] 

so that two mean proportional numbers fall between B 
also. 

Let £t Fso fall. 

Since, then, the four numbers B are in continued 

proportion, 

and A is cube, 

therefore B is also cube. [vm. 23] 

Q. £. O. 

ir r? '.h = c^ \d^, and a is a cube, then b is also a cube. 

For r', (P have two mean proportionals. [vin. 19] 

Therefore a, b also have two mean proportionals. [via. 8J 

And a is a cube : 

therefore ^ is a cube. [vitL 23] 

Proposition 26. 

Similar plane numbers have to one another the ratio which 
a square number has to a square number. 

Let A, B be similar plane numbers ; 

I sa)' that A has to B the ratio which a square number has 
to a square number. 



B- 



For, since A^ B are similar plane numbers, 

therefore one mean proportional number falls between A, B. 

[vm. 18J 
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Let it so fall, and let it be C; 

and let /), /S, F, the least numbers of those which have the 
same ratio with A, C, B, be taken ; (vil 33 or viii. a] 

therefore the extremes of them D, Fm. square, r^ni. a, Por.] 

And since, as is to so is yl to 

and D, F are square, 

therefore ^1 tias to B the ratio which a square number has to 
a square number. 

Q. E. D. 

If tf, ^ are similar "plane numbefSj" let ^ be the mean proportional 
between them. [viii. 18' 

Take a, ^, y the smallest numbers in the ratio of a,^^. [vii. 33 or viii. 2 
Then tt, y are squares. [viii. 2, Per/ 

Therefore a, b are in the ratio of a square to a square. 



Proposition 27. 

Similar solid numbers hove to one another the ratio which 
a cube number has to a cube number. 

Let be similar solid numbers ; 

I say that A has to B the ratio which a cube number has to 
a cube number. 



c- 



B i D 

e — F 0 H 



For, since yl, J> are similar soIrI iiuinbers, 

therefore two mean proportional numbers fall between A, B. 

[vui. 19} 

Let C D so fall, 

and let E, F, G, H, the least numbers of those which have 
the same ratio with A^ C B, and equal with them in 
multitude, be taken ; [vu. 33 or vm. 2] 

therefore the extremes of them £, H are cube. [viii. 2, Por.] 

And» as is to so is ^ to ^ ; 

therefore A also has to B the ratio which a cube number has 
to a cube number. 

Q. E. D. 



Digitized by Google 



VIII. 27] PROPOSITIONS ad, 27 383 

The same thing as viil 26 with cubes. It is proved in the same way 
except that viil 19 is used instead of viii. t8. 

The hat note of an-Nairlzl in which the name of Heron is mentioned is 
on this propo<:ttion. Heron is there stated (p. 194 — 5, ed. Curtze) to have 

added the two pro|X)sition.s that, 

1 . If two numbers have to om another the ratio of a sqwure to a square^ tke 

/lumbers are similar plane numbers ; 

2. If tivo numbers /urre to one another the ratio oj a cube to a cube^ the numbers 
are similar solid numbers. 

The propositions are of course ihc converses of viii. 26, 27 respectively. 
They are easily proved. 

(1) If a'.b = c*.(P, 

then, since there is one mean proportional {id ) between c\ d^^ 

[vin. II or 18] 

there is also one mean proportional between a, b, [viu. 8] 

Therefore ii^ ^ are similar plane numbers. [vtii. 20] 

(2) is similarly proved by the use of viii. 12 or 19, viii. 8, viti. ai. 

The insertion by Heron of the first of the two propositions, the converse 
of viiL 26, is perhaps an argument in &vour of the correctness of the text of 

IX, 10, though (as remarked in the note on that proposition) it does not give 
the easiest proof. Cf. Heron's extension of vii. 3 tacitly assumed by Euclid 
in VII. 33. 
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Proposition i. 



If two similar plane numbers by multiplying one another 
make some number, the product will be square. 

Let y/, B be two similar plane numbers, and let A by 

multiplying B make C\ 

1 say that C is square. ^ 

For let A by multiplying itself q 

make Z>. p 

Therefore D is square. 

Since then A by multiplying itself has made and by 
multiplying B has made C, 

therefore, as is to so is Z7 to C [vii. 17] 

And, since A, B arc similar plane numbers, 
therefore one mean proportional number falls between A, B. 

[vni. 18] 

But. if numbers fall between two numbers in continued 
proportion, as many as fall between them, so many also fall 
between those which have the same ratio ; [vm. 8] 

so that one mean proportional number falls between Calso. 
And D is square ; 

therefore C is also square. [vin. 39] 



Q. E. D. 



The product of two similar plane numbers is a square. 
Let a, ^ be two similar plane numbers. 
Now a \ b - : ab. 

And between a, h there is one mean proportional. 
Therefore between : al> there ib one mean proportional. 

And ^ is square ; 



[vii. 17] 

[viii. 18] 
[viii. s] 



therefore ab is square. 



[vHi. 23] 
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Proposition 2. 

If two numbers by multiplying one anoiJier make a square 
number^ they are similar plane numbers. 

Let A^B \x, two numbers, and let A by multiplying B 
make the square number C ; 

I say that A^ B are similar plane ^ 

numbers. ^ 

For let A by multiplying itself ^ 

make D ; ^ 
therefore D is square. 

Now, since A by multiplying itself has made D, and by 
multiplying B htis made C 

therefore, as A is to Z/, so is D to C [vii, 17] 

And, since D is square, and C is so also, 
therefore C are similar plane numbers. 

Therefore one mean proportional number falls between 
A C, [vm. 18] 

And, as Z> is to C so is ^ to ^ ; 

therefore one mean proportional number falls between A^ B 
alsa [viii. 8] 

But, if one mean proportional number fall between two 
numbers, they are similar plane numbers ; [vm. 20] 

therefore Ay B are similar plane numbers. 

Q. E. D. 

If is a squEfe number, «, ^ aie similar plane numbers. (The converse 

of IX. I.) » 

For a h - \ ab. [vii. 17] 

And d\ al> being s(|uare numbers, and therefore similar plane numbers, 
they have one mean proportional. [viil. 18] 

Therefore a, b also have one mean proportional, [viii. 8] 

whence a, ^ are similar plane numbers. [viii. 20] 



Proposition 3. 

If a cube number by multiplying itself make some number^ 
the product will be cube. 

For let the cube number A by multiplying itself make B \ 
I say that B is cube. 

H. B. II. 25 
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For let C, the side of be taken, and let C by multiplying 
itself make D. 

It is then manifest that C by multiplying A 

D has made ^. • 

Now, since C by multiplying itself has c- o — 

made D, 

therefore C measures D according to the units in itself. 

But further the unit also measures C according to the units 
in it ; 

therefore, as the unit is to C, so is C to £>, [vu. Def. 30] 

Again, since C by multiplying D has made 
therefore D measures A according to the units in C. 

But the unit also measures C according to the units in it ; 
therefore, as the unit is to C, so is D to A. 

But, as the unit is to C, so is C to ; 
therefore also, as the unit is to Q so is C to £>, and D to A, 

Therefore between the unit and the number A two mean 
proportional numbers C, £> have fallen in continued proportion. 

Again, since A by multiplying itself has made B, 

therefore A measures B according to the units in itself 

But the unit also measures A according to the units in it ; 
therefore, as the unit is to so is A to [vn. l)ef. 20] 

But between the unit and A two mean proportional numbers 
have fallen ; 

therefore two mean proportional numbers will also fall between 
A, B, [vni. S] 

But, if two mean proportional numbers fall between two 
numbers, and the first be cube, the second will also be cube. 

• [vin. 33] 

And A is cube ; 
therefore B is also cube. Q. e. d. 

The product of ^ into itself, or a* . 0*, is a cube. 

For I :a»tf:<i's:i^:a*. 

Therefore between i and a" there are two mean proportionals. 

Also I : 0* - 0* : . o^. 

Therefore two mean proportionals fall between rt* and a* . <i*. [viil. 8] 
(It is true that vin. 8 is only enunciated of two ])airs of numbers^ ont the 
proof is equally valid if one number of one pair is unity.) 

And a* is a cuIk; number : 

therefore (T* . a' is also cut>e. [vui. 23] 
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Proposition 4. 

Jf a cube number by mullipfying a cube number make same 
number, ike product wHl be cube» 

. For let the cube number A by multiplying the cube number 
make C; 

I say that C is cube. A 

For let A by multiplying b 

itself make D ; c 

therefore D is cube. 3] ^ 

And, since A by multiply- 
ing itself has made D, and by multiplying B has made Q 
therefore, as A is to B, so is D to C, [vn. 17] 

And, since A, B are cube numbers, 

B are similar solid numbers. 

Therefore two mean proportional numbers fall b( iwet n 

Ay B\ [VIII. 

so that two mean proportional numbers will fall between D, 
C also. [vni. 8] 

And D is cube ; 

therefore C is also cube. [vm. 33] 

E. D. 

The product of two cube8» say a* . is a cube. 

For «• : ^ = : tf*,^. [vu. 17] 

And two mean proportionals fall between a*, ^ which are similar solid 

numbers. [vni. 19 

Therefore two mean propurtiunaU fall between . a^, . i^, [viii. 8 

Bui ' . if is a cul>c : [ix. 3 

therefore ^r* . is a cube. [vui. 23] 

Proposition 5. 

If a cube number by multiplying any number make a cube 
number, ike muUiplUd number will cUso be cube. 

For let the cube number A by multiplying any number B 
make the cube number C\ 

I say that B is cube. ^ 

For let A by multiplying q 

itself make D ; q 

therefore D is cube. [ix. 3] o 

as — a 
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Now, since A by multiplying itself has made D, and by 
multiplying B has made C, 

therefore, as A is to so is to C. [vii. 17] 

And since D, C are cube, 
they are similar solid numbers. 

Therefore two mean proportional numbers fall between 

A C. [VIIL 19] 

And, as D is to C, so\s A to B; 

therefore two mean proportional numbers fall between A, B 
also. Iviu. 8J 

And A is cube ; 

therefore jB is also cube. [viii. 23] 

If the product 41^^ is a cube number, d is cube. 
By IX. 3, the product a*, a* is a cube. 

And : = : ^. [vii. 17] 

The first two terms are cubes, and therefore "similar solids"; therefore 
there are two mean proportionals between them. [vin. 19] 

Therefore there are two mean proportionals between a' d, [yiii. 8] 

And 0* is a cube : 

therefore ^ is a cube number. [vtii. 23] 

Proposition 6. 

// a number by mulliplying itself make a cube number, ii 
will itself also be cube. 

For let the number A by muliiplying itself make the cube 
number B ; 

I say that A is also cube. a 

For let A by multiplying B make C. ^ 

Since, then, A by multiplying itself ^ 

has made B, and by multiplying B has 

made C, 

therefore C is cube. 

And, since A by multiplying itself has made B, 

therefore A measures B according to the units in itself. 
But the unit also measures A according to the units in it. 
Therefore, as the unit is to A, so is A to B, [vu. Def. 20] 
And, since A by multiplying B has made C, 

therefore B measures C according to the units in A, 

But the unit also measures A according to the units in it. 
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Therefore, as the unit is to A, so is B to C, [vii. DeC 20] 
But, as the unit is to y^, so is to B ; 

therefore also, as ^ is to so is to C, 

And, since B, C are cube, 

they are similar solid numbers. 

Therefore there are two mean proportional numbers 
between B, C, [vni. 19] 

And, as ^ is to C, so is ^ to ^. 

Therefore there are two mean proportional numbers 
between A, B also. [viii. 8] 

And B is cube ; 

therefore j-l is also cube. [cf. viii. 23] 

Q. E. D. 

If li" is a cube number, 0 is also a cube. 
For I : <i = : a* « tf* : 

Now tf*, a* are both cubes, and thoefore ''similar solids"; therefore there 



are two mean proportionals between them. [viii. 19] 

Therefore there are two mean proportionals between a, a*. [vill. 8j 

And a' is a cube : 

therefore a is also a cube number. 23] 



It will be noticed that the last step is not an exact quotation of the result 
of VIII. 23, because it is there the Jirsi of four terms which is known to be a 
cube, and the last which is proved to be a cube ; here the case is reversed. 

But there is no difficulty. Without inverting the proportions, we have only 
to refer to viii. 21 which proves that a, having two mean proportionals 
between them, are two similar solid numbers ; whence, since is a cube, 
a is i^so a cube. 



Proposition 7. 

If a composite number by multiplying any number make 
same number, the prodtut will be solid. 

For let the composite number^ by multiplying any number 
B make C\ 

I say that C is solid. ^ 

For, sincey^ is composite, q 

it will be measured by some ^ g 

number. [vii. Def. 13] 

Let it be measured by D ; 
and, as many times as D measures A, so many units let there 
be in E, 
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Sinct? then D measures A according to the units in E, 
therefore E by multiplying D has made A* [vii. Def. 15J 

And, since A by multiplying B has made C, 
and A is the product of A 

. therefore the product of D, E by multiplyinir B has made C. 

Therefore C is solid, and B are its sides. 

Q. E, D. 

Sinrr a romposite number is the product of two factors, the resuh of 
multiply i 11)4 it by anothtr number is to produce a number which is the 
product ot three factors, i.e. a "solid number." 



Proposition 8. 

If as many numbers as we please beginning from an unii be 
in continued proportion, the third from the unit will be square, 
as will also those which successively leaz'e out one ; the fourth 
will be cuIh\ as will also all those which leave out tivo; and tlie 
seventh will be at once cube and square, as will also those which 
leave out five. 

Let there be as many numbers as we please, A, Bt C, 
banning from an unit and in con- 
tinued proportion ; * 

I say that B, the third from the unit, is * ZIZI_ 

square, as are also all those which leave p 

out one ; C, the fourth, is cube, as are ^ _. 

also all those which leave out two ; and p ' 

the seventh, is at once cube and 
square, as are also all those which leave out five. 

For since, as the unit is to A,^v& A to 

therefore the unit measures the number A the same number 
of timtjs that . / nieasures B. [vii. Del. 20J 

Rut the unit measures the number A according to the 

units in it ; 

therefore A also measures B according to the units in A* 

Therefore A by multiplying itself has made B ; 

therefore B is square. 

And, since B,C,Dzxt, in continued proportion, and B is 
square, 

therefore D is also square. [vul a a] 
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For the same reason 
is also square. 

Similarly we can prove that all those which leave out one 
are square. 

I say next that C, the fourth from the unit, is cube, as are 
also all those which leave out two. 

For since, as the unit is to ^4, so is ^ to C 

therefore the unit measures the number A the same number 
of times that B measures C. 

But the unit measures the number A according to the units 

in A ; 

therefore B also measures C according to the units in A, 
Therefore A by multiplying B has made C 
Since then A by multiplying itself has made B, and by 

multiplying B has made C, 

therefore C is cube. 

And, since C, Z?, £t F are in continued proportion, and C 

is cube, 

therefore F is also cube. [vui. 23] 

But it was also proved square ; 

therefore the seventh from the unit is both cube and square. 

Similarly vv(; can [)rove that all the numbers which leave 
out five are also buth cube and square. 

Q. E. D. 

If I, a, a,, a,, ... be a geometrical progression, then a,, <i4, a,, ... are 

squares ; 

1/ , ... are cubes ; 

tf„ ... are both stjuares and cubes. 

Since i = 

a» (1?. 

And, since <i.j, tfj, are in geometrical progression and rtj «') is a square, 

^4 is a square. [vin. 22] 

Similarly Oe, ... are squares. 
Next, I \a-a^ \ 

whence ^""O*, a cube number. 

And, since a,, 04, a^^ are in geometrical progression, and a, is a cube^ 

Oils a cube. [vni. 35] 
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Similarly a„ a,„ ... are cubes. 

Clearly then a^, <7j„ a„, ... are both squares and cubes. 
The whole result is of course obvious if the geometrical progression is 
written, with our notation, as 

I, a, a^, a*, a\ ... a\ 

Proposition 9. 

//as many numbers as we pUase beginniitg from an unit be 
in corUinued proportion, and ike number after the uniihesquaret 
all the rest will also be square. And, if the number after the 
unit be cube, all the rest wiU also be cube. 

Let there be as many numbers as we please, At C D% 
F, beginning from an unit and in con- 
tinued proportion, and let A^ the number a 

after the unit, be square ; • 

I say that all the rest will also be square. ^ 

Now it has been proved that B, the £ 

third from the unit, is square, as are also f 

all those which leave out one ; [ix. 8] 

1 say that all the rest are also square. 

For, since A, C are in continued proportion, 

and A is square, 

therefore C is also square. [viii. 22] 

Again, since C, D are in continued proportion, 
and B is square, 

is also square. [viii. 22] 

Similarly we can prove that all the rest are also square. 

Next, let A be cube ; 

I say that all the rest are also cube. 

Now it has been proved that C the fourth from the unit, 
is cube, as also are all those which leave out two ; [ix. 8] 

I say that all the rest are also cube. 

For, since, as the unit is to so is A to B, 

therefore the unit measures A the same number of times as A 

measures B. 

But the unit measures A according to the units in it ; 
therefore A also measures B according to the units in itself; 
therefore A by multiplying itself has made B, 
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And A is cube. 

But, if a cube number by multiplying itself make some 
number, the product is cube. [ix. 3] 

Therefore B is also cube. 

And, since the four numbers C, D are in continued 

proportion, 

and A is cube, 

D also is cube. [vm. 23] 

For the same reason 
E is also cube, and similarly all the rest are cube. 

Q. £. D. 

If I, tf', tfji, tf,, a^, ... arc in geometrical progression, aj, ^4, ... are all 
squares; 

and, if i, Og, <ia, «4* »re in geometrical progression, Og, a^^ ... are all cubes. 

(1) By IX. 8, ^3, a^, ... are all squares. 

And, a', a,, a, being in geometrical progression, and a* being a square, 

0^ is a square. [viii. 33] 

For the same reascm tfa, tfr, ... are all squares. 

(2) By IX. 8, a,, u«, a,, ... are all cubes. 
Now I : a*B^ : Ot* 

Therefore = a* . ii", which is a cube, by ix. 3. 

And, a*, (7,, at, 114 being in geometrical progression, and 4^ being cube, 

^4 is cube. [vtii. 23] 

Simtbriy ne prove that is cube, and so on* 
The results axe of course obvious in our notation, the series being 

(i) 1, 1^, tf*, 1^, ... 0**, 

(3) i,tf>,tf^,a", ... tf*. 



Proposition 10. 

If as many numbers as we please b^nnittg from an unit be 
in coniinued proportion, and the number after the unit be not 
square^ neither ivill any other be square except tlie third from 
the unit and all those which leave out one, And^if the number 
after the unit be not cube^ neither wiU any other be cube except 
ike fourth from the unit and all those which leave out two* 

Let there be as many numbers as wc please. A, B, C, Z?, 
E, F, beginning from an unit and in continued proportion, 

and let A^ the number after the unit, not be square ; 
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I say that neither will any other be square except the third 
from the unit <and those which 



But B IS also square ; [w. 8] c 

[therefore C have to one another ^ 

the ratio which a square number ^ ~* 

has to a square number]. ^ 

And, as B is to C, so is ^ to ; 

therefore A, B have to one another the ratio which a square 

number has to a square number ; 

[so that B are similar plane numbers]. [vni. 26^ converse] 

And B is square ; 
therefore A is also square : 
which is contrary to the hypothesis. 

Therefore C is not square. 

Similarly we can prove that neither is any other of the 
numbers square except the third from the unit and those which 
leave out one. 

Next, let A not be cube. 

I say that neither will any other be cube except the fourth 
from the unit and those which leave out two. 

For, if possible, let D be cube. 

Now C is also cube ; for it is fourth from the unit. [ix. 8] 
And, as C is to so is B to C\ 

therefore B also has to C the ratio which a cube has to a cube. 

And C is cube ; 

therefore B is also cube. [vui. 25] 

And since, as the unit is to Atso'is A to B^ 
and the unit measures A according to the units in it, 

therefore A also measures B according to the units in itself ; 
therefore A by multiplying itself has made the cube number B, 

But, if a number by multiplying itself make a cube number, 

it is also itself cube. [txl^] 
Therefore A is also cube : 

which is contrary to the hypothesis. 

Therefore D is not cube. 



leave out one>. 

For, if possible, let C be square. 



A 



B 
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Similarly we can prove that neither is any other of the 
numbers cube except the fourth from the unit and those which 
leave out two. 

Q. E. D. 

If 1, tf, <7a, r/j, a^, ... hit a geometrical jirogn^ssion, then (i), if a is nut a 
square, none of the terms will be s(juare ext ept rf..., 

and (2), if a is not a cube, none of the terms will be cube except a^, r/^, a,j, — 
With reference to the first part of the proof, viz. that which proves that, if 
is a square^ a must be a square, Heibeig^ remarks that the words which 
I have biack^ed are perhaps spurious; for it is easier to use viii. 24 than 
the ioniytrse of vni. 26, and a use of viii. 24 would corresiwnd Ixtter to the 
use of VIII. 25 in the second part relating to cubes. I agree in this view and 
have bracketed the words accordingly. (See however note, p. 383, on 
converses of vut. 36, 27 given by Heron.) If this change be made, the 
proof runs as follows. 

. (i) If possible* let be square. 

Now OslHastflOl. 

But (7, is a square. [ix. 8] 

I herefore a is to (7, in the ratio of a square to a square. 

And a<x is square ; 

therefore a is square [viii. 24J: which is impossible. 

(2) If possible} let a4 be a cube. 

Now 0435 0,: a,. 

And is a cube. [ix. 8] 

Therefore <i| is to in the ratio of a cube to a cube. 
And 4^ is a cube: 

therefore Og is a cube. [viii. 35] 

But, since i : « » a : o^. 

And, since <^ is a cube, 
a must be a cube [ix. 6] : whidi is imposnble. 

The propositions viit. 34, 25 are here not quoted in their exact form in 

that the first and second squares, or cubes, change places. But there is no 
difficulty, since the method by which the theorems are proved shows that 
either inference is equally correct. 



Proposition ii. 

If as many numbers as we phase beginning from an unit be 
in continued proportion, the less measures t lie greater according 
to some one of the numbers which have place among the propor- 
tional numbers. 
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Let there be as many numbers as we please, C, A ^* 
banning from the unit A and in con- 
tinued proportion ; 4 

I say that the least of the numbers B^ e 

C Z), E, measures E according to some c 



For since, as the unit A is to so ^ • 

\s DXoE^ 

therefore the unit A measures the number B the same number 
of times as D measures E ; 

therefore, alternately, the unit A measures D the same number 
of times as B measures Ji. [vii. 15] 

But the unit A measures D according to the units in it; 

therefore B also measures E according to the units in D ; 

. so that B the less measures E the greater according to some 
number of those which have place aniong the proportional 
numbers. — 

PoRiSM. And it is manifest that, whatever place the 
measuring number has, reckoned from the unit, the same 
place also has the number accordine to which it measures, 
reckoned from the number measure^ in the direction of the 
number before it — 



The proposition and the porism together assert that, if i, a, a,, ... be a 
geometrical progression, meawies ^ and gives the quotient a^.^ {^<")- 
Euclid only proves that «• - « . On.!, as foUows. 



Therefore i measures a the same number of times as measures a^^. 
Hence i measures a^i the same number of times as a measures ; 



one of the numbers C, D, 



o 



Q. B. D. 



that is, a^ = a . a«_i. 

We can supply the proof of the porism as follows. 



[vu. 15] 




[vii. 14] 
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Proposition 12. 

J fas many numbers as we please beginning from an unit be 
in continued proportion^ by however many prime numbers the 
last is measured^ the next to the unit will also be measured by 
ike same. 

Let there be as many numbers as we please, A, B, C, D, 
beginning from an unit, and in continued proportion ; 

I say that, by however many prime numbers D is measured, 
A will also be measured by the same. 



A F 

B Q. 

O „. 



E — 

For let D be measured by any prime number £ \ 

I say that £ measures A, 

For suppose it does not ; 

now £ is prime^ and any prime number is prime to any which 
it does not measure ; [vn. 29] 

therefore A are prime to one another. 

And, since E measures let it measure it according to /% 

therefore £ by multiplying F has made D. 

Again, since A measures D according to the units in C, 

[ix. 1 1 and Por.] 

therefore A by multiplying C has made D. 

But, further, £ has also by multiplying £ made D ; 
therefore the product of A^ C is equal to the product of £^ F, 

Therefore, as A is to so is to C. [vn. 19] 

But At £ are prime, 
primes are also least, [vn. 21] 

and the least measure those- which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; [vn. 20] 

therefore E measures C. 

Let it measure it according to G ; 
therefore £ by multiplying G has made C, 

But, further, by the theorem before this, 
A has also by multiplying B made C. [ix. ti and For.] 
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Therefore the product of A, B is equal to the product of 

E.G. 

Therefore, as ^ is to i?, so is (7 to [vii. 19] 

But A, E are prime, 

primes arc also least, [vn- 21] 

and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent : [vii. 20] 

therefore E measures B, 

Let it measure it according to H ; 
therefore E by multiplying /Thas made 

But further A has also by multiplying itself made B \ 

[ix. 8] 

therefore the product of E^ H is equal to the square on A. 

Therefore, as E is to so is A to //. • [vn. 19I 

But A, E are prime, 
primes are also least, [vn. 21] 

and the least measure those which have the same ratio the 
same numlicr of times, the antecedent the antecedent and the 
consequent the consequent ; [vu. aoj 

therefore E measures A^ as antecedent antecedent 

But, ^[ain, it also does not measure it : 

which is impossible. 

Therefore li, A are not prime to one another. 
TherefoR' they arc composite to one another. 
But numbers composite to one another are measured by 
some number. [vil Def. 14] 

And, since E is by hypothesis prime, 

and the prime is not measured by any number other than itself, 
therefore E measures A. E. 

so that E measures A. 

[But it also measures D ; 

therefore E measures A^ 

Similarly we can prove that, l)y however many prime 
numbers D is measured, A will also be measured by the same. 

Q. E. D. 

If I, a,, ... a„ be a geometrical progression, and be measured by any 
prime number /, a will also be measured by /. 
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For, if possible, suppose that / does not measure a ; then, / being prime, 
a are prime to one another. [vii. 29] 

Sappose a^^m.p. 

Now a^-a,an.i. [ix. 11] 

Thereibre a • On-i ^p^ 

and axp^miOftr-x' [v"* 19] 

Hence^ a, / being prime to one another, 

/ measures ««_|. [vii. so, ai] 

By a repetition of the same process, we can prove that / measures a^.f 
and therefore rt^-j, and so on, and finally that / iiu asurcs a. 

But) by hypothesis, / docs not measure a : which is impossible. 

Hence a are not prime to one another : 
theiefofe ihey have some common Gictor. [vit. Def. 14] 

But / is the only number which measures / ; 
therefore / measures 0. 

Heibeig remarks that, as, in the ck^co-ic, Euclid sets himself to prove that 
E measures A, the words bracketed above are uimecessaiy and therefore 
perhaps intexpolaUid. 



Proposition 13. 

If as many num&ers as we please beginning from an unU be 
in coniinued proportion, and the number after the unit be prime, 
the greatest wiil not be measured by any except those which have 
a place among tlie proportioned numbers. 

Let there be as many numbers as we please. A, B, C, 
beginning from an unit and in continued proportion, and let 
the number after the unit, be prime ; 

I say that D, the greatest of them, will not be measured by any 
other number except A, B, C, 

A E 

B F 

O Q 

0 H-^ 

For, if possible, let it be measured by B, and let JS not be 
the same with any of the numbers A, By C. 
It is then manifest that £ is not prime. 
For, if £ is prime and measures D, 

it will also measure A [ix. is], which is prime, though it is not 
the same with it : 
which is impossible. 
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Therefore E is not prime. 
Therefore it is composite. 

But any composite number b measured by some prime 
number ; [vii. ji] 

therefore E is measured by some prime number. 

I say next that it will not be measured by any other prime 
except A. 

For, if E is measured by another, 

and E measures 

that other will also measure D \ 

so that it will also measure A [ix. is], which is prime, though 
it b not the same with it : 

which is impossible. 

Therefore A measures E. 

And, since E measures D, let it measure it according to F. 
I say that F is not the same with any of the numbers 
A, B, C, 

For, if is the same with one of the numbers A^ C, 
and measures D according to E, 

therefore one of the numbers A,B,C also measures D according 
to^. 

But one of the numbers A, B, C measures D according to 
some one of the numbers A, B, C; [ix. n] 

therefore E is also the same with one of the numbers A, E\ C: 
which is contrary to the hypothesis. 

Therefore F is not the same as any one of the numbers 
A, B, C 

Similarly we can prove that E^ is measured by A, by 
proving again that F is not prime. 
For, if it is, and measures IJ, 

it will also measure A [ix. 12], which is prime, though it is not 
the same with it : 

which is impossible ; 

therefore F is not prime. 

Therefore it is composite. 

But any composite number is measured by some prime 
number ; [vii. 31J 

therefore E^ is measured by some prime number. 
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I say next that it will not be measured by any other prime 
except A. 

For, if any other prime number measures 
and F measures 

that other will also measure D ; 

so that it will also measure A [ix. 12], which is prime, though it 
is not the same with it : 

which is impossible. 

Therefore A measures F. 

And» since E measures D according to /% 

therefore E by multiplying F has made D, 

But, further, A has also by multiplying C made D ; [ix. 11] 

therefore the product oi A,C '\s equal to the product of £^ F. 

Therefore, proportionally, as A h to E, so is F to C. 

[vu. 19] 

But A measures E ; 
therefore F also measures C 

Let it measure it according to G. 

Similarly, then, we can prove that G is not the same with 
any of the numbers A, B, and that it is measured by A, 
And, since F measures C according to G, 

therefore F by multiplying G has made C. 

But, further, A has also by multiplying E made C; [ix. n] 

therefore the product of ^, ^ is equal to the product of F, G. 

Therefore, proportionally, as <^ is to ^, so is 6^ to E, 

[VII. 19] 

But A measures F ; 
therefore G also measures B, 

Let it measure it according to //. 

Similarly then we can prove that // is not the same 
with A. 

And, since G measures B according to //, 

therefore G by multiplying // has made E. 

But further A has also by multiplying itself made B; 

[IX. 8] 

therefore the product of //, G is equal to the square on A, 
Therefore, as // is to ^, so is to G, [vu. 19] 

H. B. If. 26 



Digitized by Google 



4oa BOOK. IX [ix. 13, 14 

But A measures G ; 

therefore H also measures A, which is prime, though it is not 
the same with it : 

which is absurd. 

Therefore D the greatest will not be measured by any 
other number except B, C 

Q. s. n. 

If I, a, a,, ... tf« be a geometrical progression, and if « is prime, a. will not 
be measured by any numbers except the preceding terms of the series. 

If possible, let a^^ be measuied by t, a number diflerent from all the 
preceding terms. 

Now b cannot be prime, for, if it were, it would measure «. [ix. 1 2] 
Therefore b is composite and hence will be measured by ^ne prime 

number [vn. 31], say /. 

Thus p must measure a„ and therefore a [ix. 12] : so that p cannot be 
different from a, and b is not measured by any prime number except a. 

Suppose that a^ = b .c 

Now c cannot be identical with any of the terms o, a,, ... ; for, if it 
were» b would be identical with another of them: [ix. 11] 

which is contrary to the hypothesis. 

We can now prove (just as for ^) that e cannot be prime and cannot be 
measured by any prime number except a. 

Since h»t^a^-a,a^.it \vii. ti\ 

whence, since a measures ^, 

c measures a^-i. 

Let a^_i^c*d* 

We now prove in the same way that d is not identical with any of the terms 
0, a„ ... a«.g, is not primei and is not measured by any prime except md 
also that 

d measures a^-j. 

Proceeding in this way, we get a last iactor, say ^. which measures a 
though differcnl Irom it : 

which is absurd, since a is prime. 

Thus the oripnal supposition that a. can be measured by a number b 
different from all the terms a, a^, ... o^.i must be iiioorrect. 
Therefore etc 

Proposition 14. 

If a number be the least that is ?neastired by prime numbers, 
it will not be measu red by any other prime number except those 
originally measuring it. 

For let the number A be the least that is measured by the 
prime numbers C, D; 
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I say that A will not be measured by any other prime number 
except C, D, 

For, if possible, let it be measured by the prime number 
and let E not be the same with any one of the numbers 

A B — 

E 0 



Now, since E measures let it measure it according 
to F\ 

therefore E by multiplying F has made A. 

And A is measured by the prime numbers C, D, 
But, if two numbers by multiplying one another make some 
number, and any prime number measure the product, it will 
also measure one of the original numbers ; [vii. 30] 

therefore B^ C D will measure one of the numbers E^ F. 

Now they will not measure E ; 

for E is prime and not the same with any one of the numbers 
C, D. 

Therefore they will measure which is less than A : 

which is impossible, for A is by hypothesis the least number 
measured by B, C, D. 

Therefore no prime number will measure A except 

Q. £. D. 

In other words, a number can be resolved into prime factors in only 
one way. 

Let a be the least number measured by each of the prime numbers 

... k. 

If possible, suppose that a has a prime factor / different from l>,c,d^ k* 
Let a^/.m. 

Now ^tCfd^ ... A, measuring tf, must measure one of the two factors /, m. 

[vii. 30] 

They do not, by hypothesis, measure /> ; 
therefore they must measure ///, a number less tlian a : 
which is contrary to the hypothesis. 

Therefore a has no prime factors except b^c^d^ 

26— s 
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Proposition 15. 

If three numbers in caniinued proporHm be ike least of 
thou which have the satne ratio witn them, any two whatever 
added together will be prime to the remaining number. 

Let A, By C three numbers in continued proportion, be 
the least of those which have the same 

ratio with them ; ^ » 

I say that any two of the numbers ^ 

A, B, C whatever added together are 0— E — f 

prime to the remainingnumber, namely 

A, B xo C\ C to A \ and further A, C to B. 

For let two numbers DE, EF, the least of those which 
have the same ratio with A^ By C, be taken. [vui. a] 

It is then manifest that D£ by multiplying itself has made 
A, and by multiplying EF has made B, and, further, £F by 
multiplying itself has made C. [viit. a] 

Now, since D£, EF are least, 
they are prime to one another. [vii. ax] 

But, if two numbers be prime to one another, 
their sum is also prime to each ; [vu. 28] 

therefore DF is also prime to each of the numbers DE^ EF, 

But further DE is also prime to EF'; 
therefore DF, DE are prime to EF, 

But, if two numbers be prime to any number, 

their product is also prime to the other ; [vil 24] 

so that the product of FD, DE is prime to EF\ 

hence the product of FD^ DE is also prime to the squcire 
on EF. [vii. 25] 

But the product of FD^ DE is the square on DE together 
with the product of DE, EF\ [11. 3] 

therefore the square on DE together with the product of DM^ 
EF is prime to the square on EF, 

And the square on DE is A, 

the product of DE^ EF is B^ 

and the square on EF is C ; 

therefore A^ B added together are prime to C, 
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Similarly we can prove that C added together are 
prime to A. 

I say next that C added together are also prime to B. 
For, since DF is prime to each of the numbers DE^ BF, 

the square on DF is also prime to the product of DB^ BF. 

[vii. 94, «s] 

But the squares on DB^ EF together with twice the pro- 
duct of DE, EF are equal to the square on DF\ [11. 4] 

therefore the squares on DE, HF together with twice the 
product of DE, EF <iv^ prime to the product of DE, EF. 

Separando, the squares on DE, EF together with once 
the product of DE, EF ^v^^ prime to the product of DE, EF, 

Therefore, separando again, the squares on DEt EF are 
prime to the product of DE, EF, 

And the square on DE is A^ 

the product of DE^ EF is i?, 

and the square on EF is C 

Therefore A^ C added together are prime to B, 

Q. E. o. 

If <7, ^, ^ be a geometrical progression in the least terms which have a 
given oonimon ratio, + ^, 4- a ), (a + ^) are respectively prime to a, ^» c 

I^t a : be the common ratio in its lowest terms, so that the geometrical 
progression is 

Now, a, ft being prime to one. another, 
a 4- ^ is prime to both a and ft. [vn. a8] 

Therefore (a + a are both prime to fi. 

Hence (a a is prime to fi, [vn* h] 

and therefore to ^ ; [vii. as] 

i.e a*4-a^ is prime to /P, 

or + is prime to r. 

Similarly, afi + fiP is prime to a\ 

or ^ •»> ^ is prime to a. 

Lastly, a 4-^ being prime to both a and /3, 

{a + /3f is prime to a/3, [vil. 24, 2$] 

or a' + + 2afi is prime to : 

wlience o' -f ^ is prime to a^. 

The latter inference, made in two steps, may be proved by reductio ad 
ahttrdum as Cdmmandinus proves it 

l(a* + fi^tB not imme to ^ let « measure them ; 
therefore x measures a* -i- /9' + lafi as well as ; 

hence a' + /S* + 20^ and vfi are not prime to one another^ which is contrary 
to the hypothesis. 
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Proposition 16. 

If two numbers be prime to ake amiker^ ike second will noi 
be to any other number as the first is to the second. 

For let the two numbers A, B be prime to one another ; 

I say that B is not to any other number as 

A is to B. 



For, if possible, as is to so let B be b 

to C. o 

Now At B are prime, 

primes are also least, [vii. 21] 

and the kast numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; [vii. 30] 

therefore A measures B as antecedent antecedent 

But it also measures itself ; 

therefore A measures B which are prime to one another : 
which is absurd. 

Therefore B will not be to C as W is to i?. 

Q. E. a 

If a, ^ are prime to one another, they can have no integral third 
proportionaL 

If possible, let a\h^b\x. 

Therefore [vii. 30, 21] a measures b\ and a, b have the oooimon measure 
which is contrary lo the hypothesis. 

Proposition 17. 

If there he as wany numbers as zve please in continued 
proportion, and the extremes of them be prime to one another^ 
the last will not be to any ot/ur nunwer as the first to the 
second. 

For let there be as many numbers as we please, ^,^,C,Z^, 
in continued proportion, 

and let the extremes of them, A, ^ 
be prime to one another ; ^ 

I say that D is not to any other g 

number as ^ is to 

For, if possible, as ^ is to B, so let Z> be to ^ ; 

therefore, alternately, as A is to Z^, so is to E, {vu. 13] 
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But At D are prime, 

primes are also least, [vii. ai] 

and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent [vii. ao] 

Therefore A measures B, 
And, as ^ is to so is ^ to C. 
Therefore B also measures C ; 

so that A also measures C. 

And sincf, as B is to C, so is C to 
and B measures C, 
therefore C also measures D. 

But A measured C\ 
so that A also measures D. 

But it also measures itself ; 
therefore A measures D which are prime to one another: 
which is impossible. 

Therefore D will not be to any other number as ^ is to i?. 

Q* E. D. 

If a, a,, a„ ... be a geometrical progression, and a, a^^ are prime to one 
another, then a, a,, a. can have no integral fourth proportioiial. 

For, if possible, let a xa^^a^^ : x. 

Therefore axa^^a^xx^ 
and hence [vii. 20, 21] measures o^. 

Therefore Os measures ^, [vii. Def. 20] 

and hence a measures ^, and therefore also ultimately a». 

Thus o, ifii are both measured by a : which is contrary to the hypothesis. 

Proposition 18. 

Given two numbers^ to investigate whether it is possible to 
find a third proportional to them. 

Let A, B be the given two numbers, and let it be required 
to investigate whether it is possible to find a third proportional 
to them. 

Now A, B are either prime to one another or not. 

And, if they are prime to one another, it has been proved 

that it is impossible to find a third proportional to them. 

[ix. 16] 
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Next, let A, B not be prime to one another, 
and let B by multiplying itself make C. 

Then A either measures C or does not measure it. 



First, let it measure it according to D ; 
therefore A by multiplying D has made C. 

But, further, B has also by multiplying itself made C\ 
therefore the product oi A^ D\s equal to the square on B. 

Therefore, as ^ is to ^, so is ^ to ; [vil 19] 

therefore a third proportional number D has been found to 



Next, let A not measure C \ 

I say that it is impossible to find a third proportional number 
to^, B. 

For, if possible, let such third proportional, have been 
found. 

Therefore the product of A^ D is equal to the square on B, 
But the square on ^ is C ; 
therefore the product of A^ D is equal to C 

Hence A by multiplying D has made C; 
therefore A measures C according to D. 

But, by hypothesis, it also does not measure it : 
which is absurd. 

Therefore it is not possible to hnd a third proportional 
number to A^ B when A does not measure C. q. e. d. 

Given two numbers 1^ to find the condition that they may have an 
integral third proportional. 

(i) a, b must not be prime to one another. [ix. 16] 

(3) a must measure ^. 

For, if a, ^, ^ be in continued proportion, 



Therefore a measures ^. 
Condition (i) is included in condition (a) since, if H^-ma^ a and b cannot 
be prime to one another. 

The result is of course easily seen if the three terms in continued 
proportion be written 



A, B. 
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Proposition 19. 

Given three numbers, to investigate when it is possible to 
find a fourth proporlional to them. 

Let A, B,C \x, the given three numbers, and let it be 

required to investigate when it is ^ 

possible to find a fourth proportional g 

to them. ^ 

Now either they are not in con- q 

tinued proportion* and the extremes g 

of them are prime to one another ; 

or they are in continued proportion, and the extremes of them 
are not prime to one another ; 

or they are not in continued proportion, nor are the extremes 
of them prime to one another ; 

or they are in continued proportion, and the extremes of them 
are prime to one another. 

If then A, B, C are in continued proportion, and the 
extremes of them A, C are prime to one another, 

it has been proved that it is impossible to find a fourth pro- 
portional number to them. [ix. 17] 

tNext, let A, B, C not be in continued proportion, the 
extremes being again prime to one another; 

I say that in this case also it is impossible to find a fourth 
proportional to them. 

For, if possible, let D have been found, so that, 

as A is to so is C to D, 
and let it be contrived that, as B is to C, so is D to £. 

Now, since, as A is to .5, so is C to D, 
and, as is to C, so is ^ to ^, 

therefore, ex aefualiy as ^ is to C, so is C to .f. [vtt. 14] 
But A, C are prime, 

primes are also least, [vn. 21] 

and the least numbers measure those which have the same 
ratio, the antecedent the antecedent and the consequent the 
consequent. [vn. 20] 

Therefore A measures C as antecedent antecedent. 
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But it also measures itself ; 
therefore A measures A^ C which are prime to one another : 
which is impossible. 

Therefore It is not possible to find a fourth proportional 
to A, B, C.t 

Next, let Ay By C be again in continued proportion, 
but let At C not be prime to one another. 

I say that it is possible to find a fourth proportional to 
them. 

For let B by multiplying C make D ; 
therefore A either measures D or does not measure it. 

First, let it measure it according to B ; 
therefore A by multiplying E has made D. 

But, further, B has also by multiplying Cmade ; 

therefore the product of A, £ is equal to the product of 

B. C ; 

therefore, proportionally, as ^ is to so is C to [vu. 19] 
therefore £ has been found a fourth proportional to A, B, C 
Next, let A not measure D ; 

I sciv that it is impossible to find a fourth proportional number 

to Ay By C. 

For, if possible, let E have been found ; 

therefore the product of A, E is equal to the product of By C, 

[vii, 19] 

But the product of B, 6 is /7 ; 
therefore the product of A, E is also equal to D. 

Therefore A by multiplying E has made D \ 
therefore A measures D according to 
so that A measures D. 

But it also does not measure it : 
which is absurd. 

Therefore it is not possible to find a fourth proportional 
number to A, By C when A does not measure Z>. 

Next, let Ay B, C not be in continued proportion, nor the 
extremes prime to one another. 

And let B by multiplying C make D, 

Similarly then it can be proved that, if A measures Z>, 
it is possible to find a fourth proportional to them, but, if it 
does not measure it, impossible. Q. e. d. 
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Given three numbers a, 6, to find the condition that they may have an 
int^al fourth proportional. 

The Gieek text of part of this proposition is hopelessly oonrupt Accord- 
ing to it EucUd takes four cases. 

(i) OftfC not in continued proportion, and a, c prime to one another. 
(3) 0, ^ in continued proportion, and a, ^ not prime to one another. 

(3) <i» ^> ^ not in continued proportion, and a, ^ not prime to one another. 

(4) a, ^, ^ in continued proportion, and «, c prime to one another. 

(4) is the case dealt with in tx. 1 7, where it is shown that on hypothesis 
(4) a fourth proportional cannot be found. 

The text now takes case (i) and asserts that a fourth proportional cannot 

be found in this case either. We have only to think of 4, 6, 9 in order to see 
that there is something wrong here. The supposed proof is also wrong. If 
possible, says the text, let be a fourth proportional to a, and let e 
be taken suek thai 

b :c^d:e. 

Then, ex aegitaii, a :c-c :e, 

whence a measures c : [vil. 30, 21] 

which is impossiblci since a, e are prime to one another. 

But this does not prove that a fourth proportional d cannot be found ; it 
only proves that, if is a fourth proportional, no integer e can be found to 
satisfy the equation 

b\e-d\e. 

Indeed it is obvious from ix. t6 that in the equation 

a : e-€ie 

e cannot be integraL 

The cases (3) and (3) are correctly given, the first in fiiU, and the other as 
a case to be proved ^'similarly" to it. 

These two cases really give all that is necessary. 

I^t the product be be taken. 

Then, if a measures Af, suppose be ^ ad ; 

therefore a : b = £ : 

and d is a fourth proportional. 

But, if a does not measure bc^ no fourth proportional can be found. 
For, if X were a fourth proportionali ax would be equal to be, and a would 
measure be. 

The sufficient condition in any case for the possibility of finding a fourth 
proportional to a, c is that a should measure he. 

Theon appears to have corrected the proof by leaving out the incorrect 
portion which I have included between daggers and the last case (3) dealt 
with in the last lines. Also, in accordance with this arrangement, he does not 
distinguish four cases at the beginning but only two. " Kither B, C are 
in continued proportion and the extremes of them A, C are prime to one 
another; or not." Then, instead of introducing case (2) by the words 
**Next let B, C.„to find a fourth proportions! to them," immediately 
following the second dagger above, Theon roerdy says '*Bttt, ^ not,'" [i.e. 
if it is not the case that a, c are in o.p. and tf, € prime to one another] "let 
JB by multiplying C make Z^," and so on. 
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August adopts Theon's form of the proof. Heiberg does not feel able to 
do this, in view of the superiority of the authority for the text as g^ven above 
(P) ; he therefore retains the latter without any attempt to emend it 



rRorosmoN 20. 

Prime numbers are more tkam any assigned muUUude of 
prime numbers. 

Let At B, C be the assigned prime numbers ; 

I say that there are more 
prime numbers than A, B, C, a — 

For let the least number ^ ®. 

measured by A, B, C be c ^ 

taken, c 

and let it be Z^iS* ; 

let the unit DF be added to DB. 

Then £F is either prime or not. 

First, let it be prime ; 
then the prime numbers A, B, C, £F have been found which 
are more dian A, B, C 

Next, let EF not be prime ; 
therefore it is measured by some prime number. [vii. 31] 

Let it be measured by the prime number G. 

I say that G is not the same with any of the numbers 

A, B, C. 

For, if possible, let it be so. 
Now A, B, C measure DE ; 

therefore G also will measure DE, 

But it also measures EF. 

Therefore G, being a number, will measure the remainder, 
the unit Z?/^: 
which is absurd. 

Therefore G is not the same with any one of the numbers 

A,B,C- 

And by hypothesis it is prime. 

Therefore the prime numbers A, B, C, G have been found 
which are more than the assigned multitude oi A, B, 

Q. £. b. 
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We have here the important proposition that tA< numdtr oj prime numbtrs 
is in&niti. 

The proof will be seen to be the same as that given in our algebmica] 

text-books. Let ^r, ^, r, ... ^ be any prime numbers. 
Take the product abc ... k and add unity. 

Then {abc . . . ^ + i ) is either a prime number or not a prime number. 

(i) If it />, we have added another prime number to those given. 

(a) If it is not, it must be measured by some prime number [vii. 31^ say /. 

Now / cannot be identical with any of the prime numbers a, e, ... i. 

For, if it is, it will divide abc 
Therefore, since it divides {abc.k-^ i) also, it will measure the difference, 
or unity: 

which u impossible. 

Therefore in any case we have obtained one fresh prime number. 
And the process can be carried on to any extent 

Proposition 21. 

// as many even numbers as we please be added together ^ 
the whole is even. 

For let as many even numbers as we please, A£^ BQ CD^ 
D£, be added tt^ther ; 

I say that the whole AE ^ ? S ? ? 

is even. 

For, since each of the numbers AB^ BQ CD, DE is even, 
it has a half part ; [vu. Def. 6] 

so that the whole AE also has a half part. 

But an even number is that which is divisible into two 

equal j)arts ; [/</.J 

therefore AE is even. 

Q. E. D. 

In this and the following propositions up to ix. 34 inclusive we have a 
numlier of theorems about odd, even, "even-times even" and "even times 
odd" numbers respectively. They arc all simple and require no explanation 
in order to enable them to be followed easily. 

Proposition 22. 

If as many odd numbers as we please be added together, and 
their multitude be even, the whole will be even. 

For let as many odd numbers as we please, AB, BC, CD, 
DE, even in multitude, be added together ; 
1 say that the whole AE is even. 
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For, since each of the numbers AB, BC, CD, DE is odd, 
if an unit be subtracted from each, each of the remainders will 
be even ; [vii. Del 7] 

so that the sum of them will be even. [ix. 21] 

^ — ? ? ? — ? 



But the multitude of the units is also even. 
Therefore the whole AE is also even. [tx. 2xJ 

Q. E. D. 



Proposition 23. 

If as tfniny odd numbers as we please he added together, 
and their multitude be odd, the whole will also be odd. 

For let as many odd numbers as we please, AB^ BC, CD^ 

the multitude of which is odd, 

be added together ; a b o e d 

I say that the whole AD is ' ^ 

also odd. 

Let the unit DE be subtracted from CD ; 

therefore the remainder CE is even. [vii. Dcf. 7] 

But CA is also even ; [ix- 22] 

therefore the whole AE is also even. [»x. 21] 

And DE is an unit. 

Therefore AD is odd. [vh. Def. 7J 

Q. E. D. 

3. Literally " k t there !« as many numbers as we please, of which Ut the nultUqde Ar 
odd." This form, lulural in Greek, is awkward in En^^lish. 



Proposition 24. 

If from an even number an even number be subtracted^ the 
remainder will be even. 

For from the even number AB let the even number BC 
be subtracted : 

I say that the remainder CA is even. a o a 

For, since AB is even, it has a half 
part. [vii. Def. 6] 
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For the same reason BC also has a half part ; 

so that the remainder [O^ also has a half part, and] AC is 
therefore evea 

(2- D. 

Proposition 25. 

// /ram number an odd mmber be subtracted^ the 

remainder wiii be odd 

For from the even number let the odd number BC be 

subtracted ; 

I say that the remainder CA is odd. a c d b 

For let the unit CD be sub- . 
tracted from BC\ 

therefore DB is even. [vii. Def. 7] 

But AB is also even ; 
therefore the remainder AD is also even. [ix. 94] 

And CD is an unit; 
therefore CA is odd. [vn. Det 7] 

Q. E. D. 



PROI'OSITION 26. 

If from an odd number am odd number be snbtracted^ the 
remainder will be even. 

For from the odd number AB let the odd number BC be 

subtracted ; 

I say that the remainder CA is even. ^ cob 

For, since AB is odd, let the unit 
BD be subtracted ; 

therefore the remainder AD is even. [vii. Def. 7] 

For the same reason CD is also even ; [vii. DeC 7] 

so that the remainder CA is also even. [ix. 24] 

Q. E. D. 



9 
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Proposition 27. 

If from an odd number tin even number be subtracted, the 
remainder will be odd. 

For from the odd number let the even number be 
subtracted ; 

1 say that the remainder CA is odd. 

A D C B 

Let the unit AD be subtracted ; — ^ > 



therefore DB is even. [vii. Def. 7] 

But BC b also even ; 
therefore the remainder CD is even. [ix. 24] 

I hereiore CA is odd. [vii. Def. 7] 

Q. E. D. 

Proposition 28. 

If an odd n umber by mtiHiplying an even number make 

some number, the product will be even. 

For let the odd number A by multiplying the even number 
B make C ; 

I say that C is even. b— — 

For, since A by multiplying B has o 

made C 

therefore C is made up of as many numbers equal to ^ as 
there are units in A, [vti. Def. 15] 

And // is even ; 

therefore C is made^ up of even numbers. 

But, if as many even numbers as we please be added 
together, the whole is even, [ix. 21) 

Therefore C is even. 

Q. E. D. 

Proposition 29. 

If an odd number by multiplying an odd number maki 
some number, the product will be odd. 

For let the odd number A by multiplying the odd number 
B make C; 

I say that C is odd. ^ 

For, since A by multiplying B has ^ 

made C, 
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therefore C is made up of as many numbers equal to B as 
there are units in A. [vii. Def. 15] 

And each of the numbers A, B is odd ; 

therefore C is made up of odd numbers the multitude of which 
is odd 

Thus. C is odd. [ix. 23] 

Q. E. D. 

Proposition 30. 

// an odd nupider measure an even num^r, ii will also 
measure ike half of it 

For let the odd number A measure the even nuniber B ; 

I say that it will also measure the half 

of it. ^_ 

For, since A measures B 



let it measure it according to C ; c 

I say that C is not odd. 

For, if possible, let it be so. 

Then, since A measures ^according to C, 

therefore . 7 by multiplying C has made 

Therefore B is made up of odd numbers the multitude 
of which is odd. 

Therefore B is odd : [ix. 23] 

which is absurd, for by hypothesis it is even. 

Therefore C is not odd ; 

therefore C is even. 

Thus A measures B an even number of times. 
For this reason then it also measures the half of it. 

Q. E. D. 

Proposition 31. 

If an odd number be prime to any number, U will also be 
prime to ike double of ii. 

For let the odd number A be prime to any number B, 
and let C be double of B ; 

I say that A is prime to C. 

For, if thev are not prime ^ 

1 ^ 1 c — 

to one another, some number 

W% _____ 

will measure them. 

H. E. II. 27 
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Let a number measure them» and let it be 

Now A is odd ; 

therefore D is also odd. 

And since D which is odd measures C 

and C is even, 

therefore \_D~\ will measure the half of C also. • [ix. 30] 

But B is half of C; 
therefore D measures B, 

But it also measures A \ 
therefore D measures B which are prime to one another : 
which is impossible. 

Therefore A cannot but be prime to C 
Therefore A^ C are prime to one another. 

Q. E. D. 

Proposition 32. 

Each of the numbers which are cantinualfy doubled beginning 
from a dyad is even-times even only. 

For let as many numbers as we please, C, have been 
continually doubled beginning 
from the dyad A ; ^ 

I say th.it B, C, D are even- ^ 

times even only. p ^ 

Now that each of the 
numbers B^ C, D is even-times even is manifest; for it is 
doubled from a dyad. 

I say that it is also even-times even only. 

For let an unit be set out. 

Since then as many numbers as we please beginning from 
an unit are in continued proportion, 
and the number A after the unit is prime, 

therefore D, the greatest of the numbers A, B, C, Z>, will not 
be measured by any other number except A^ B, C. [nt. 13] 

And each of the numbers A, B, C is even ; 
therefore D is even-times even only. [vii. Dcf. 8] 

Similarly we can prove that each of the numbers C is 
even-times even only. 

Q. E. D. 
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See the notes on vn. Deff. 8 to 1 1 for a discussion of the difficulties 
shown by laniblichus to be involved by the Kiicliclcan definitions of "even- 
times even," "cven-tinies odd and "odd-times even." 

Proposition 33. 

If a number have its half odd, it is even-times odd only. 
For let the number A have its half odd ; 
I say that A is even>times odd only. 

Now that it is even-times odd is 35 

manifest ; for the half of it, being odd, 

measures it an even number of times. [vii. Dcf. 9] 

I say next that it is also even-times odd only. 

For, if A is even-times even also, 

it will be measured by an even number according to an even 
number ; [vn. Def. 8] 

so that the half of it will also be measured by an even number 

though it is odd : 

which is absurd. 

Therefore A is even-times odd only. Q. E. d. 

Proposition 34. 

If a number neither be one of those which are continually 
doubled from a dyad, nor have its half odd, it is both even- 
times even and even-times odd. 

For let the number A neither be one of those doubled 
from a dyad, nor have its half odd ; 

I say that A is both even-times even a 
and even-times odd. 

Now that A is even-times even is manifest ; 

for it has not its half odd. [vn. Def. 8] 

I say next that it is also even-times odd. 

For, if we bisect A^ then bisect its half, and do this con- 
tinually, we shall come upon some odd number which will 
measure A according to an even number. 

For, if not, we shall come upon a dyad, 

and A will be among those which are doubled from a dyad : 
which is contrary to the hypothesis. 

a 7 — a 
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Thus A is even-times odd. 

But it was also proved even-times even. 

Therefore A is both even-times even and even-times odd. 

Q. E. D. 



Proposition 35. 

If as vtany numbers as ive please he lu tonlinued proportion, 
and there be subtracted from the second and the last numbers 
equal to the firsts then, as the excess of the second is to the 
first, so will the excess of the last be to all those before it. 

Let there be as many numbers as we please in continued 
proportion, A^ BQ D, EF, 

beginning from A as least, A- 
and let there be subtracted B-§~0 

from BC and IiF the numbers ' 

BGt FHt each equal to A ; E f jf^F 

I say that, as GC is to ^, so 
is EH to A, BQ D. 

For let FK be made equal to BC, and FL equal to D. 
Then, since FK is equal to BC, 

and of these the part F/I is ecjuai to the part BG, 

therefore the remainder HK is equal to the remainder GC. 

And since, as EF is to D, so is D to BC, and BC to A^ 

while D is equal to FL^ BC to FK, and A to FH^ 

therefore, as EF is to FL, so is LF to FK, and FK to FH, 

Separando, as EL is to LF, so is LK to FK, and KM 
to FH. [vn. 11,13] 

Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents; 

[vn. 12] 

tlierefore, as KJI is to ///, so are EL, LK, KII to LF, 

FK, HF. 

But KH is equal to CG, FII to A, and LF, FK, HF io 

D, BC, A ; 

therefore, as CG is to A, so is EH to D, BC, A. 

Therefore, as the excess of the second is to the first, so is 
the excess of the last to all those before it 

Q. E. D. 
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This proposition is perhaps the most interesting in the arithmetical Books, 
since it gives a method, and a very elegant one, of summing any series oj 
terms in geometrical proi^ression. 

Let <7i, fla, rt3,...<7„, be a series of terms in geometrical progression. 

Then Euclid's proposition proves that 

('^n+i - ''i) : (fli + tfa + ••• + «») -- K - ''i) : "i. 
For deamess' sake we will on this occasion use tlie fractional notation of 
algebra to represent proportions. 

Euclid's method then comes to this. 

Since 

we have, separando, 

whence, since, as one of the antecedents is to one of the consequents, so is 
the sum of all the antecedents to the sum of all the consequents, [vii. 12] 

which gives «, + «,+ ...+ a„, or 5,. 

If, to compare the result with that airived at in algebraical text-books» we 
write the series in the form 

a, ar, ar^,...ar^~^ terms), 
ar" - a ar -a 



we have 



or 5,= 

r- I 



Proposition 36. 

If as many numht rs as wc please /n'o^iJiai)!':;; from an unit 
be set out continuousiy ni double proportion, until the sum oJ all 
beeomes prime, anet if the su7}i multiplied into the last make 
some number t the product will be perfect. 

For let as man) numbers as we please, C, D, 

beginning from an unit be set out in double proportion, until 
the sum of all becomes prime, 

let E be equal to the sum, and let E by multiplying D 
make FG ; 

I say that FG is perfect. 

For. however many A, B, C\ D are in multitude, let so 
many HK^ L, M be taken in double proportion beginning 
from E\ 

therefore, ex aeqtuili, as A is to so is E to M, [vii. 14] 
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Therefore the prpduct of D is equal to the product of 
At M. [vii. 19] 

And the product of E, D is EG ; 
therefore the product of M is also FG, 

Therefore A by multiplying M has made FG ; 
therefore M measures FG according to the units in A. 

And A is a dyad ; 
therefore EG is double of M. 

—A B 



M 



S. 0 



But J/, L, HK, E arc contiiiLiously double of each other ; 

therefore E, HK, Z,, J/, EG are continuously proportional in 
double proportion. 

Now let there be subtracted from the second HK and the 
last EG the numbers HN, EQ^ each equal to the first E ; 

therefore, as the excess of the second is to the first, so is the 
excess of the last to all those before it. [ix. 35] 

Therefore, as NK is to so is OG to Z, KH^ E. 
And NK is equal to E \ 

therefore OG is also equal to HK^ E, 

But EO is also equal to E, 

and E is equal to A, B, C, D and the unit. 

Therefore the whole FG is equal to E^ HK^ Z, M and 
A, B, C D and the unit ; 

and it is measured by them. 

I say also that FG will not be measured by any other 
number except A, B, Q Z>, E, HK, Z, .^and the unit 
Fori if possible, let some number P measure FG^ 

and let P not be the same with any of the numbers A^ C, 

And, as many times as P measures EG, so many units let 
there be in (J ; 

therefore Q by multiplying P has made EG, 
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But, further, E has also by multiplying D made FG ; 
therefore, as ^ is to Q, so is P to [vii. 19] 

And, since B, C, D are continuously proportional 
banning from an unit, 

therefore D will not be measured by any other number except 
A^ C, [«. 13] 

And, by hypothesis, P is not the same with any of the 
numbers Ay /?, C\ 

therefore P will not measure D. 

But, as P is to D, sois £ to Q; 
therefore neither does £ measure Q, [vu. Def. 20] 

And E is prime ; 

and any prime number is prime to any number which it does 
not measure. [vii. 29] 

Therefore -E, Q are prime to one another. 

But primes are also least, [vii. ai] 

and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; [vil ao] 

and, as ^ is to j2> so is to Z7 ; 

therefore E measures P the same number of times that Q 
measures D, 

But D is not measured by any other number except 

/A C; 

therefore Q is the same with one of the numbers C, 
Let it be the same with B. 

And, however many B, C, D are in multitude^ let so many 
Et HK, L be taken b^inning from E, 

Now E^ HKt L are in the same ratio with B^ C, D\ 

therefore, ex aequali, as ^ is to A so is ^ to L. [vu. 14] 
Therefore the product of B^ L is equal to the product of 

D, E. [vii. 19] 

But the product of A E is equal to the product o(Q,P; 

therefore the product of P is also equal to the product of 

B,L. 

Therefore, as |2 is to ^, so is Z to P. [vu. 19] 

And Q is the s;ime with // ; 

therefore L is also the same with P : 
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which is iinpussiblr, for by hypothesis P is not the same with 
any of the numbers s( t out. 

Therefore no nuinlier will measure /"G except At B, C, 
D, E, Hk\ L, M and the unit. 

And FG was proved equal to B, C\ V, HK, L, M 
and the unit ; 

and a perfect number is that which is equal to its own parts ; 

[vii. Def. 22 J 

therefore FG is perfect. 

Q. £. D. 

If the sum of any number of terms of the series 

I, 3, 2*, ... 2""* 

be prime, and the said sum be multiplied by the last term, the product will be 
a "perfect" number, i.e. equal to the sum of all its factors. 

Let 1 + 3 + 2'+ ... + 2"-' ( .S;,) be prime; 

then shall . 2»-' be "perfect." 

Take (« - i) terms of the series 

V ^ V 2-S 2"-2C 

These are then terms proportional to the terms 



Therefore, (x aequali^ 

2 : 2«^» « 5; : 2»"* ^, (vii. 1 4] 

or 2 . 2*-lS;,s 2*-> . Sn* [vn. 19] 

(This is of course obvious algebraically, but Euclid's notation requires him to 

prove it.) 

Now, by IX. 35, we can sum th< series + 2.V„ + ... + 2"~^5„, 
and (2.9,. - .S-„) : .9„ (2"-' - S„) : + 25„ + ... + 2«-*.Sw). 

Therefore .S; -f 26; + 2«6'« + . . . + 2'*-'6'« = 2--'^^ - S^, 
or 2*-*5, = 5„ + 2.S"„ + 2\S„ + + 2"-'5h + Sn 

- »S„ + 2 Ji„ + . . . + 2""'^^ + (1 + 2 + 2'+...+ a*'*)^ 
and 2""* Sn is measured by every term of the right hand expression. 

It is now necessary to prove that 2"~*.S'« cannot have any factor except 
those terms. 

Suppose, if possible, that it has a factor x different from all of them, 
and let 2'»~' 5, 

Therefore Snim = x : 2*'K [vii. 19] 

Now 2"~> can only be measured by- the preceding terms of the series 

I, 2, 2«, . .. 2--», [IX. 13] 

and A- is different from all of these; 

therefore x does not measure 2*"*, 

that Sn does not measure w. [vn. Def. 20] 

And is prime: therefore it is prime to m. [vu. 29] 

It follows [VII. 20, 2 1] that 

m measures a*~'. 
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Suppose that m = 2'. 

Now, ix aeguoH,^ a' : a*"* = : a-*-' 

Therefore ' 2' . aF^'^S»»a*-^S^ [vu. 19] 

s« . m, fiom above. 

And »» = 2*" ; 

therefore r = z""*""', one of the terms of the series i, 2, a*,... a""*: which 

contradicts the hypothesis. 

Theiefoie a*~^«S|| has no fiicton eicept 

j;, aS^, 2*S», ... a»-»5;, I, a, a», ... a""*. 



ay— 5 
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dx/Mt, extreme (of numbers in a series) ^i8, 
367 : ixpop Kal fUaof Xiryof reTfi^adai, "to 
be cut in extreme and mean ratio" 189 

4X070$, irrational u. 7-8 

dyaXoyia, proportion : definitions of, inter- 
polated 1 19 

dfiXoyof = dt^di \&yop, proportional or in pro- 
portion : used as indeclinable adj. and as 
adv. 1 7g, 165 : fjJ<rt} i.vdXoyoi', mean pro- 
portional (of straight line) 1 39, similarly 
fUaos ifd\oyoy of numbers 795. 36.^ etc. : 
rplTj) (rplTot) iviXoyof, third proprartional 
ai4, 407-8 ; TtTdprtj (TirapToi) iviLXoyov, 
fourth proportional 215, 409 : f^^f iviXoyov 
in continued proportion 346 

dFiixaXir (X^t), inverse (ratio), inversely 134 

ipaarpi\f/ayTi, convertendo 135 

6paaTpt><pi\ X670U, conversion of a ratio 

dftirdxtt dfurdKii t<ros, unequal by unequal 
by equal (of solid numbers) = sea/rtie, 
a<pifvl<TKo%, a<^Kl<TKot or ^ufjilffKot igo 

i^onolus Ttray^Uyoif twv (of perturbed 

profiortion) in Archimedes 136 

drravaZ/HO'tt, t) aM\, definition of same ratio 
in Aristotle (dy^u^aipco'it Alexander) lzqj 
terms cxplaineil lu 

di'rtTeroi'06Ta ax^fiATa, reciprocal ( = reci- 
procally related) figures, interpolated def. 
of, 189 

dTXar^ijbreadthless (of prime nunil)ers) 385 
d-KOKararrariKbs, recurrent { = spherical), of 

numbers 391 
&TT(aOai, to meet, occasionally to touch 

(instead of i<t>dirrtadai) 2: also = to pass 

through, to lie on 79 
iptdnSt, numl>er, definnions of, iSo. 
dpTidKit dpTioivvafioy (Nicomachus) 2K1 
dpTidxtt apTiot, even- times ez'en 3H1-3 
dpridxtt T€pi<r<r6t, even-times odd 283-4 
dpTiowipiTTot, «'i7x-iMii/( Nicomachus etc.) 
d^tot (dpt$fji6t), even (number) lEi 
dffvfdrroi, (prime and) inconiposite (of 

numbers) 384 

^tfirjKtinn, to stand (of angle stantling on 

circumference) 4_ 
fiojfdffKot, altar-shaped (of "scalene" solid 

numbers) 390 

7<7o»'/Tw(in constructions), "let it l>€ made" 
348 



^cyoyAi Ar t6 iriraxO^p, "what was en- 
joine<l will have l)een done" 80^ ifii 

yffbutvot, it avTur, "their product" 316, 
336 etc.: 6 iK rod ivbt 7e»'6^<i'Of = " the 
square of the one " 337 

y»wp.(av, gnomon : Democritus -Ktpl Siaipo- 
p^t yvwfjLovm {y»upLTi% or yttwltft}) rf irtpl 
\pav<noi kvkXov Kal ff<f>aipi}t (of numbers) 
389 

ypafifuKbt, linear (of numbers in one dimen- 
sion) 387 : (of prime numbers) 385 
ypd^tadai, "to be prm>ed" (Aristotle) liq 

StvTtpot, secondary (of numbers) : in Nico- 
machus and lamblichus a subdivision of 

odd 386i 2«I 
S€x6fx(vot>, "admitting" (of segment of circle 

admitting or containing an angle) 5 
Siaip(itx0ai (used of "separation" of ratios): 

SiaiptOiyra, separando, opp. to axfyKtifU-va, 

componendo r68 
bitdptait \670i', separation, literally division, 

of ratio 135 
diti'evytUvT) (d»'aXo7{a), disjoined, = discrete 

(proportion) 393 
SitXdm, separando, literally dividendo (of 

proportions) 135 
Sffiprjfl^yri (dvaXoyia), discrete (proportion), i.e. 

in four terms, as distinct irom continuous 

{cvptx^, (Tvvqp,filyri) in three terms 131, 

acT^x^w (3id7fi»'), "let it be drawn through" 
or across" 1 

ill fffou, ex aet]uali (of ratios) 1^: 5»' laov iv 
Ttrapayfiiv-g dvaXoyltf., "ex ae</uali in per- 
turlwd proportion'" r^O 

SiK6Xovpot, twice-truncated (of pyramidal 
numbers) 31^ 

iivXdaiot X67o», double ratio : hifXatslw 
X6701, duplicate ratio, contrasted with, 133 

bi'vupx^, power: = actual value of a sub- 
multiple in units (Nicomachus) 282: =side 
of number not a complete square (i.e. root 
or surd) in Plato 288, 390: = square in 
Plato 394-5 

eI3oi, figure 3 34 : = form 3>4 
^naffTot, each : curious use of, 22 
(XXtinfio, lie/a t (in application of areas) 262 
iXXflTtw, "fall short" (in application of 
areas) iSn 
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{fi-rlrrtir, fall in ( = be interf)olate(l) 358 
Iva wXtLu, "several o/us" (dcf. of number) 
180 

iyaWii (\A70t), allernatc (ratio) : alternately, 

altertwruio 134 
irapfid^eiy, to ylrV in (active), IV. Def. 2 ^^"d 

IV. I, 7^, 80, SLt 
^*t6», witfun (of internal contact of circles) 

i^ijs dpdXoyoy, in continue<l proportion (of 
terms in geometrical progression) 346 

ixifkbpioi \670t, superparticuUiris ratio, 
— the ratio (« -f 1 ) : «, 

iwliriboi (apidnbi), plane (numl>er) 387-8 

erdfitva, conse<juents ( = " following' terms) 
in a pro|X)rtion 1 34, 2 38 

irtponriKrjs, ohlong (of numbers) : in Plato 
= Tpotxi)Kiii, which however is distinguished 
from iTfpofi-^KTjt by Nicomachus etc. 289- 

90. m , , , . 

tv6v^pafXfiiK6i, rectilinear (term for prime 

numbers) ^85 

tidvutTpLKin, cuthymetric (of primes) 385 

Tfiovtuva, antecedents ("leading" terms) in 

a proportion \2± 
rwtp, than : construction after SiwXatxiun' etc. 

•33 

iSiofi'^Krit, of square number (lamblichus) 293 
iad.Ki% Urdxis Icot, equal multiplied by equal 

and again by equal (of a cube number) 

290, 291 

iffdKH Urot, equal multiplied by equal (of 

a Mjuare numljer) 2(£i 
Urdxit IffOf iXarroydKif (fiti^oydKn), s|)ecies of 

solid numbers, = TXtK^'ii (3o*it or ffTr]\lt) 

291 

KaXfiaBu, *' let it be calleti," indicating origi- 
nality of a definition 1 29 

KaranfTp€ty,mcAsuTc 115: without remainder, 
completely (tXij/wiVtwi) iSq 

KaraaKevd^ia, construct : twi' auruiy aara- 
ffK€va.adlvTu>v, ** with the same construc- 
tion " 11 

Koraro/iij Kapbvot, Scitio canonis of Euclid 

KivTpov, centre; ^ Ik toO k. = radius 1 
KeparotiSrit ywyla, hornlike angle ^ ^ ^ 
«\dy, to break ojjf, injieit: KfKXdffdu Si} xdXiM 

47 : K€K\d<TOai, lief, of, alluded to by 

Aristotle 

K6\ovpos, truncated (of pyramidal number 

minus vertex) 2(^ 
K\!K\iK6t, cyclic, a particular species of square 

number 291 

X^ot, ratio: meaning 117 ; definition of, 
1 16-9: original meanmg (of something 
expressed) accounts for use of dXo7ot, 
hcming no ratio, irrational 117 

HflxovCjeBai, to be isolated, of fxovdt (Theon 
of Smyrna) 279 



lUpox, part: two meanings i : generally = 

submultiple -tSa r m'p^. /ar/j ( = proper 

fraction) 1 15, aiki 
Hiiar) dpdXoyov (tvdfla), fxicof eb-dXiryw {i.pi.0- 

iiM), mean proportional (straight line or 

number) 1 29, 295, 363 etc. 
fjiil ydp, " suppose it is not " 2 
fi«7cot, length (of number in one dimeasion) : 

= sidc of complete square in Plato 2S8 
MOfdt, unit, monatl: supposed etyraolopcal 

connexion with fiimos, solitary, fiorfi, rest 

m 

Snoiot, similar: (of rectilineal figures) i88 : 
(of plane and solid numbers) 293 

6fioi6ri}% \6ywy. "similarity of ratios * (inter- 
polated (ief. of proportion) 

ifjidXoyos, homologous, corresponding 134 : 
exceptionally "in the same ratio with" 

5po%, term, in a proportion 131 

Tapa/3<iXX<(i» dro, usetl, exceptionally, instead 
nf wapafidXXftp rapd or draypd^ptip ix6 2^ 
ira^XXdrrw, "fall sideways" or "awry" £^ 
Ttyrdypanfjiw 99 

wrpcdyovffa -rocimti, " limiting quantity " 

(Thymarid.os' definition of unit) 379 
rtpiffffdKit &pTio%, odd-times even 282-4 
wepiff-ffttictt irepiffadt, odd-times odd 284 
TtpuTffdpTtot, odd even (Nicomachus etc.) 283 
wtpiffait, tnld 181 

wijXlKOi, how great : refers to continwnis 
(geometrical) magnitude as wocbi io discrete 
(multitude) 116-7 

■wijiXiKbrni, used in V. Def. i, an<l spurious 
Dcf. 5 of VI. : = size (not quanluplicity as it 
is translatetl by Dc Morgan) 1 16-7, 189— 
90: supposed multiplication of xr\XxKbmfTf\ 
(VI. Def. i^ : distinction between 
TTjXtrAnjr and fUytdof 1 17 

rXdrot, breadth : (of numbers) zMS 

irXet'pd, side: (of factors of "plane" and 
" solid numbers) ifiS 

wXffdoi uptan^yop or wtwtpafffxiyoy, defined or 
finite multitude (definition of number) 280: 
noydSuty airyKtifxtvoy xXfidm (Euclid's 
def.) 180 

ToXXarXofftdfttv, multiply : defined 387 
iroXXairXaataaftdT, multiplication : Kad' drotom- 

ouy iroX\airXaaiaffUL<>y "(arising) from any 

multiplication whatever " i_20 
roXXarXdffiot, multiple : Iffdxit ToXXoyXd^ta, 

equimultiples um etc. 
ToXiJw-Xfi'poi', multilateral: excludes rtrpd- 

rXtvpoy, quadrilateral 239 
TToplaaaOai, to Jimi 348 
vocdKn -woadKii TToaol, "so many times so 

many times so many" (of solid numbers, 

in Aristotle) 386. 390 
TToadKif iroffol, "so many times so many" (of 

plane numbers, in Aristotle) 286 
iroc6y, quantity, in Aristotle iif,: refers 

to multitude as injXlKoy to magnitude 

1 16-7 
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wpofiiffKrjs, obloHj; (of numl)€rs) : in Plato = 

irtpofn^Krii, but distin{juished by Nico- 

machus etc. 289-90, 7g_\ 
wpoaavaypd^ai, \o draw on to : (of a circle) to 

complete, when -se^ent is given n6 
wpoirevpfiv, to find in addition (of "TTnding 

third and fourth projxjrtionals) 714 
wfMTot, prime 184-5 

wpwroi wp6t iWrjXovt, (numbers) prime to 
one another 285-6 

^Tjrot, rational (literally "expressible") 1 1 7 

ai't'ex^Jj continuous : avytx^t di'o\o7<o, '* con- 
tinuous projKirtion" (in three terms) i^i 

ffvmjfi/jiifrj dyaXoyia, connected (i.e. con- 
tinuous) proportion 131. 293 : <Twr\ixniy<yt, 
of compound ratio in Archimedes 133 

avydivTi, componendo 1 34,-5 

avpBtatt composition of a ratio, dis- 

tinct from compounding of ratios 1 34-5 

avpQtroi, composite (of numbers) : in Nico- 
machus and lamblichus a subdivision of 
odd 2M 

ffwlaraedai, construct: ov <rwTo^fffTOi ^ 
awrldrjpu, <rOyKHfiai (of ratios) 135, 189-QO : 
cvyxdufva and biaiptBiwra (componendo and 
separando) Uietl relatively to one another 
1 68. 170 

ffiHTTi^fia fiovdSup, "collection of units" (def. 

of numljcr) i&a 
avcTfifuiTiKSt, collective 279 
ff^atpiK6f, spherical (of a particular species of 

cube number) vc^ 
atpTjKlffKot, or a(privl(TKOi, of solid number 

with all three sides unequal (= " scalene ") 

390 



crx^ffif, "relatitm": iroci «rx^<Tif, "a s<jrt of 
relation" (in def. of ratio) 116-7 

TavTon-fiKrjs, of square number (Nicom.) 393 
Toi'T^T-iyt Xdywf, "sameness of ratios" 
riXfios, perfect (of a class of numbers) 393-4 
TfT-o^/u^i'ij \i.va\crila.), " onlered (projwrtion) " 

Lil 

TfTapayfi^fj} dcaXoyta, pertur/vd proportion 
TfTpdirXeu/)oi», quadrilateral, not a "polygon' 

Tfjiiifxa (hukXov), segment (of circle): r/xij/iarot 

ywyla, angle 0/ a segment ±: iv Tn-fifMn 

yuvia, angle in a segment 4 
TOfitOs {kvk\ov), sector (of circle) : (tki/toto- 

fUK6s TOfifCi. "shoemaker's knife" 5^ 
TOfiodii^i (of figure), sector-like 5 
roaai'ToirXdffJoi', "the same multiple" 146 
rplyufvof : rd rpirXovv, to Si' dXXTjXwK, triple, 

interwoven triangle, = pentagram 22 
TfnwXdffiof, triple, rpiwXaaiu/v, triplicate (of 

ratios) 133 

Tvyxo-vfif, ha|)pen : dXXa, a (rvxtp, Icdxit 
iroXXarXcuria, "other, chance, equimulti- 
ples" 1 43-4 : Tvxovaa. ytavla, "rf/y angle" 
iti 

irTfpTfXiJs or inrtprfXtiot, "over-perfect" (of 

a class of numlwrs) 393- 4 
itwohixXaaioi, sub-duphcate, = half (Nico- 

machus) 380 
uroroXXarXdo-tot, submultiple (Nicomachus) 

iM 

i5^ot, height [83 
Xwpioj', area 2f£ 
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Adrastus 2S1 

Alcinous 98 

Alta-naU and altertuiltly (of ratios) 134 
Alternative proofs, inter|>olated (cf. III. g 

an<l following) rz : that in ul. claimed 

by Heron 33-4 
Amaldi, Ugo. ^ Lid 
Ambij^ous case of vi. £, 108-9 
Anaximander m 
Anaximenes 1 1 1 

Angle: angles not less than two right angles 
not recognised as angles (cf. Herc>n, 
Proclus, Zcnodorus) 47-9 : hollfftv-an^led 
figure (the re-entrant angle was exterior's 
48 : did Euclid extend "angle" to angles 
greater than two right angles in vi. _y? 
375-6 : "angle of semicircle" and 
segment" £j hornlike angle ^ ^ 40 : 
controversies about '' angle of semicircle 
and A<7r«//>fr^ angle 39-4 3 (see Hornlike) 
Antecedents (leading terms in proportion) 134 
Antiparallels : may l)e used for constrxiction 

of VI. IT, 3_L5 

Apollonius: /Vnw^ yeiVeit, problem from, 8jj 
lemma by Pappus on, 04-5 : Plane L<Ki, 
theorem from (arising out of Eucl. vi. 3), 
also found in Aristotle 198-300 : 75, 190, 

Application of areas (including exceeding and 
falling short) corresponding to solution of 
quadratic equations 187, 358-60. 363-5, 
366-7 

Approximations : 2/f as approximation to ^/3 
(Pythagoreans and Plato) 1 in : approxi- 
mations to ^/^ in Archimedes and (in 
sexagesimal fractions) in Ptolemy 1 19: to 
T (Archimedes) i ig: to *S^oo (Thcon of 
Alexandria) i_i£ 

Archimedes : new fragment of, ^o^ Liber 
assumptorum, proposition from, 6^: ap- 
proximations to v^^, square roots of large 
numbers, and to w 119: extension of a 
proporticm in commensurables to cover in- 
commensurables 193 : 136. iqo 

Archytas: proof that there is no numerical 
geometric mean between a. and n -f- 1 

Aristotle: indicates proof (pre-Euclidean) that 
angle in semicircle is right 6j : on def. of 
same ratio { = same <lvroro/p«rn) i ^t>-i : 
on proportion as " equality of ratios" Ji^: 



on theorem in proportion not proved 
generally till his time 113: on proportion 
in three terms (<n'i'<x'J», continuous), and 
in four terms {iii(jifn\\xi¥y\, discrete) 131. 393 : 
on alternate ratios 134 : on inverse ratio 
134, 1 49 : on similar rectilineal figures 188 : 
has locus-thcorcm (arising out of Eucl. vi. 
3} also given in Apollonius' Plant IjkI 
198-300: on unit 379 ; on number iSq; 
on non-applicability of arithmetical proofs 
to magnitudes if these are not numbers 
113: on definitions of odd and even by one 
another 3H1 ; on prime numbers 384-5 ; 
on comptsite numbers as plane and solid 
386, 388. 390: on representation of 
numbers by pebbles forming figures ^88 
Arithmetic, Elements of, anterior to Euclid 

32£ 

August, E. E. 3^, 3f. 3^ 3f6, 4I_2 

Austin, W. 173, 188. 3 n, 359 
Axi(mis tacitly assumeil : in Book V. 137 : 
in Book vii. 394 

Babylonians lli 
Baermann, G. E. 313 
Balt/er, R. 30 

Barrow : on Eucl. v. Def. 3. 117: on V. 

Def. 5i 13 1 : 56, 186. 338 
Billingslcy, 567 338 
Boethius 295 
Borelli, G. A. 3^ 8^ 

Breadth (of numlnrrs) ^second dimension or 

factor iM 
Briggs, 

Camerer, J. G. 1^35^38^33.3^^62, 

Ml. »3t. i8g, 313. 344 
Campanus ,38, 41, 56, 90, 1 16, 1 19, 131, 146, 

ifiu. ILL lii. 23fi 3^3. 32^,330, 311,328 
Canilalla 189 
Cantor, Moritz js^ ^ 22 
Cardano, Hieronimo £i 
Case: Greeks did not infer limiting cases, 

but proved them separately ^ 
Casey, J. 337 

Chanee equimultiples" in phrase "other, 

chance, equimultiples" 143-4 
Circle: definition of equal circles 2: circles 

touching, raeaningof definition, 3: "circle" 

in sense of " circumference" 33 ; circles 
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intersecting and loucliing, diftsculties in 
Euclid's treatment of, 25-7, 28 9, mcxlern 
treatment of, .^o-i 

Clavius r. 41. 41. 47, ^t^, 5.^. ^^6, 67, 70, 73, 
yo, LZO. 2.<i, liS^ 72± 

Commandiniis ^js '.SO« i«jO 

Conifionmiio (avvdtvri), denoting "composi- 
tion"' of ratios q.i:.: compomndo and 
sffurando used relatively to each other 
168, 1 70 

Composite numl)ers, in Euclid 2M1 '. with 
Eucl. and Theon of Smyrna may be even, 
but with Nicom. and Iambi, are a sub- 
division of otiJ ?S6 : j)lane and soli«i 
numbers species of, 186 

"Composite to one another" (of numbers) 
286-7 

Composition of ratios (a{;»d«Ti% \6rfov), tie- 
noted by compcnendo (avvdivTi), distinct 
from comiKjunding ratios 1 34-5 

Compound ratio : explanation of, 1 32-3 : 
interpolated definition of, 1 89-90 : com- 
{wunded ratios in v. 20-2 ^, i tcT M 

Conu-tjumis ("following" terms in propor- 
tion) 1J4, 23H 

Continuous proportion (<ri'i»«x^ or cvvifnnivr] 
i,va.\o^ia) in three terms ijj 

Conversion of ratio (ivaarpoipr) X6701'), de- 
notetl by converttiido (ivaarp^ipapTi) 1.^5 : 
convertendo theorem not established by v. 
19, Por. 1 74-5, but proved by Simson's 
Irtip. E 

C<'«Trr/<-m/<j denoting "conversion'" of ratios, 

Corresponding magnitudes 

Cube: duplication of, reduced by Hippo- 
crates to problem of two mean pro- 
portionals cube number, def. of, 231I : 
two mean proportionals between two cube 
numl»ers 364-5 

Cyclic, of a particular kind of square number 
291 

Cyclomathia of Ixiotaud ^ 

Data of Euclid: Def. 2j o^: Prop. 8^ 249- 
50 : Prop. 2^ 246-7 : Prop. 5£, 7.84: 
Props. 56 and 68^ 249 : Prop. 58^ 263, 265 : 
Props. and 8^ 266-7 • Prop. 67 assumes 
part of converse of Simson's Prop. B (Book 
VI.) 324 : Prop. 20, 2.;o: Prop. 8^. 264: 
Prop, 82i 1^8 : Pro|). 222 

Dechales 25q 

Dedekind s theory of irrational numbers 
corresponds exactly to Eucl. v. Def. ^ 

124-6 

Democritus: On differeme of gnomon etc. 
(? on "angle of contact") 40 : on parallel 
and infinitely near sections of cone 40 : 
stated, without proving, propositions about 
volumes of cone and pyramid ^ 

Dc Morgan, A. : on definition of ratio 1 16-7 : 
on extension of meaning of ratio to cover 
incommensurables 1 18 : means of express- 
ing ratios between incommensurables by 
approximation to any extent 1 18-9: de- 



fence and explanation of v. Def. 122-4 : 
»m necessity of pro^if that tests for greater 
and less, or greater and equal, ratios can- 
not coexist 1 30- 1 , 157 : on compound ratio 
1 32 3, 234 : sketch of proof of existence of 
fourth prop(}rtional (assumed in V. 18) ijj : 
proposed lemma al>out duplicate ratios as 
alternative means of proving vi.n^ '4^7 : 

^ I. 9-'0. LLi !i 12^ Hi ISi ^ 76-7. 
Hi 1^ lo^j 1 16-Q. r2o, 130, 

'97. JOli 3l7-«. Jill lii; lib lili lii. 
Dercyllides m 

/^loi isnnis for solution of a «{uadratic 259 
Dist rcle proportion, SinprjtUvrj or iiti'n'yfidyTj 

avaXo-^ia, in four terms, 131, 293 
'* /)isjif//i/{tr/y ordered'^ proportion (dro/xot'wt 

rero^^/fwr twv in Archimedes 

= "per/urM proportion " 1 36 
Diridendo (of ratios), stc Separation, sr/sir- 

ando 

"Division (of ratios)," see Separalion 

Divisions [of figures). On, treatise by Euclid, 
pro|H)sition from, 5 

Dodecahedron: decomposition of faces into 
elementary triangles, 98 

Dcxlgson, C. L. ^8, 17^ 

Duplicate ratio 1 33 : i\.it\o.aiwv , duplicate, 
distinct from SirXdinof , double ( = ratio 
2 : 1), though use of terms not uniform 1 33 : 
"duplicate "' of given ratio found by vi. 
1 1. 214: lemma on duplicate ratio as al- 
ternative to method of VI. li (De Morgan 
and others) 242-7 

Duplication of cube : reduction of, by Hippo- 
crates, to problem of finding two mean 
proportionals ijj : wrongly supposed to 
be alluded to in Timaeus ^2 A, B, 204-5 tLi. 

F^gyptians t n : Egyptian view of number lika 
Enriqucs (K.) and Amaldi (U.) 30, i_26 
Equimultiples: "any equimultiples what- 
ever," ia6.Ki% iroXXairXdiTia icofi' oTMoroDr 
■wo\\aTr\o.<Tia<Xfi6¥ L20_: stereoty|)ed phrase 
"other, chance, equimultiples" 143-4 : 
should include otue each magnitude 
Eratosthenes: measurement of obliquity of • 

ecliptic (23^ 51' 20'') III 
EscrilxKl circles of triangle 8^ 86-7 
Eudemus (j^ 111 

Eudoxus yn, 280. 295 : discovered general 
theory of jiroportionals covering incom- 
mensurables It 2-3 : was first to prove 
scientifically the propositions about volumes 
of cone and pyramid ^ 

Eutocius: on "vi. Def. 5^ and meaning of 
TfH\i.KbTr}^ 1 16. 1 32, 1 89-90 : gives locus- 
theorem from Apollonius' /Va/ir Loci 198- 

Even ^number) : definitions by Pythagoreans 
and in Nicomachus 2&1 : definitions of odd 
and even by one another unscientific 
(Aristotle) aSji : Nicom. divides even into 
three classes ( i ) even-limes even and (2) even- 
times odd as extremes, and ihU-times 
even as intermediate 282-3 
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Evtn-timts even : Kuclid's use differs from 
use hy Nicnmachus, Thcon of Smyrna ami 
lamblichus iHi-i 

Even-times otid in Kuclid different from rtv/i- 
odd of Nicomachus and the rest 282-4 

Ex aeqtiali, t»f ratios, 1 .^6 : ex aequali pro- 
positions (v. lOj 22). and ex ae<iuali "in 
perturbed proportion" (v. ix, ji) 1 7(>-8 

Faifofer 

Fourth proportional : assumption of existence 
of, in V. and alternative methods for 
avoiding (Saccheri, De Morgan, Simson, 
Smith and Bryant) 170-4: Clavius made 
the assumption an axiom 1 70: sketch of 
proof of assumption by De Morgan 171 : 
condition for existence of number which 
is fourth proportional to thicc numbers 
40<>-" 

Galileo Galilei : on an^le 0/ contact £2 

Geometric means .^57 sqq.: one mean between 
square numbers 294, Tjbj^, or between 
similar plane numbers ^^y 1-2 : two means 
l)etwcen c\xW numbers 294, 364-5, or 
l>ctwecn similar solid numbers 373-5 

Geometrical progression 346sqti.: summation 
of a terms of ^ 420-1 

Gherard of Cremona ^ 

Gnomon (of numbers) 2 89 

Golden section (sectiotuin extreme and mean 
ratio), discovered by Pythagoreans oj^: 
theory carrietl further by Plato and vm- 
doxus 22 

Greater ratio: Euclid's criterion not the only 
one 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on v. ro) 1 56 7 : 
test for, cannot coexist with test Tor equal 
or less ratio 1 30- r 

Greatest common measure: Euclid's method 
of finding corresponds exactly to ours 1 18. 
199: Nicomachusgivesthesanic method 300 

Gregory, D. u6i 

Ilabler, Th. 294 «, 

Ilankel, li- 1 16. 1 1 7 

Haubcr, C. F. 244 

Heiberg, J. L. passim 

Henrici and Treutlein 30 

Heron of Alexandria: Kucl. ill. L2 interpo- 
lated from, 2j8 : extends lll 20^ 2J to angles 
in segments less than semicircles 4 7-8 : does 
not recognise angles equal to or greater than 
two right angles 47-8 : prix)f of formula for 

area of triangle, A =\'j (j - a) \s - /') {s - c) 
87-8: if>-i7t lAi 181 ib i^N 44i U^i 
'89. i20i i8^ J2i 
Hippasus 22 

Hippocrates of Chios 133 

Hornlike angle {*.ipo.rouir]\ •^iMia) 4^ 39^ 40 1 
hornlike angle and angle <?/ semicircle, con- 
troversies on. 3Q-42 : Proclus on, 3</-4o: 
Democritus may have written on hornlike 
angle ^oj Campanus ("not angles in name 



sense") 4 1 : Cardano (quantities of different 
orders or kinds) : Pcletier (hornlike angle 
no angle, no quantity, nothing; angles of 
all semicircles rij^ht anx'les and equal) £i : 
Clavius Vieia and (ialileo ("angle of 
contact no angle") £2^ Wallis (angle of 
contact not incliuiUion at all but degree of 
curvature) 4_2 
Hultsch, V. 

lamblichus i »6, 279, 280, 281, 283, 184, 
285, 786, 287, a 88. 189, 290, 391, 7^1, 193, 

Icosaiiedron 98 

Incommensurables : method of testing incom- 
mensurability (process of finding c.c. M.) 
118: means of expression consist in power 
ofapproximation without limit (De Morgan) 
119: approximations to (by means of 
side- and </»Vj;^'<J//<i/-numl)ers) ih^, to ^ 
and to ir, 119: to v^4500 by means of 
sexagesimal fractions i \^ 

Incomposite (of number) = prime 284 

Ingrami, G. 30, Llfi 

Inverse (ratio), inversely (af6iTa.\tv) 134: in- 
version is subject 01 V. £, Por. (Theon) 
144, and of V. 2i J*or. 149, but is not 
properly put in either place 1 49 : Simson's 
Prop. B on, directly deducible from v. 
Del. ^, 144 

Isosceles triangle of iv. construction of, 
by Pythagoreans 97-9 

Jacobi, C. F. X. iM 

Lachlan, R. 226. 227, 245-6, 247, 256, 273 

Lardner, D. 58^ 2 5q, 27 1 

Least common multiple 336-4 1 

l^endre 30J proves vi. 1 and similar pro- 
positions in two parts (1) for commen- 
surables, (jj ^^or incommensurables 193-4 

Lemma assumed in vi. 2I1 242-3 : alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) 242-7 

Length, firiKOi (of numbers in one dimension) 
287 : Plato restricts term to side of con>- 
plete square 287 

Leotaud, Vincent ±2. 

Lmear (of numlHjrs) = ( i) in one dimension 

287, (2) prime 285 
logical inferences, not made by Euclid 12, 2^ 
Lucian <^ 

Means: three kinds, arithmetic, geometric 
an»l harmonic 292-3 : geonietric mean is 
"proportion parexcetletice'' (nvplun) 292-3 : 
one geometric mean between two square 
numl>ers, two l)etween two cube numbers 
(Plato) 294, 363-5 : one geometric mean 
l>etween similar plane numbers, two be- 
tween .similar solid numbers 371-5 : no 
numerical geometric mean between n and 
u + I (Archytas and Euclid) 295 

MiMleratus, a Pythagorean i&o. 



434 



ENGLISH INDEX 



Multiplication, definition of 187 
Afusici Scriptores Gt atii J<^ 

an-N'airIzi ^ 16^ 18^ it. 36, ^ 42. .^03. 310. 

Naslraddin at-Tusl xE 
Nesselmann, G. LL F, 187, 393 
Nicomachus 1 16, 1 19, 131, 379, 780. 181. 
28i i><i, 28^1 2M1 l^Xi i88i i8<^ a(jo, 

^9'. ^91. 19i» mi ioo. ^ 
Nixon, K. C. J. \h. 

Number : defined liy Thales, Kudoxus, 
Mtxleratus, Aristotle, Euclid jHq : Nico- 
machus and lamhlichus on, 180 : repre- 
senlcil by lines ^88. and by points or dots 
788-9 

Oblong (of number) : in Plato either Tpo^iJ«f»;i 
or ^Tepo/xi)jcijt iHM: but these terms <ienotc 
two distinct divisions of plane numl>ers in 
Nicomachus, Theon of Smyrna and 1am- 
blichus 389-90 

Octahedron 98 

Odd (numbeiyi dcfs. of in Nicomachus i&i : 
Pythagorean definition i&i : def. of odd 
and even by one another unscientific 
(Aristotle) litl : Nicom. and Iambi, dis- 
tinguish three classes of otld numbers 
(1) prime and incomposite, (i) secondary 
and composite, as extremes, secondary 
and composite in itself but prime and in- 
composite to one another, which is inter- 
mediate 287 

Odd-times n'tn (number) : definition in Kucl. 
spurious 283-4, and differs from definitions 
by Nicomachus etc. ibid. 

Odd-times otj^ (number) : defineil in Eucl. but 
not in Nicom. and Iambi. 284: Theon of 
Smyrna applies term to prime numbers 
284 

Oenopides of Chios 1 1 1 
"Ordered" proportion {TtrayfUvri draXoyta), 
interpolated definition of, 137 

Pappus : lemma on Apollonius' Plane vfvau\ 
04-5 : problem from same work Hj : assumes 
case of VI. ^ where external angle bisected 
(Simson's VI. Prop. A) 197 : theorem from 
A^Mjllunius' /'liitu /Mt i 198 : theorem that 
ratio comjxjundcd of ratios of sides is equal 
to ratio of rectangles containetl by sides 
250: li 11, 2^. 62, 2!^ 8l, LLAi Liii ^ " . 
250, 25 1 , 292 

" Parallelepipedal" (solid) numbers: two of 
the three factors differ by unity (Nicoma- 
chus) 290 

Peletarius (Pcletier) : on atif^ie of conlait and 

angle ^/ semicircle £i : S^, 8^, 146, 190 
Pentagon : decomposition of regularpentagon 

into 30 elementary triangles 38 : relation to 

pentagram 
Pentagonal numbers 283 
"Perfect" (of a class of numbers) 193-4, 
Pythagoreans applied term to 10, 

194: ^ also called "perfect" 294 



Perturbed proportion {rrrapayfUni ii^aXoyia) 

136. LZ2Z4 
Pfleiderer, C. F. 2 
Philolaus 22 
Philoponus 234, 1&2 

Plane numbers, pnxluct of two factors 
("sides" or "len^h" and "breadth") 
287-8: in Plato either square or oblong 
287-8; similar plane numbers 293 : one 
mean proportional iK'tween similar plane 
numl)crs 371-2 

Plato: construction of regular solids from 
triangles ^7-8 : c)n ffolden section ^jk 
as approximation to ^/2, 1 19 : on square 
and oblong numbers 288. 393: on iin^fitu 
(square roots or surds) 288, 290 : theorem 
that between square numbers one mean 
suffices, between cube numbers two means 
necessary 294, 364 

Playfair, John 2 

Plutarch ^8, 254 

Ponsm (corollary) to proposition precedes 
"y.E.D."or "Q.E.F.' 8164J Porism to IV. 

mentioned by Proclus 109 : Porism to 
VI. 2^ 

Polyj;onal numbers 289 

Prime (number) : dehnitions of, 284.-/;: Aris- 
totle on two senses of "prime" 285 : 
2 admitted as prime by Eucl. and Aristotle, 
but exclude*! by Nicomachus, Theon of 
Smyrna and lamblichus, who make prime 
a subdivision of odd 284-5 : "prime and 
incomposite {iadpdtroi)" 284: different 
names for prime, "txld-timcs odd" (Theon), 
"linear" (Theon), "rectilinear" (Thy- 
maridas), " euthymetric" (lamblichus) iBf : 
prime absolutely or in themselves as dis- 
tinct from prime to one another (Theon) 
28f : definitions of "prime to one another " 
285-^ 

Proclus: on absence of formal divisions of 
proposition in certain cases, e.g. I v. 10, 
100: on use of " quindecagon " for as- 
tronomy LLLi ii ia, iO, i^ 2i2i 

Prop<jrtion : complete theory applicable to 
incommensurables as well as commen- 
surables is due to Eudoxus i n ; old 
(Pythagorean) theory practically repre- 
sented by arithmetical theory of Eucl. vii. 
1 1 : in giving older theory as well Euclid 
simply followed tradition 113: Aristotle 
on general proof (new in his time) of 
theorem {al(ernando) in proportion 113: 
X. 5 as connecting two theories 1 13: L>e 
Morgan on extension of meaning of nUio 
to cover incommensurables 118: jxtwer of 
expressing incommensurable ratio is power 
of approximation without limit 1 19 : in- 
terpolated definitions of proportion as 
"sameness" or "similarity of ratios" i tg : 
definition in V. Def. £ substituted for that 
«»f vii. Def. 2Q because latter found inade- 
quate, not <'ice versa \i \ : De Morgan's 
defence of v. Def. 5 as necessary and 
sufficient 122-4: V. Def. 5 corresjxinds to 
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VVeierstrass' conception of number in 
general and to Dedekind's theory of ir- 
rationals » 74-6 ; alternatives for v. Def. ^ 
by a geometer-friend of Saccheri, by 
Faifofer, Ingrami, Veronese, Enriques and 
Amaldi t jfi '- proportionals of vil.Def. iq 
(numbers) a particular case of those of v. 
l)ef. 5 (Simson's Props. C, 1) and notes) 
116-9 : proportion in three terms (Aristotle 
makes it four) the "least" 131 : "con- 
tinuous" proportion (ffifex^ or awij^M^*''? 
iwaXoyla, in Euclid i^rjx d^clXoYOf) 1 ji, 2^3 : 
three " proportions " 191, but propt)rlion 
far txceUence or primary is continuous or 
geometric if)i-K ; "discrete*' or "dis- 
joined" (iiuprjfUyj), Suj^tvyn^y}) i.^i, 2gi : 
"ordere<l" proportion (rtrayn^rii), inter- 
[x>lated defmition of, 1.^7 : " perturbed " 
proportion (rtrapayft^i^ri) i.^6, 1 76-7 : ex- 
tensive use of proportions in Greek 
geometry [Sj '• pro{M>rtions enable any 
quadratic ecjuation with real roots to l>e 
solveti 1R7: supposed use of propositions of 
Book V. in arithmetical BcM)ks .^14, 330 
Psellus ■ij^4 

Ptolemy, Claudius: lemma about quadri- 
lateral in circle (Simson's vi. Prop. D) 
n.S-7: (II, i_LL US 

Pyramidal numbers 190: pyramids truncated, 
twice-tnincated etc. 391 

Pythagoras : reputetl discoverer of construc- 
tion of five regular solids introduced 
" the most perfect proportion in four terms 
and specially called 'harmonic'" into 
Greece i_l2j construction of figure equal 
to one and similar to another rectilineal 
figure 154 

Pythagoreans : construction of dodecahedron 
in sphere 22- construction of isosceles 
triangle of iv. m and of regular pentagon 
due to, 97-8 : possible method of discovery 
of latter 97-9 : theorem alwut only three 
regular |)olygons filling space round a 
point 98: distinguished three sorts of 
mtans, arithmetic, geometric, harmonic 
in: had theory of proportion applicable 
to com mensu rabies only 111: 7/5 as ap- 
proximation to Jt, 119: definitions of 
unit 179 : of even and o«ld 2&1 : called m 
" perfect " 394 

Quadratic equations : solution by means of 
proportions 187, 16.^-5. 766-7 : biopiatihs 
or condition of possibility of s<jlving 
equation of Eucl. vi. iH^ 759: one solution 
only given, for obvious reasons 260. idj, 
767 : but method gives both roots if real 
358 : exact correspontlence of geometrical 
to algebraical solution 363-4, 366-7 

Quadrilateral : inscribing in circle of quadri- 
lateral equiangular to another 91-3 : con- 
dition for inscribing circle in, 9^! 2f • 
quadrilateral in circle, Ptolemy's lemma 
on (Simson's vi. Prop. D), 335-7 • quadri- 
lateral not a " polygon " 330 



" Quindecagon" (fiftecn-angled figure): use- 
ful for astronomy 1 1 1 

Radius : no Greek word for, 2 

Ratio : definition of, 1 16-9. no sufficient 
ground for regarding it as spurious 1 1 7, 
Barrow's defence of it 117: method of 
transition from arithmetical to more general 
sense covering incommensurables 118: 
means of expressing ratio of incommen- 
surables is by approximation to any degree 
of accuracy 119: def. of greater ratio only 
otu criterion (there are others) 130: tests 
for greater equal and less ratios mutually 
exclusive 130-1: test for greater ratio 
easier to apply than that for equal ratio 
1 39-30 : arguments about greater and less 
ratios unsafe unless they go back to original 
definitions (Simson on v. lo) 156-7 : com- 
poutid ratio 133-3. 189-90, 334 : operation 
of compounding ratios 334 : " ratio com- 
pounded of their sides' (careless expres- 
sion) 348 : dupIiccUe, tripliccUe etc. ratio 
as distinct from double, triple etc. 133 : 
alternate ratio, alternanJo 134: int/erse 
ratio, inversely 134 : composition of ratio, 
componendo, different from compounding 
ratios 1 34-5 • separation of ratio, separando 
(commonly diifidendo) i^: com>ersion of 
ratio, convertendo 135: ratio ex cuquali 
136, ex aequali in perturbed proportion 
136 : division of ratios used in Data as 
general method alternative to compounding 
349-50: names for particular arithmetical 
ratios 393 

Reciprocal or reciprocally related figures : 

definition spurious 189 
Reductio ad absurdum, the only possible 

method of proving ill. i, ii 
" Rule of three": vi. l2 e<|uivalcnt to, 215 

Saccheri, Gerolamo 136, 130 ; proof of ex- 
istence of fourth proportional by VI. 1, 3^ 
13. 170 

Savile, tL 190 

SccUene, a class of solid numbers 390 

Scholia: iv. No. 2 ascribes Book I v. to 
Pythagoreans qj. '• V. No. 1 attributes 
Book V. to Eudoxus 1 1 2 

Scholiast to Clouds of Aristophanes 99 

Sectio canonis of Euclid 395 

Sector (of circle) : explanation of name : two 
kinds (1) with vertex at centre, (_3l with 
vertex at circumference 5 

Sector-like (figure) 5: bisection of such a 
figure by straight line ^ 

Segment of circle: angle of, 4^: similar seg- 
ments ^ 

Semicircle: angle of, ^ 39-41 (see Angle): 
angle in semicircle a right angle, pre- 
Euclidean pr«x)f 63 

Separation of ratio, 3iaipe(rit X6701;, and 
separando (Stt\6tni) 135 : separando and 
componendo used relatively to one another, 
not to original ratio 168. 170 
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.V..7( f if plane and solid numbers 187-8 

bimilar ulaoe and solid numbers 293: one 
mean oetween two similar plane numben 
371-2, two means between two similar 
solid numbers 7^4^ i7i~S 

Similar rectilineal ngores: def. of» given in 
Aristotle 188: def. gives at once t<x) little 
and too much 188: similar figures on 
atraight tines which are proportional are 
themselves proportional and conversely 
(VI. 23), alternatives for proposition 142-7 

Similar s^menls of drcles 5 

Simon, Max 144, 134 

Simpson, Thomas 121 

Sims4)n, R.: Props. C. 1) (Hook v.) connect- 
ing proportionals of vii. Def. 30 as par- 
ticular ease with those of v. Def. 5, 140-9: 
Axioms to Book v. 137: I'rop. B (inver- 
sion) 144: I'rop. K {cofticriefuio) 1 75: 
shortens V. 8 by compressing two cases 
into one 152-3: impuriant note showing 
flaw in V. 10 and giving alternative 156-7: 
Book VI. Prop. A extending vi. 3 to case 
where external angle bisected 197 : Props. 
Bt C, D 313-7 * remarks on vi. 37-9, 

«• 3t ^ «3« 33i 34* 37» 43* 49* 

53i 70. 73» 79' 90» "7. '3'. '3*. »40, 
143-4, 145, 146, 148, 154, 161, t6j, 163, 
165, 170-2, 177, 179, 180, 182, 183. 184, 
185, 186, 189, 193, 195, 209, 211, 413, 
130-1, 338, 252, 269, 270, 272-3 

Sizi, proper translation of kii^utitnft in V. 
Def. 3, 116-7, 189-90 

Smith and Bryant, alternative proofs of v. 16, 
17, 18 by iiuTins ijf \ I. r, where maj^iitudes 
are straiglit lines (jr rectilineal areas 165-6, 
'69. '73-4 

Solid numbers, three varieties according tO 

relative length of sides 390-1 
Sfiktrkal number, a particular kind of enbe 

mimV^er 291 
StpiaiL- number, product of equal numbers 

38y, : < ne mean betwcctt square 

numbers 294, 363-4 
Stobaeus 480 

Sulxluplicate of any latb found by VI. 13, 
316 

Swinden, J. H. van 188 

Tacquet, \. 121, 358 
Tatmeiy, P. 114, 113 
Tartaglia, Niccol6 «, 47 



Taylor, 11. M. (6, s4» 49, 5^ 75, fOt« 4a7» 

444.347. aya 
Tetrahedron 98 

Th.ilcs rii, 380 
Theodosius 37 

Tbeon of Alexandria: interpolatiott in v. 13 

and Pori.sm 144: interpolated Porism to 
VI. 3o, 239: additions to vi. 33 (about 
sectors) 374-^: 43, 109^ 117, II9, 149. 15*. 
161, t86, 190, 434, 435, 440, S4S> 456,46a, 
3U, 322, 411 
Theon of Smyrna: 111, 119, 479, aSe^ a8t« 
384, 385, 386, 488, 489, 49a, 491, 499, 

293. 394 
Thrasyllus 292 

Thymaridas 479. 285 

Timaems of Plato 97-8, 294-5, 363 

Todhuntcr, 1., 3. 7. 22, 49, 51, 52, 67, 73.90, 

99. 173, 195, 303, 304, 308, 239, 371, 37 a, 

300 

Tmpezium: name applied to truncated 
pyramidal numbers (Theon of Smyrna) 
291 

Triangle: Heron's proof of expression for 

area in terms of sides, \'s (s -a) {s -6i {s - c) 
87-8; right-angled triangle which b halt 

of equilateral triangle used for construction 
of tetrahedron, octahedron and icosahedroa 
( Timaem of Plato) 98 

TriaiiLjuhr numl>crs 189 

J ripiuate, distinct from tripU^ ratio 133 

at^i^M, m NaAaddln 

L iiil ; ilclinitious of, by Thymaridas, "some 
I'ythagoreans." Chrysippus, Aristotle and 
others 479: Eudid s definition was that 
of the "more recent ** writers 279 : fields 

C 'liiucicil ( t ymologically by The in of 
Smyrna and Nicomachus with /i6rot (soli- 
tary) or ^rij (rest) 479 

Veroncite, G. 30, 136 
Vieta: on mnj^ of comtaet 44 

Walker 304, 308, 359 

Wallis, John: on angU ^totUaei (** d^ree 

of curvature") 44 
Weierstrass 134 
Woepcke 5 

Zenodorus 376 
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